
" v' Graded J o r d a n  Algebras  I 

I r v i n g  Kaplansky 

To t h e  nenory o f  Adrian A l b e r t  (Nov. 9, 1905 - June  6 ,  1972) 

on t h e  70 th  a n n i v e r s a r y  of h i s  b i r t h  

A s  t h i s  i s  be ing  w r i t t e n ,  the  t h e o r y  of g raded  
I 

L i e  a l g e b r a s  i s  deve loping  r e p i d l y .  A s  i s  t o  be  expec ted ,  
I 

t h e r e  i s  a  p a r a l l e l  t h e o r y  of graded J o r d a n  a l g e b r a s .  I t  

seems t o  have independent  i n t e r e s t ,  and may i n  due c o u r s e  

shed some l i g h t  OD t h e  Lie case .  Th i s  paper  i s  in- tended t o  

l a y  t h e  f o u n d a t i o n s  f o r  t h e  s t u d y  of t h e  Jo rdan  c a s e .  

It i s  a p p r o p r i a t e  i n  a  paper  d e d i c a t e d  t o  Adrian 

A l b e r t  t h a t  t h e  s e t t i n g  matches t h a t  o c c u r r i n g  i n  his 

p i o n e e r i n g  paper  rl]. The on ly  s i n p l e  a l g e b r a s  t h a t  - 
a r i s e  a r e  t h e  expec ted  ones. However, a t  t h e  end of  t h e  

pzper  examples a i e  g i v e n  t o  s h ~ w  t h a t  t h e r e  w i l l  be e x t r a  

s i n p l e  a l g e b r a s  i n  f u t u r e  more g e n e r a l  s t u d i e s .  

Bas i c  d e f i n i t i o n s  w i l l  now be g i v e n  b r i e f l z .  The 

g r a d i n g  i n  t h i s  paper  i s  by Z 2 ,  t h e  i n t e g e r s  mod 2. 

Grading by 2 ,  t h e  i n t e g e r s ,  a l s o  m e r i t s  s t u d y  bu t  i s  

l e f t  t o  t h e  f u t u r e .  We p r e f e r  t o  t a k e  o u r  graded  o b j e c t s  

7. a s  s e t - t h e o r e s t i c  un ions  r a t h e r  t han  d i r e c t  sums. So a  
/ 

graded v e c t o r  space  V i s  a  u ~ i o n  Vo u Vl of v e c t o r  

s p a c e s ,  d i s j o i n t  except  f o r  a  ccmmon G .  (411 v e c t o r  

s p a c e s  i n  t h i s  paper  a r e  f i n i t e - d i m e n s i o n a l . )  Zlements 

of Vo (v l )  a r e  even (odd) .  A graded a l g e b r a  A = AO A1 

i s  a  graded  v e c t o r  space  u i t h  a  m u l t i p l i c a t i o n  s a t i s f y i n g  
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A.A. c A i + j  ( s u b s c r i p t s  t a k e n  mod 2 ) .  The b r a c k e t  [xy] 
1 J 

i s  xy - yx  except  when x  and y  a r e  b o t h  odd i n  which 

c a s e  it i s  xy + yx. The b r a c e  {xy] i s  xy + yx excep t  

I ;/". 

J T  >pL, ' / when x  and y  a r e  bo th  odd i n  which c a s e  i t  i s  xy - yx. -; ~ 6 2  ' 
.!,.LC<~ 

I The b r a c k e t  mo t iva t e s  graded L i e  a l g e b r a s ,  t h e  b race  

graded Jo rdan  a l g e b r a s .  
7 5  

The l i n e a r  t r a n s f o r m a t i o n s  cn a  graded v e c t o r  
>% 

d \ l i  (5 2;) space a c q u i r e  a  g rad ing  i n  a  n a t u r a l  way. There  i s  a  

~~w t r a c e  which we c a l l  t h e  g raded  -- -- t r a c e  and denote  by T r .  
- - ,&T --/ - fl 

(We keep t h e  a d j e c t i v e  llgraded:l s i n c e  t h e  u s u a l  ungraded ; 
--. 

_, I"--" - t r a c e  w i l l  a l s o  p l a y  a  r o l e . )  The graded t r a c e  of every 

odd l i n e a r  t r a n s f o r m a t i o n  i s  0 ;  f o r  a n  even T  we d e f i n e  

1 = 7 -  f i  T ~ ( T )  = T ~ ( T ~ )  - Tr(T1) where To and T1 a r e  t h e  r e s t r i c t i o n s  

f '  of T  t o  Vo and V1. A graded Jo rdan  a l g e b r a  of l i n e a r  

t r a n s f o r m a t i o n s  (GJALT) i s  a  subspace c l o s e d  under 4 ). 
I I d e a l s  and s i m p l i c i t y  a r e  d e f i n e d  i n  t h e  obvious way. 

I - Here a r e  two key e w p l ~ s .  The a l g e b r a  of a l l+  

l i n e a r  t r a n s f o r m a t i o n s  on a  graded v e c t o r  space  i s  a  

I J-A' s imple  GJALT under  4 $ ;  c a l l  i t  f u l l  l i n e a r .  Next assume 

A a  nondegenerate  b i l i n e a r  form wriich i s  symmetric on Vo ,  
- - 

skew on V l ,  and makes Vo a ~ d  V1 o r tnogona l .  C a l l  a  

l i n e a r  t r a n s f o r m a t i o n  T on V s e l f - a d j o i n t  i f ,  a s  u s u a l ,  
7. 

(Tx,  y )  = ( x ,  Ty) f o r  a l l  x and y ,  except  t h a t  when T  and x  
1 

a r e  b o t h  odd we i n s e  s i g n .  The self  - a d j o i n t  -* - 

l i n e a r  t r a n s f o r m a t i o n s  form a s imple  GJALT. I f  Vo and V1 _ -_----'-- 

I ,!-&@wt, 7 4  7 
have dimensions s and 2 r ,  i t s  dimension i s  

-- - €01 ~ r i . )  /y? 31 x)-($: 2 (A,s..,i- HS(S + 1 )  + 2 r 2  - r + 2 r s .  (7*,',)= (-9 P 

(1) J,?G do ( 7 , z , 9 ) = ~ ~ , 7 0 0 r l  7 ~ v ~ y ' ' ' '  
4 % , T ; , 4 >  Tf 6S;fi*' i 

'71 X I ? &  VI k ! ~ ,  g >  % i, 

x~ yeut  .qOejq> = ( x )  7a,7j ? x&70, ,, T I ~ ~ G  = - 7  = - ,, .6J j 
f&(> 55 (7, P *) - - < Y > T o f l )  J*-WasL ,.t + 1 2 y c 4  I .---. . - & & J42 (,,,& ( 73]+= - A 7- 4 5,' [:Jr 

- 



We c a l l  t h i s  a l g e b r a  o r t h o s y m p l e c t i c .  -- @,*) ~ J ~ L B  
9= -4 

Theorem. Le t  J  be a s imp le  GJALT o v e r  an  oz-/d&# -*-f 
4 I C' a l g e b r a i c a l l y  c lo fd  f i e l d  o f  c h a r a c t e r i s t i c  0. Assume . 

+, 

t h a t  t h e  odd p a r t  of J i s  nonzero and t h a t  T r  i s  n o t ,  

f t7; ,< k7,, \ i d e n t i c a l l y  0 on J.m::Then J is  i somorphic  t o  a f u l l  
t 2  by. 

/< = KIL@ 
/ I  

l i n e a r  a l g e b r a  o r  a n  o r t h o s y m p l e c t i c  a l g e b r a .  

gld ~ l ' t !  ' 1 
4*1~1 f ) ~ ~ j =  (.!I h, 

# X , , C - ~ ~  &..t - 
:.. ,:+ ZL !i! , I - !  

v e r i  
= & , Yo- Yo1 Xto) 

- L xl0vD, - 

The proof  w i l  

f i c a t i o n  i s  l e f  

1 be c a r r i e d  o u t  i n  a number of  s t e p s ,  

$' = T r i x i 3 z + ; .  T h i s  r o ~ t i n e  T ~ = ~ ,  r /  A G ~ L  Y C ~  I G J ~  t + j + k = /  

t t o  t h e  r e a d e r .  (+Js - : i x o ~ l o 7  - XO(Y.-: :: L Y L X ~ I ~  & f ~  
. . 

, k c ? :  TA [d,nLL-,r:j:  i5 ~ - ( J J ~ T  51- 74k.k~ 
= O f o r  a l l y  t h e n  x  = 0. That JU-~A 74 st0 Cb,c,j- -- -- 

- : ) t ,  ( r o t ~  - y o , ~ , , )  r 6 ftt, J~&&; , )~ ,o  
t h e  s e t  of  a l l  such  x ' s  i s  an i d e a l  f o l l o w s  from ( 1 ) .  - - A ~ , ~ C ~ ~ ~ ~ ~ - , G ~ . , ~ ~  

Vh 
I 7 Bc A ". )t airr@l~14 I f  t h i s  i d e a l  i s  a l l  of J ,  t h e n  T r  v a n i s h e s  on :JJj, - JO. w r r  

- / ! d o  01 1' \ -  f~8dS 
which e q u a l s  J by s i m p l i c i t y .  Th i s  c o n t r a d i c t s  o u r  

h y p o t h e s i s .  Hence t h e  i d e a l  i s  0. 

We w r i t e  K and L f o r  t h e  even and odd p a r t s  of J ,  

r e s e r v i n g  s u b s c r i p t s  f o r  components of P e i r c e  decompos i t ions ,  
I f  i 

( 3 1 4  is -- s e ~ i s i m p l e . ~  Le t  x  be  i n  t h e  r a d i c a l  of  K.  
a 4 r2+.r , - 7,., 7 ,L&, +L 'A 

Then Tr  4 X K ~  r = 0 s i n c e  T r  v a n i s h e s  on n i l p o t e n t  e lements  

and T r  A ~ X L ?  = 0 s i n c e  T r  v a n i s h e s  on odd e iements .  

Hence T r  J X J ~  = 0 ,  wtence x  = 0 by ( 2 ) .  

F A  L@if~LA )-3 ; J ( 4 )  J has  a   nit e lement .  Le t  u  be  t h e  u n i t  element --- - -- - -  
"by 2/7-+, / L d Y  " 1 , W L  , - . 

& J d L  of  K.  '-we s h a l l  prove t h a t  u  i s  t h e  u n i t  e l e n e n t  of  J .  

I Given x anO y  i n  J ,  o u r  t a s k  w i l l  be accomplished i f  we 

v e r i f y  T r  ~ ( j u x f  - x ) y  = 0. Only t h e  c a s e  wr.ere x and y  
.,j &i*d . "0 

&y : d u 3 i y  a r e  bo th  odd needs a t t e n t i o n .  Then 

s i n c e  j x y f  i s  even. 



A t  t h i s  p o i n t  we c a n  ha rmles s ly  assume t h a t  J 
L(= ) J q ) * t  u0&44c44 

c o n t a i n s  t h e  i d e n t i t y  l i n e a r  t r a n s f o r m a t i o n ,  s i n c e  t h e  
XGJ- 

& 7 g ~ u  'Jji'/ r e s t  o f  t h e  graded  v e c t o r  space  on which J i s  a c t i n g  i s  

L i r r e l e v a n t .  Note t h a t  t h e  u n i t  element of J e q u a l s  

i / , c- % t h e  i d e n t i t y  l i n e a r  t r a n s f o r m t i o n ,  because of  o u r  use  

o f  xy + y x  r a t h e r  t h a n  (xy + yx)/2  f o r  t h e  J o r d a n  o p e r a t i o n .  
)+kc = U c ,Qth,r.( \Iic, &, 

Lk z 24:- & (5) 19 e  s + p r i m i t i v e  idempoten t  - -- of  K -- t h e n  eJe  w . A , ~ A = h  / 

i s  one-dimensional .  We know t h a t  eKe is  o n e - a i n e n s i o n i l ,  - - - ' *  -- - - ' -=T' 
and s o  o u r  problem i s  t o  prove t h a t  eLe = 0. Wri te  ,ewe 

Jll ( =  e J e )  , J12, Ja2 f o r  t h e  subspaces  i n  t h e  P e i r c e  

decompos i t ion  r e l a t i v e  t o  e .  With x 6 eLe we wish  
-.Ll/ 

t o  show t h a t  T r  e x y )  = 0 f o r  any y ;  we can  supFcse y  t o  be 
r.,: 7; - 3 1  t, ( 1 . 1 , ~  1 C> & ~ r c Z ( +  -0 

odd. The v a n i s h i n g  01 T r  )xy! i s  c l e a r  f o r  y  i n  JI2 
r J  

P ,  4 
o r  J22. F o r  y  i n  Jll, t h e  a l t e r n a t i v e  r e q u i r e s  t h a t  

I A , , '?t-A $ Q 

{xy7( = xy - yx  be a nonzero s c a l a r  m u l t i p l e  of  e .  This 
e --.. h c  .- d,,, eb'=- '~ # D  

makes t h e  ungraded t r a c e  of e  e q u a l  t o  0 ,  a n  i m p o s s i b i l i t y ,  

(Note t h e  u se  of c h a r a c t e r i s t i c  0 h e r e ,  A similar argument 

a p p e a r s  i n  t h e  nex t  pa rag raph . )  

(6) el - and e2 o r t h o g o n a l  ~ i m i t i v e  _-_ - idempoten ts  --- 
e 
&,re/ -- e& cK - be long ing  40 t h e  same siiilple smqand of K .  Then 

2 e:, - - 
'/& @I-& 

.J({ + - i r :  J L L  

( e l  + e2 ) J ( e l  + e  ) c n t a i n s  no nonzero odg e lements .  2  
With t h e  u s u a l  s u b s c r i p t s  f o r  ~ e i r i c e  d subspaces ,  o u r  

on ly  problem i s  t o  prove  L12 = 0, s i n c e  Lll = L22 = 0 i s  

known from (5) .  By o r d i n a r y  J o r d e n  t h e o r y  t h e r e  e x i s t s  

2  z &K12 w i t h  z = el + e2. Take x  i n  L12, I n  showing 

t h a t  T r  ; X J ~  v a n i s h e s  o u r  on ly  problem a r i s e s  w i t h  
& &4,,j - it ix- L I{,.' c 4 , < ' 4 2  

h 1.. xbJ -0  T r  .$xyT - .  f o r  y  i n  L12. The e lements  i x z y  - and =j*yz: fl .> a r e  

odd e lements  i n  Jll + J22 and hence a r e  0 ,  a g a i n  by (5 ) .  



We conclude t h e  argument us ing  a  block mat r ix  n o t a t i o n  

f o r  t h e  elements of ( e l  + e2)J(el + e2).  For  a s u i t a b l e  

I f  t h i s  is  nonzero then  YX - XY i s  a  nonzero s c a l a r  

c h a r a c t e r i s t i c  0 .  

( Q )  K i s  not  s imple.  Take a  n a x i n a l  s e t  of - - ---- 
or thogonal  p r i m i t i v e  idempotents  i n  K ana apply (6).  

I f  K i s  s imple we f i n d  t h a t  L = 0 ,  c o n t r a r y  t o  hypothes is .  

Now c o n s i d e r  or tnogonai  p r i i a i t i v e  idempotents 

el and e2 r e s i 6 i n g  i n  Cif fs rent ,  s imple s u ~ z a n a s  of K. 

We s h a l l  i n  due course  prove t h a t  ( i n  t h e  same P e i r c e  

n o t a t i o n  a s  above) L12 i s  nonzero. A s  a  temporary 

expedient ,  l e t  us c a l l  el and e2 ------ r e l a t e d  i f  L12 # 0 .  

,/(a) -- Let  el ,  e2,  g& p 3 - be -- or thogonal  -- p r i m i t i v e  --- 
idempotents i n  K ,  w i t h  e l ,  e2 i n  trLe s s n e  simple suzmand- - --- - - - -- --- --- 
of K and e  i n  a  d i f l e r e n t  one. I f  e  and e  a r e  r e l a t e d  -- -- -- -- -- 3 - -  1 -- 3 --- -- - - 

L 



. 4 . . 
1 

s o  a r e  e and e -- 2 -  3' Here and i n  t h e  r e s t  of  t h e  d i s c u s s i o n  

we c o n t i n u e  t o  use  t h e  s t a n d a r d  n o t a t i o n  f o r  a  P e i r c e  

2  decompos i t ion .  P i c k  z i n  K12 w i t h  z = el + e 2 ;  p i c k  y  
* ,  

L 0 lilL 

L23 ' >h nonzero i n  L 
13' Then +zy?lies i n  L and a  m a t r i x  

& 
23 4(4  

by @ computa t ion  shows t h a t  i t  i s  nonzero.  /& ,,* i . ~ * t * ~ ~ h ~ ~ -  ~;3~~'3 

be  o r t h o g o n a l  p r i m i t i v e  ( 9 )  Le4 e2,  ej - --- 
idernpotents  i n  t h r e e  d i f f e r e n t  s i e e  summands of  K ,  - - -  - -- - -  -- - - - - 
Then el c anno t  be  r e l a t e d  t o  b o t h  e2 and e --- - -  - --I_ - - -- 3' Assume 

t h e  c o n t r a r y .  P i c k  x and y  nonzero i n  L and L, , . There  - - 1 2  - 3  

must e x i s t  z i n  L w i t h  &it f 0 ;  o t h e r w i s e  T r  d y ~ P  = 0. 13 - 
The var. ishing of  t h e  ungraded t r a c e  o f  .>jyz> = y z  - zy = dlQ~d'~ 

NO ' 0 cai<E;oc ! +,+ $0,- ~ ~ r ~ c a c ~ * - ~  *- 7 shows t h a t  .<yzf. i s  a  nonzero  s c a l a r  n u l t l p l e  of  el - e  w n,-d3 

''SO $fj '3 #O 
Next we n o t e  t h a t  d x y f  and i x z b  a r e  0 ,  f o r  t ney  l i e  - - - 

4 

i n  K23 = 0 .  So x comnutes w i t h  y  and z ,  hence w i t h  = D(ICX,Q,l 

0= C x ,  ~ ~ ~ 3 3  = Lr, d,Ql*dsC$ 3 
el - e39 a  c o n t r a d i c t i o n .  ,b. d.,+ o w - ~ ~ *  

We choose ,  and ho ld  f i x e d  f o r  t h e  r e s t  of t h e  

d i s c u s s i o n ,  a  maxinal  s e t  of o r t h o g o n a l  p r i m i t i v e  

idempoten ts  i n  K.  

( ( 10 )  L e t  -- A -- and B be two s i m ~ l e  summands of  K .  -- -- ---- ------ - 
e E A  &A f ~ f j  
e ' r  I- ; 

p S u ~ ~ g ~ e  t h a t  some p r i m i t i v e  L d e m ~ o t e n t  -- &Q .A -- t e &  

t o  s cne  ~ r * i m i t i v e  i d e n  t e n t  i n  B .  Then a n z  o r i n i t i v e  -- -- - - - -  , E L , -  - ____ _ -_____- 
idemgoten t  i n  A i s  r e l a t e d  t o  anx p r i m i t i v e  idernnotent  in - -- -- - --- - - 
B. T h i s  i s  q u i c k l y  s e e n  by i t e r a t e : ,  u se  o f  (8) .  

( 1 1 )  K -- has  g r e c i s e l ~  - -- two - s i "p l e  - ---- sunnands.  K ha s  a t  
LI 

l e r s t  two by ( 7 ) .  A s  i n  ( 7 ) ,  some p r i m i t i v e  i dempo ten t s  

f r o c  d i f f e r e n t  s imp le  sunmands of  K ( s a y  A and B)  must be 

r e l a t e d ,  f o r  o t h e r w i s e  L = 0 .  L e t  u  be  t h e  u n i t  e lement  



of A @B. It fo l lows from ( 9 )  and (10) t h a t  t h e  
~ ~ ~ 9 1 0  e; L,,=,.' /-n -. 

8 - 
off-diagonal  P e i r c e  space f o r  t h e  decomposition g iven  

by u is 0 .  Thus if u 4 1, u  y i e l d s  a  n o n t r i v i a l  d i r e c t  

sum decomposition of J ,  c o n t r a d i c t i n g  s i m p l i c i t y .  Hence 

K = A@B. 

(.W A x  Lij l i n k i n q  p r i m i t i v e  - idempotents & 
t h e  two summand of K i s  2-dimensional. It fo l lows -- -- ------ 4- - -- - 
from (10) and (11)  t h a t  Lij is  For  x and y 

c 0' = cc(r$ 
I \ /&? . i n  L~~ we have t h a t  $xyp = cei a  s c a l a r  c .  nc( urc c = c1 - 7 - 

The map ass ign ing  c  t o  x ,  y  is  a n  a l t e r n a t e  form on 

L i j  The usua l  appeal  t o  T r  shows t h a t  t h i s  f o r n  i 
c '(2 + c , M f FR L.,: - ~ j  + [ X  L ~ ?  70 i v j  74 ~ K L ~ Q = O  /hw Y'O 

nondegenerate.  If t h e  dimension of Li j  exceeds 2 ,  

we can a r r s n g e  t o  have fx t f  = igt4 = 0  w i t h  t nonzero 
A- 

and [xy) = ei -&.. Then t coanutes  w i t h  x  and y ,  q = LA "J 
L d , ,. ~r <,+d)p; 2-& P< ~ * d # - l  jd= 3 >O 

hence wi th  {xg, a  c o n t r a d i c t i o n .  I 

k &,+@- P“ From t h i s  p o i n t  on t h e  i d e n t i f i c a k i o n  of J with J 

a  f u l l  l i n e a r  or or thosymplec t ic  GJALT is  f a i r l y  
--------- - -  - .-- 

s t r a i g h t f o r w a r d  and a i s o  t e d i o u s  ( i n v c l v i n g  case  

d i s t i n c t i o n s  and xiatr ix  computat ions) .  The procedure 

w i l l  t h e r e f o r e  only be ske tched,  w i t h  d e t a i l s  l e f t  

t o  t h e  r e a d e r .  

--&a- The ~ u c i a L  c a s e  +- t h e  f irst  i n  w h c h  t h e r e  is, 

4 r 87 d-( 1 work t o  do - is  t h a t  i n  which t h e  simple summands 

A= fi, e r F e ~  A ,  B of K have degrees 2 and I. The easy deduct ion  
L = Fs+ 6- I i 

L % ~ I = ~ - ~ L  \ of the  g e n e r a l  case  from t n i s  w i l l  be t o t a l l y  omit ted.  
= V L L  M A T K I  $3. - - 
--..-- -- -------- 

w t  4 cx,,.n=%~I-4~2 
So B i s  1-d inens ional ,  and A i s  an ( o r d i n a r y )  

7 0 ' 0 1  u , - I  ( c,=kA?!> ,) Jordan a l g e b r e  of degree 2. We s h a l l  b u i l d  up t h e  
* 



s t r u c t u r e  o i  J i n  a  3 by 3 block mat r ix  n o t a t i o n ,  t h e  

blocks having t h e  s i z e s  i n d i c a t e d :  

/ r  b y r  
; A 

r by r 

The a l g e b r a  A occupies t h e  f o u r  b locks  i n  t h e  upper 

l e f t .  The mat r i ces  down t h e  main d iagonal  a r e  s c a l a r .  

We w r i t e  

f o r  a  b a s i s  of L 13' A s  w e  noted above, A con ta ins  
A 

L an element z with z = el + e2 and i t  can be t aken  i n  t h e  form 

We have 

So PS - RQ and QR - SP a r e  nonzero s c a l a r  ma t r i ces .  

The elements bpf, @? form a  besds of L 23 ' b u i l t  i n  

e x a c t l y  t h e  same f a s h i o n  uut of P ,  Q ,  R ,  S. Mul t ip ly ing  

L ~ 3  
and L we f i n d  t h a t  

23 
C '  ittj = 

42,4 S L L  

/ o  PS (3 '1 



l i e s  i n  A. Now ccme t h e  va r ious  cases .  

Case I. A i s  3-dimensional. Then q  must be a  

s c a l a r  m u l t i p l e  of z ,  s o  t h a t  PS = -QR = a  s c a l a r  
6: ( s,@) 

m u l t i p l e  of I ;  we can normalize t o  make them e q ~ a l  I. J, 
Q 
3 

I n  t h e  s a t r i x  f o r  q  we may replace(B 'by  Q and R by P \J 
PS = - 9 R  = 5 anc  the  r e s u l t i n g  e lenen t  w i l l  a l s o  be a  mul t ip le  of z .  

------I 
P S - R Y = d l ,  This  t e l l s  us t h a t \ P Q y q a n d  l ikewise  we hhve RS = C y  L. 
g ~ - ~ ~ *  Suppose t h a t  GR - SP i s  t h e  s c a l a r  c  t imes  t h e  i d e n t i t y .  
r - d  + 5 - C  -0 ---- Right-mult iply by Q t o  g e t  -Q = cQ, c  = -1. Since  the  

gRq:ycj  -4  
w 1 1  
'- I o ungraded t r a c e  07 Ept] i s  0,  we deduce t h a t  s = 2 r .  

- q - c q  @ 
Bases may now be cnosen s c  as t o  make P = ( I  0), R = ( 0  - I ) ,  

~ P S  - m e = d e  l o  s l o  t c' c-l o-l 
#d 
2 1 

2 9 = d Q  o @d t..4-d3 
.ar -s=o 

On d e f l a t i n g  t h h a t r i c e s  by a f a c t o r  of r we recognize  
I 

a s y m p l e c t i c  a l g e b r a ,  a c t i n g  on a four-dimensional 
f i  

v e c t o r  space wi th  two-dimensional symmetric and 

skew components. 

From now on A is  more than  3-dimensional. The 

remaining b a s i s  elements of A may be assumed t o  

anticommute with z  and t h e r e f o r e  have t h e  form 



I 

L '  1. 

We mag f u r t h e r  assume X* - I 
,q i~,~&,,&&- 'vrc d d  

Case 11. X i s  a s c a l a r .  We may a s s m e  X = I. 
t i  

It i s  p o s s i b l e  t o  t a k e  Q = R = 0. Then, PS  and^^ 
a r e  bo th  s c a l a r  m a t r i c e s ,  r must e q u a l  s, and P and S 

can  be normal ized t o  I .  A d e f l a t i o n  by r y i e l d s  
G J A  iT 

t h e  f u l l  l i n e a r  ~&~J&sz on a 3-dimensional  v e c t o r  space.  

Case 111. A i s  4-dimensional  and X i s  no t  a 

s c a l a r .  Again we f i n d  r = s. I t  t u r n s  o u t  t h a t ,  

3 can b e ~ ~ e x h i b i t e d  as -$ l ie  f u l l  l i n e a r  GJALT on a 

3-dimensional v e c t o r  s p a c e  r e p e a t e d  a c e r t a i n  number 

of t imes ,  and t h e n  r e p e a t e d  a c e r t a i n  number of t imes  

wi th  each m a t r i x  t r a n s p o s e d ,  t h e  t o t a l  nunber of  

r e p l i c a s  be ing  r. I n  any e v e n t ,  J i s  isomorphic  t o  

t h a t  a l g e b r a .  

Case I V .  A i s  more t h a n  4-dimensional .  S i n c e  

A admi ts  a 4 - d i m e n s i o n ~ l  module, Jo rdan  n ~ d u l e  theo ry  

( s e e  [ 5 3  shows t h a t  t h e  dimension of A i s  a t  most 6. A 

f i f t h  b a s i s  element may be chosen w i t h  s q u a r e  t h e  

i d e n t i t y  and an t icomxut ing  wi th  bo th  z and our  4 t h  

b a s i s  e lement .  One t h e n  s e e s  t h a t  ou r  4 t h  and 5 t h  

b a s i s  e lements  can  be pu t  i n  t h e  form 
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P and Q r a n g i n g  Y r i c e s .  Under { 3. t h i s  

i s  a  s i n p l e  GJALT, The graded t r a c e  van i shes  i d e n t i c a l l y .  

I f  we use  i 3 i n s t e a d ,  and t r i m  by one dimension a t  

t o p  and bot tom,  we o b t a i n  t h e  graded L i e  a l g e b r a s  of 

Gell-Mann and R a d i c a t i  ( s e e  page 567 of L3J). P 
J 

Bxarn~le  j. Take 2n by 2n m a t r i c e s  d i v i d e d  i n t o  

b locks  of s i z e  n. The nap 
J-= tt'c.)i, t j 

i@ a n  i n v o l u t i o n  A,JJ t h e  a d e d  s e n s e  ( m e  r e q u i r e s  
% +  ( x y ) *  = -yx wnen x  and y  a r e  bo th  odd). Give t h e  

a l g e b r a  a  Z-grading a s  f o l l o w s :  

P C O  o o  0 )  "\ degree  1, degree  -1 
o,/ R-r; O/ 

'de can  c o n v e r t  t h i s  t o  a  Z2-grading by lumping 

t o g e t h e r  t h e  p o r t i o n s  of d e g r e e s d ,  -1,. The s e l f  - a i j o i n t ,  

e l e x e n t s  nave trie form * 
/ P * skew \ 

I 

I and form a s imple  GJALT.. Again t h e  r-. t r a c e  t 
van i shes  i d e n t i c a l l y .  The Lie  ccu r~ te rp ; r t  ( c o n s i s t i n g  

a' 

of a l l  e lements  skew wi th  r e s p e c t  t o  t h e  i n v o l u t i o n )  

appea r s  i n  i66: under t h e  d e s i g n i t i o n  P(m) 2nd e l s o  

a t  t h e  en8  of ~4:. Pi 



I Cons ider  t h e  f o l l o w i n g  GJALTfs: f u l l  l i n e a r ,  

o r t n o s y m p l e c t i c ,  and t h o s e  of Examples 2  and 3. It i s  a  

f a c t  t h a t  t hey  exhnus t  t h e  s i n p l e  GJALTfs o b t a i n a b l e  

by t a k i n g  a l l  of a s imple  g radea  a s s o c i a t i v e  a l g e b r a  

( t h e s e  a r e  known - s e e  Dl), o r  t h e  s e l f - a d j o i n t  

e lements  under  a n  i n v o l u t i o n .  The ana logous  remark 

a p p l i e s  t o  t h e  L ie  c a s e .  

Wnat i d e n t i t y  ( i n  a d d i t i o n  t o  commuta t iv i ty ,  

graded s t y l e )  shou ld  one p o s t u l a t e  f o r  g e n e r a l  graded - 2  I &rdan  a l g e b r a s ?  One n o t e s  t h a t  a b.a = a2.ba i s  

inadequa te  s i n c e  it  y i e l d s  no th ing  when a  i s  odd. The 

l i n e a r i z a t i o n  i s  f i n e ,  however. Assume 

p - & ~ & '  except  when two e l e r e n t s  a r e  odd and two even. I f  

a , b  a r e  even and c ,  d a r e  odd t h e  assumption i s  changed t o  
- 

ab.cd + ac.db - ad.bc = ( b c . a ) d  + ( c d . a ) b  - ( d b . a ) c .  

I Example 4. With x  and y oad and xy = -yx = 1 

we have a  3-dimensional  s i a ~ l e  g raded  J o r d a n  a l g e b r a .  

For  c h h r a e t e r i s t i c  0 i t  i s  c o t  " s p e c i a l " ,  i. e.  i t  

cennot  be r e p r e s e n t e a  by l i n e a r  t r a n s i o r m z t i o n s ,  a t  

l e a s t  on a  l i n i t e - d i n e n s i o n a l  v e c t o r  space ; b u t  i n  
L- - , - - -- - - -  - I. 

Example 1 i t  i s  s o  e x h i b i t e d  f o r  c h a r a c t e r i s t i c  3.  

Anderson L2, p. 12007 - has encounte red  t h i s  a l g e b r a  

i n  a  d i f f e r e n t  c o n t e x t .  

To conclude t h e  paDer we make a  r e ~ i a r k  on t h e  

connec t ion  w i t h  t r i p l e  s g s t e n s .  Cons ider  t h e  odd e lements  

of a  GJALT. They o i  c o u r s e  c i o s e  under  ({ab)c). From 
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