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A THEOREM ABOUT CONCOR

Joseph B Kruskal
Bell Laboratories
Murray Hill, N.J.

Suppose that P 1is the (pattern) matrix of +1's and
-1's which indicates the division of the n objects into
two blocks (ir the usual CONCOR fashion). Suppose that
A is the current matrix of correlations, and let dev(a)
indicate the the largest absolute difference between an
entry of A and the corresponding entry of P. We prove
that if dev(d) is small enough, then further iteration
will necessarily lead to the correlation matrix convexing to P.
Specifically, suppose that

n is the size of the matrices,

k and n-k are the sizes of the two blocks,

k

- K
e = 8 n (1 - n) ?

dev(A) P S AT ge°

2e

Then the correlation matrix must converge to P.
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For example, suppose that the n=20 objects are split into
two blocks of size k=5 and n-k=15. Then we have

e = 8(1/4)(3/4) = 3/2,

= o

— . P |
dev(a) <L : +3\'1 * 9 . = +3 3.16 .72

Thus if all the correlations corresponding to p. .=+1
are greater than .28 and all the correlations corresponding

to pij = -1 are smaller than -.28, then the theorem applies.
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DETAILED STATEMENT: Matrices are n by

indicates a matrix with entries a, ., and we assume that

Foodslz

A

1]
-1 < < s
1< aij < +1, Let I, be a subset of {1,2, oo q}
which contains kK members, and let Iz be its complement.
P o= )| pij)l is the matrix such that

+1 if 1 and j both belong to
pij = +1 if 1 and j both belong to
-1 otherwise .

Define dev(A) by

dev(A) = max a,. - DP.. .
i,j { i3 l_])

x*
Define A to be the matrix such that

*
aij = the correlation between columns i
*
We also write A(O) = A, A(l) = A, and
—- * * oo ok
A(n) = (A(n 1)) = A with n stars.

PDefine a function J’(g) for O g& < 1 by

THEOREM: Let S==dev(A), and suppose that

dev (A*) ;éf(s)-s z

& /- & p
gS(-%)  -¢
We make use of the theorem through two corollaries.

one supports the assertion given on the first page.

b/

S < 1.

The

Then
4

second

Z
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COROLLARY 1: Let e = € = [I1- %) . If

T
14 1= ke
< =
S 2 e , then st < ¢ and f(g)é | , so
dev(A*) ___<_ dev(A).
If S;t’ 0, the inequality is strict. D

CORCLLARY 2: Under the same hypothesis as above,

dev (A™) £ Tp]" dev (A4)

(n)

and therefore A —» P as n -—» oo . U
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PROOF OF THEOREM: We want to prove an upper bound

*
on the numbers I aij - p.

. . Noting ¢t .
i 1 g that plJ

o 2lvays is +1, it is enough to prove an upper bound for

the numbers \ %Qﬁ %)\ ‘ hq % !. Thus it suffices

to show that

.
gl < ‘ S
fes ey = —~
e.@:’.{iw’i‘:) Z”—-’S'L
" "
for all i, j. This is trivial for i=j. Without real loss
of generality we take 1i=1 and j=2.
*
Thus consider ' aj, . This is defined as the
: ~ gac\g
correlation between a, and a, .. et A.= _v .
i1 12 ) 7

Then

z s
'E[(&L,-ﬁ',>~ Plz(acz’a)j] = ‘2 [a(;,* Pn..a(,;l =

The first inequality holds because the second moment of
any set of numbers is smallest when taken around their mean

(as compared with the moment around ang other value).
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We prove the second inequality by proving that for every i,

‘ Ay ~ th-czch § S~ . To see this, recali the definition
of ;Xevﬂ&/:g) and note that each 25 lies
either in the interval [11, —1+Sj or I}—rS, i}.

Of course P15355 lies in one of these intervals also. Tt

suffices to show that a:g and P1,250 belong in the

same one of these intervals

For every 1i' and j°, ai'j'

lies in the same interval as p. SO it suffices to

l'j"

show that Piq and plZPiZ lie in the same interval.

Recalling the definition of P, based on the complementary sets
I1 and IZ , 1t is easy to show by considering cases that
if i and 1 Dbelong to the same one of these sets then

=1 = P12Pi> and otherwise P:iy = -1 = P12Piz2 -
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h;,tﬁ‘msbl .é::zPlz £(>() 'f"/\SL

We expand the inequality to obtain the following:

Dwfz‘f’vxs Ly  2h S 82

[4
(5 5 4Z200 1 S0
4 2 o o PIL — 2 s
24 S'z. S, B S)SZ SI &
!%
q\&
New
.S} + ?}_’ > 2 ard
93’ \ - 7
S'L
R AR L S
2.
* S
Pn}zrz = - = — -
5, ;;_,
Now we wish to obtain a lower bound
for S . which we can substitute into this inequality. It

3

is intuitively evident that if we pull back the a; ; near 1

‘to 1-%& and the values near -1 to -1+§ , the standard

deviation based on these will be smaller than S5 More formally,
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we define gJ as follows:

whoe  Bs L ;{m(ksﬂ - %.%a:i’n-s) ,

1

1%
~ easy by
A formal proof that sjjz ; can_be obtained
by noting that the projection mapping ¢f the reals onto
the closed interval Y:~1+S s 1—5:2 is a contraction

mapping and by using the well-known elementary identity

é(’&)’d)l = -+ 25:(7'%"*;\)1.

AT an C J

Thus we have

v = Ceg-01 e

Sy 2% T n Fa
5t do-n z
= M - Z__;; (IIS)I

¥

n
50 [ (-5
-y (- B - E).



PROGRHM-TN-STHTISTICS

Fax: 310-206-5658

Sep 3 '96  15:37 P.10/12
Therefore
X b
5,5, 2 1 (1-5) & (1-%),
Sv
T
B -'i“z’fo,,
w (1) 2 (- %)
[
%
e G Z |- —b >
T ()

This completes the proof of the theorem.
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PROOF OF COROLLARY 1: It is plain that
k ’ k ] . v . . .
e = 8- (1 - E) is positive. From this it is easy
T
_ ]+ l+ 1€
to show that —_— < l . Therefore the
>
thpothe31s shows $ < {, and l"gi\,’
/\ is positive. Civen this, it
follows that the inequality 3 < & is equivalent to
/
z ( — e < (@
e gﬁ + .
The two values of g for whlch t‘ns quadratlc function of S
One of these ] is positive and one?éé%
is 0 are - 2 ”“-’té} ./\The values of
w
2 &

for which the quadratic function is negative lie between these

two values, and hence include the interval from O to

— 1+ Vitye?
AL A St

S e . Therefore the hypothesis of the corollary
implies “‘"S:'f < & and hence JO (E) <1 .
[—§

The thecorem now yields that
dev (A% £ PO Jv(A) < Jue(A)

The latter inequality is strict if S # O. B
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PROOF OF COROLLARY 2: It S§ dev(a) = 0, then
the result is trivial, so we assume S £ 0.
The result is trivial for n=0, and follows from the

theorem for n=1, We proceed by induction, and assume that

the result is true for some value n. Now by the theoremj

Aev(/&\(”‘)) £ ﬁ(gu) gq

whing
§, =dev (AY)

By the induction hypothesis, axd bacrue J3(£)<: L}
” )
- <
S, = lpd1l"s = s
Since J9 is an increasing function
PO 2 PO
Using these inequalities; we obtain

Ao [ ACTY) ¢ e, ‘[\fa)j”g :B)(gg“”g ‘

Aln)

The fact that -—-> P is now trivial. E]
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