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A basis construction for free Lie algebras
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Abstract.  We construct a new type of basis [or the free Lie algebra, The basis elements are
linear combinations of (n—1)! normed Lic monomials with n-th roots of unity as coefficients
(where n is the number of free generators).

1. Introduction

A well-known problem in combinatorial Lie theory is that of determining bases of
free Lie algebras. All constructions we know obtain bases along combinatoric lines
and result in a system of monomials with a rather comphcated bracket structure. At
first, a freely generating set Z of the free Lie algebra is ordered. Then certain words
in the free monoid Z° over Z are subjected to a suitable process ol bracketing
so that their interpretation as monomials in the free Lie algebra L? over Z yields
a basis. Of course, Z may be assumed to be finite, say Z = {z,, ..., z;}. Then it
suffices 1o construct a basis of the space L?(ky, ..., k;) of the homogencous Lie
elements of an arbitrarily given multidegree (k,, ..., k;). By a classical result of Witt
([11, Satz 3]), the dimension of L%(k,, ..., k) is the so-called “necklace number™
with respect to the tuple (k, ..., k):
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where n = k, + -+ 4+ k; [6,2.1]. A famous basis construction by Chen, Fox and
Lyndon ([S], [9,5.3]) is, historically, not the first one but may be viewed as a
paradigm of all constructions hitherto known, They put z; < -+ < z; and start
from the usual lexicographic order on Z°. A “necklace™ with respect to the tuple
(kyy ..., k) is a word w € Z° of length n = k; +---+k; in which any letter z; occurs
exactly k, times. The “necklace number™ is the cardinality of the set B of those of
these words w € Z* which have the following property: If w = w,w, is a nontrivial
decomposition of w, then w < w,w,. Trivially, B contains the particular word

. = LK1 ky
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ey = b B == S 2, .+) By bracketin
»lacing the associative multiplication by the Lie multiplication

turned into a basis of L”(k;,....k) (I5], [10, 1. 1]) . The
. can only be given inductively, by a process of reductiop
ous subspaces for which, by assumption, the rule has already

y I-ﬂi_g algebraic properties of L%, we construct directly (that
recurrence) a basis of a completely different character of
s of linear combinations of left-normed Lie monomials.
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e multiplication and call the product z, oz o oz =
mmmcd We suppose that the ficld R of coefficients has
it contains a primitive n-th root of unity 2. The symmetric
denoted by S,, and we set T := Stabg (1). Every 2 € §,
ion of the form
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ofs and Details

= {x,,..., x,} and A¥ be the free associative R-algebra over X. Let L*
1e subalgebra of the Lie algebra (A", +,0) generated by X (where © is the
I Lie multiplication, a o b = ab — ba). The subspace « of the multlinear
neous elements of degree n in A" is an RS, -left module with respect 1o the
homomorphic action

: .’ﬁl—"’l'“xﬂﬂ = Xiga " Xppa (p€S,),
1 RS, -right module with respect to the homomorphic action
XD =Xy X (,f€S,).

nearization, the space L (ky, ..., k) is embedded in the space 7’ := L*(1, o)
he multilinear Lie elements over X ([1,3.3], [4.1]). We have

(. f €S,),
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, [7] where products of permutations, however, have to be read from right to left,
4, 34, 3.5]). It should be emphasized that the equations (5) are much deeper
“than (4). We compare coeflicients to see that (5) i1s equivalent to
S At | =1 jnd x—! i
S (i g™t =g forall g €8S,
v '.. Nt Z( !

-‘ ' 1 Z(_l)lx"lslnd gn"l e (_l)]d-l—l fOI’ a“ a e ffr
ey 0 forall ¢ € S,\ 7.

. ‘a more general version of the second equation see [4, (10)]). The first equation
is crucial for the proof of the following lemma:

put ¥ := Y, .ya € RS,. If Y is a subgroup of §,, then the
basis for the fixed space of Y in the right module RS, whenever
an Y in S,. In the following lemma, bases for the

:.bu a set of representatives for the double cosets
elements m’fw (aea)fma basis ofﬂu



whl and Hartmut Lauve

"w AL lﬂ“‘hﬂﬂ“}"”and ©9Y =yY. Then we
‘#r" @ﬂ’ of order n|Y | are represented by # 4,
t ' “i Ii independent system as double cosets ¢

" ‘ -'_:&‘m Mlhllll ol CCnRSn(Y)' (8)

t the left multiplication by 4, induces an RS, -
. In particular,
LB

Q‘O} form a basis of €, g (V). (9)

, ﬁgwmplmm of J in RS,, and, by (5), 4,RS, = 1,RS,.
.mﬁmm 4,0Y +J (¢ € #) form a basis of CRS /,(Y)

; o v cﬂ.ﬂﬂ') = RS, /J which implies the first part of the

ere @ € ’Fﬁm a basis of RS, /J.
i'@'m&ﬁws of RT.

' .

e ﬁmu]y independent, by (i), and are
ce the yfom a basis of RT.
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Forall?ESdndO J<n—1 we have ind y¢/ = ind i by ([7
13]) Therefore it suffices to assume that f € T. Lu s L—el;fu 1[T.
) & X,

u-—lSUCh thala""[jﬂ ﬂndlj € T 0<I\<n__] such lh&{'ﬁ' H'

N oy = ]

th=ﬂ L =B P
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= ("' = &(,B° B By (4), this implies that j_f~'x =
e By means of Lemma | we conclude that Y __, & ““5x is, modulo
: . ,—| R 7 - . cEe .
'-,_.l.-:':fu,.-; to ek ZO‘ET slﬂdﬂﬂ B a= ZUGT slnd aff lﬂ 4 “a _ ZGET Smd 5:—1‘16 -
w = :‘l'ng + J for all ¢ € T, we derive from this proof the following
J Let ¢ € T. Then we have

B Voo forall o €T
t= €D, for suitable i€ {0,...,.n—1}, o€T.

mspect to the basis elements v,, the matrices corresponding to the
of S, in regard of their action on RS /J are monomial.

. brove our main result a special version of which has been given in our
on. Let ¢ be a mapping of X into Z such that |z;¢~ =k forl<j<l

_E Sm 0'¢ — ¢} .
: ubgroup of §, oftypesk "Sk Let A,bethelin st
., k) into & belonging to ¢. Then (see [4.(4)]) we have
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< Mlmﬂf&(“v ..., k) onto C4(Y). (Only here the fact is used
oung subgroup of S,) By virtue of (11), this implies the claim of (he
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'._'.  for | < i < n, we obtain the special version of our theorem as
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