INFINITE-DIMENSIONAL FILTERED LIE
ALGEBRAS AND THEIR CONNECTION
WITH GRADED LIE ALGEBRAS

B. Yu. Veisfeiler

A Lie algebra L over a field of characteristic O with a decreasing sequence of subspaces L = L_k
DL 4, D .. will be called filtered if the following conditions are satisfied: 0) L, is a maximal subalgebra
inL; 1) NL;=0 ; 2)dim Li/Li+1 < 3) L, LicLy, s 4) VrE€L,N\NL,, i>0 g€l  :[x,yl¢L, . To every

filtered Lie algebra a graded Lie algebra is associated g = g, g;=Ly/L,., by the ordinary method [2]. The

i+1
number k is called depth of the algebras L and ¢.. To filtereéc Lie algebras of depth 1 there leads the class-
ification problem of the infinite primitive transformation pseudogroups (see [2]). This problem was con-
sidered by E. Cartan [4]. Its modern solution is contained in [3]. Until very recently, the algebraic study
of filtered Lie algebras was carried out under the assumption that their depth is one and the representation
L, onto L/ L, is irreducible ([2] and others). The recent results of V. Kats [1] together with the considera-
tions sketched here give a simple classification of arbitrary filtered Lie algebras.

In the present note,

1) For a given filtered algebra L=1 5,5 ... of depth 1 a filtered algebra Uv=v_, DU

R P

is constructed, such that Uk =L, U, = Ly and conditions of "not being condensed" are satisfied: 5) Uj.; =
{Uj, U_4] V1 < 0 and 6) U,/ U, is represented faithfully and irreducible onto U_;/ U,.
2) It is shown that the associated graded algebra g= Z 8y 9,=U/U;,, is simple (and, consequently,

the classification results of [1] are applicable to it).

3) It is shown that the completion of the algebra L in the topology of the subspaces {Uj} is isomor-
phic to the complete graded algebra §=§ g;  (the line denotes the complete sum).

LetL =L 51,5... bea filtered Lie algebra of depth 1, $ : L — L/L, = S the natural projection,
S_; an irreducible subspace for L, onto S, and T the sum of all irreducible subspaces for L, onto S,

CUy=Lo, Uy =4 (S_) Uy, = U, U TVi<<O0, Uppy = {x €Uz [x, ULICURViR0.

By condition 0) the filtration {Uj} is finite on the negative side. Inclusions 3) follow from the Jacobi
identity by the usual method. The properties 4), 5), and 6) are satisfied by construction, 0) 1), and 2) follow
from the corresponding properties of the algebra L ={ Lij}.

The proof that ¢ is a simple algebra is carried out according to the following scheme: in the algebra
¢ an arbitrary subalgebra is chosen ¢ =})g; , such that g =gVi<o,q 1Iis irreducible with respect to

6% and [, g)]=g,.,Vi>0 . We consider the ideal m=Jm® , where m”=0 and méV=

{XG D gilnglcC m“"} . It is easy to see that the algebra ¢'/m is simple, graded and of depth 1, ‘Hence,
i<—1 .

in particular, it follows that [g_,. )=0 . To g/m the classification [1], [2] is applicable, from which

it follows that T = {s € S :[U;, s] =0} and that all representations of g, onto T are equivalent to one and

the same representation 7. Since [g_,, g,)=0 , We have () DU, - In particular, all representations

g onto g_, are equivalent to 7. Since g_,=[g_,,9,] ,Wehave aCa®a , whichis impossible. Therefore,
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m = 0, Hence, it follows that the algebra g is simple, since we can show that every ideal of the algebra 4

is contained in D 5. . Apart from the algebra g being simple, for the applicability of V. Kats's results
<o
it is necessary that ¢_, and ¢, generate . This can be shown using, for instance, a lemma analogous to

that of Kobayashi-Nagano [2].

The proof of the isomorphism of the algebras L. and g is based on the following simple property of
the algebra g : a) the representations of g onto g are non-equivalent for i = j. In each of the algebras
Uy/ Uj we can choose a subalgebra ¢\’,even a compatible one. The limiting algebra g, in the topology { U;}
can be taken for g CL, . Analogously, using a), for an arbitrary s = 0 we can choose compatible sub-
spaces ¢ and Ug/Uj, i > s. .

The author renders his gratitude to E. B. Vinberg for the attention he devoted to the work.
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