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We consider  the irreducible representat ions of f ini te-dimensional  Lie p-a lgebras  over  an algebrai-  
cally closed field k of charac te r i s t i c  p > 0. The study of these representat ions  was initiated in the 1940s by 
Zassenhaus,  who described the representat ions  of nilpotent Lie a lgebras  [14]. Next, chang [11] studied the 
representa t ions  of the Witt a lgebra in very  great  detail. After  Lhe war Zassenhaus obtained general  r e -  
sults on the s t ruc ture  of the enveloping algebras  of Lie p-a lgebras  [15]. Using these resul ts ,  A. N. Rudakov 
and I. R. Shafarevich [8] studied the s t ructure  of the set of all representa t ions  of the algebra A. These in- 
vestigations were extended by A. N. Rudakov [7] who found sufficient conditions for a representat ion of a 
Lie algebra of c lass ica l  type to have maximal dimension. 

As in the case of charac ter i s t ic  zero,  the problem concerning the representat ions  is connected with 
the action of the Lie a lgebra  on the space G* conjugate to it. A linear form I V is canonically associated 
with each irreducible representa t ion of G in a space V. For  completely solvable Lie algebras we describe 
the i rreducible representat ions  entirely in terms of this form (Theorem 1). For  the Lie p-a lgebras  of 
c lass ica l  type Theorem 2 shows that the study of representat ions  with an a rb i t r a ry  fo rm 1V can be reduced 
to the case when the element of the algebra G dual to I V (relative to the Killing form) is nilpotent. For  a 
nilpotent element the problem is still open. But for an a rb i t r a ry  l V the connection with the action of G on 
G* is given by Theorem 3. The p- representa t ions  of p-a lgebras  of Caftan type a re  descr ibed in Theorem 4. 

Our results  ref lect  "in miniature" the general  situation in the case of charac te r i s t ic  zero .  

§ 1 .  T H E  M A I N  D E F I N I T I O N S  

1. Let G be a Lie algebra over a field k, and let U(G) be its universal  enveloping algebra.  Then 
(see [3], p. 207) 

(a ~- b) p = a, -i- b p -'- A (a, b), a, b E G, (p0) 

where A{tt, b) ~ G. A Lie algebra G is said to be a Lie p-a lgebra  if in G there is defined a mapping a ~ a  [P], 
sat isfying the conditions: 

(a -~ b) Ipl = a[ pl ~, b t"l -? A (a, b), (P$) 

(aa) [p] = aPab, l, V a ~ k,  (p2) 

ad b [p] = (ad b) p. (p3) 

If  a mapping ~i "-*a~ ] satisfying (p3) is defined on the basis {~i} of a Lie algebra G, then it uniquely defines 
the s t ructure  of a Lie p-a lgebra  in G [3]. 

Let G be a finite-dimensional Lie p-a lgebra ,  and let U# be the center  of U(G). If V is a simple G- 
module, then by Schur ' s  Lemma u(x) = Xv(U)X for all u EU# and for all x E V, where ~ is a homomorphism 
of U# into k. As is well known (see [3]) for every  g ~ G the element gP-g[P]  belongs to U#. 

PROPOSITION 1.1. Let G be a Lie p-a lgebra ,  and let V be a simple G-module.  We put Iv(g) = (XV 
(gP-g[P]))~/P. Then l V E G*. 
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Proof .  It  follows f rom (p0) and (pl) t h a t / v ( g l  + g2) = Iv(gi) + Iv(g2) and f rom (p2) that IV(o~g) = a l v ( g ) .  

2. Le t  U~ ~ U# be the suba lgebra  genera ted by all  of the e lements  gP-g[P] ,  g EG, and 1; let K and 
K0 be the fields of the spec ia l  r ings of U# and U~,  and let r = [K : K0]. Let  ~ denote the se t  of all4~imple 
G-modules ,  4~ : ~  ~ S p e c  U # b e  the mapping defined by the formula  '~(V) = )fV, V E~; we h a v e ~  --* Spec 
U# L~ Spec U~.. Then dim V < D (n-r)f2,  V E~ [15], and there  exis ts  an open everywhere  dense set  ~' ,  
Spec U# such that d im V = p(n-r')/2 for  V E ~ '  (J/) i and the mapping q): ~--~ (j//)-~ 0 / / i s  one- to-one .  It  
s e e m s  plausible  t h a t r  r : rain dim 6~ (where G l is the s ta t ionary  suba lgebra  in the represen ta t ion  con t ra -  

lEG* 

gredient  to the adjoint represen ta t ion) .  This  conjecture  can be ver i f ied  for  s imple  Lie a l g e b r a s  of  c lass ica l  
type [7], and i ts  validi ty for  comple te ly  solvable Lie p -a lgeb ras  follows f rom the resu l t s  in § 2, We note 
that  the degree  of the cover ing  i* is equal to the degree  of separab i l i ty  of  K over  K0. For  nilpotent Lie a lge -  
b r a s ,  K is purely  nonseparable  over  K 0 [15]. We can p rove  that this extension is s epa rab le  for  Lie a lgebras  
of c lass ica l  type and for  the Lie a lgebra  Wn. 

3. We denote by U/~, I E G*,  the subalgebra  of U~, generated by the e lements  of the fo rm g P - g [ P ] -  
/(P)(g), g E G. We put U I (G) = U(G)/Ug, U(G). Let  H be a p - suba lgeb ra  of a Lie p - a l g e b r a  G, T = I l H  and V 
be an H-module  such that its nucleus contains U:(I.I). The space V G = UI(G) ®U~'(H)V is given the s t ruc tu re  
of a G-module  by putting g(u @ x) = gu @ x, u E Ul (G), x E V. We say that the G-module  V~ is induced by 
the H-module  V. We give s eve ra l  obvious p rope r t i e s  of induced modules:  

a) if  V is a s imple  G-module ,  l = /V,  H is a p - suba igebra  of  a Lie p - a l g e b r a  G, and V'  ~ V is an H-  
cG. submodule,  then V is a fac tor -module  of the G-module  V l , 

b) if V' is an H-module  and H is a p - suba lgebra  of a Lie p - a l g e b r a  G of codimension t, then d im V~ G = 

pt  . d im V'; 

c) if  H i ~ H ~  G a re  p - suba lgeb ras  of a Lie p - a lgeb ra  G, V' is an Hi-module ,  and I E G* ,  then (V~i'iz)~ 

= V~ G, w h e r e ' =  
[ 

I Ill 2. 

4. We fix our  notation. Let  G be a Lie p - a lgeb ra ,  let  n(G) denote the ni l radical  of G (that is ,  the max-  
imal  ideal consis t ing of nilpotent e lements) ,  and let C(G) denote the center  of G. I f  H is a suba lgebra  of G, 
let  N(H) [Z(H)] denote the n o r m a l i z e r  [centra l izer]  of H. Let  G l ,  l E G*, denote the s ta t ionary  subalgebra  in 
the represen ta t ion  cont ragredient  to the adjoint represen ta t ion .  The sign • symbol izes  the d i rec t  sum of 
vec to r  spaces .  

§ 2 .  R E P R E S E N T A T I O N S  O F  C O M P L E T E L Y  S O L V A B L E  L I E  p - A L G E B R A S  

1. Let  G be a Lie a lgebra ,  l ~ G*, and let  H be a subalgebra  such that  I([H, H]) = 0. Since the d imen-  
sion of the maximal  isot ropy subspace of G for the b i l inear  f o r m  B(x, y} = /(Ix, y]) is equal to (dim G + d im 
G l ) /2 = a ( G , / ) ,  we have d im H < a(G,  l).  The set  of subalgebras  of  G for which d im H = a(G,  l) is denoted 
by • (G, I). We note that  eve ry  such suba lgebra  contains Gl and is a p - suba lgebra  of a Lie p - a l g e b r a .  

LEMMA 2.1. Let  G be a Lie a lgebra ,  l E G*, G1 be a subalgebra  of codimension one which contains 
Gl, a n d l  i = l [ G i .  T h e n ~ ( G l , / l )  C $ ( G , l ) .  

Proof .  Let  H E~(G1, ll). We have 

dim H := a (G~, 11) ~ (dim G - -  l + dim Gt)/2 : a (G, l) - -  ~/.~. 

Since the number  z(G, I) is an in teger ,  we have d im H = a(G,  l) and H E~(G, I). 

2. A Lie a lgebra  G is sa id  to be comple te ly  solvable  if  it contains a sequence of ideals  G = G(0) ~ G(i) 
• • • ~ G(n), for which d im G(i) = n - i .  A subalgebra  and a f a c to r - a lgeb ra  of  a comple te ly  solvable  Lie 

a lgebra  G a re  complete ly  solvable;  each of its p rope r  subalgebras  is contained in a suba lgebra  of codimen-  
sion 1 of G. 

By induction on the d imension we obtain the following co ro l l a ry  f rom L e m m a  2.1. 

COROLLARY. For  a comple te ly  solvable  Lie a lgebra  G the se t  ~(G,  l) is nonempty.  

PROPOSITION 2.2. Let  G be a comple te ly  solvable Lie p -a lgeb ra .  For  a suitable choice of a p - s t r u c -  
ture in G the Lie a lgebra  G/n(G) is commuta t ive .  The commuta t iv i ty  of G/n(G) implies  that G = T $ n(G) 
( semid i rec t  sum),  where  T is any maximal  t o t e s  of  G. Converse ly ,  if  G =T • n(G), then the Lie p - a lgeb ra  
G is complete ly  solvable .  
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Proof .  The spl i t t ing off of  a m a x i m a l  to rus  was  p roved  in [5]; the r ema in ing  a s s e r t i o n s  a re  obvious.  

3.  LEMMA 2.3. Le t  G be a L ie  p - a l g e b r a ,  let  G 1 be a p - s u b a l g e b r a  of  G of  cod imens ion  1, let V be 
a s imp le  G-modu le ,  l =  /V, let V' ~ V be a s imp le  G r s u b m o d u l e ,  and let V '  e V. Then  a) if G I is an ideal,  
then V = v~G; b) i f  the a lgeb ra  G is so lvable ,  then V = V] G. 

P roof .  We p r o v e  a) f i r s t .  :It follows f r o m r e s u t t s  in [14] that  d im V = p t  • d im  V ' ,  t > 0. Since V is 
a f a c t o r - m o d u l e  o f  the G - m o d u l e  Vi G we have d im  V -< p d im V';  hence  V = V] G. Hence a) is p roved .  
F r o m  it we obtain by induct ion  on d i m  G t h a t  if a Lie  a l geb ra  G is so lvable  then d im  V = p t  A s s e r t i o n  b) 
obvious ly  follows f r o m  h e r e .  

Le t  v(H, l") denote the o n e - d i m e n s i o n a l  H-modu le  defined by the mapping  h --*~'(h),~ E H*, h E H, 
T([H, H]) = 0. 

THEOREM 1. Let  G be a comple t e ly  so lvable  Lie  p - a l g e b r a ,  ~', I E G*, H E~(G,  ~) and l (h) = T ( h ) -  
•I/P(h[P]) for  a l l  h E H. Then 

a) the G-modu le  (v(H, ~))G is s imple ;  

b) e v e r y  s imp le  G - m o d u l e  V is i somorph i c  to one of  the modules  (v(H, ~'))G (l = IV). 

P roo f .  We p rove  b) by induct ion on d im  G. Le t  V be a s i m p l e  G - m o d u l e .  We r e m a r k  that  i f  G i i s a  
p - s u b a l g e b r a  of  G of  eod imens ion  one,  and V '  • V is a s imp le  G t - submodu le ,  then by  the induct ion hypothe-  
s is  the re  ex is t  T 1 ~G~ and H E ~ (G A, r I) for which the H-modu le  v(H, ~'I) induces  the G r m o d u l e  V ' .  I f  V'  ;~ 
V and there  is an l E G* such that  l 1 = l t Gi and Gl ~ G~, then by L e m m a s  2.1 and 2.3 H E 9 (G, ~) and the H- 
module v(H, l") induces  the G-modu le  V. 

Let  Go be the annih i la tor  of  the G-modu le  V, G = G/G0, and C = C(G). Then d im  C -< 1. We can ob-  
v ious ly  a s s u m e  that  d im V > 1, and consequent ly ,  that  G ~ C. We cons ide r  th ree  s e p a r a t e  e a s e s .  

CASE 1. T h e r e  is a o n e - d i m e n s i o n a l  ideal  ky  ~ G not lying in C. Then it is obvious that  for  some  
x E G w e h a v e 6  = z ( k y ) ~ k x a n d  Ix, y] = y .  L e t y  be an image  o f y i n G ,  G1 = { g  EG : [g ,~]  E G 0 } a n d l e t  
V '  be the s imple  Gl -modu le  which is induced by the H - m o d u l e  v(H, ~1)" It  is  obvious that  G i is a p - s u b a l g e -  
b r a  of  C of  eod imens ion  one and that  G ~  G i fo r  any ~ E G* for  which ~[ G- = ~1. I f  V '  = V then y E C, hence  
y(v) = ~,v for  al l  v E V; in p a r t i c u l a r  [x, y] = 0 con t rad ic t ing  the choice  o~ x, y.  

CASE 2. D i m C  = l a n d C ( G / C )  ~ 0 .  L e t z  EC,  z g 0 .  It  is obvious  that  t he re  a r e  e l e m e n t s x ,  y E 
for  which G = Z(ky) $ kx and Ix, y] = z .  The subsequent  r e a s o n i n g  is the s a m e  as  in Case  1. 

CASE 3. Dim C = 1, C(G/C)  = 0 and C is the only o n e - d i m e n s i o n a l  ideal  in G. Let  z E C, z ~ 0, ky 
be a o n e - d i m e n s i o n a l  ideal  in G/'C, and y be an i n v e r s e - i m a g e  of  ~ in G such that  y(v) = 0 for  s o m e  v E V, 
v ~ 0. It is obvious that  t he re  is an e l emen t  x E G such that  G = N(ky) $ kx and Ix, y] = z.  We put G 1 = 
{g EG : [g, y] EG 0 • ky}.  Let  V ' ¢  V be a s imp le  G l - submodu le .  We need to p rove  that  V '  ~ V. Le t  us 
a s s u m e  o the rwi se :  V '  = V. We have GI /G 0 = N(ky) and y(v) = 0 fo r  s o m e  v E V, v ~ 0. Then V is a s imple  
Gl -module ,  t h e r e f o r e  e v e r y  v e c t o r  v I E V is a l inea r  combina t ion  of  v e c t o r s  of  the f o r m  gl  • • • gk (v), 
where  gi E N(ky). By induct ion we have 

Yg l  • . .  g k ( v )  : :  [ygjlg.~ . . .  g k ( v )  i- g lgg2 . . .  g k ( v )  = O. 

Hence y(V) = 0 which con t rad ic t s  the cho ice  of  y.  This  p roves  b), and a) is p roved  s i m i l a r l y .  

LEMMA 2.4. Let  G be a Lie  a l geb ra  and V be a s imple  G-modu le  for  which all  the e l emen t s  f r o m  
[G, G] a r e  ni lpotent .  Then d im  V = 1. 

P r o o f :  Let  V0 be the nucleus  o f  the [G, G]-module  V and G = G/ [G,  G]. By a t h e o r e m  of Engel ,  V0 ~ 
0. It  is obvious that  V0 is a submodule  of  the G-modu le  V, hence  V 0 - V and we can  r e g a r d  V as a G- 
module .  Since the Lie a lgeb ra  G is commuta t ive  and the G-modu le  V is s imple ,  we have d im  V = 1. 

Let  G = T • n(G), whe re  T denotes  the max ima l  to rus  of  the Lie p - a l g e b r a  G, and (n(G))[P ]k+l = 0. 
Le t  V be a s imple  G-modu le  and 1 = l  V .  Since (gP-g[P] )v  =/P(g)v  for  al l  v ~V,  as  is ea s i ly  seen ,  the endo-  
m o r p h i s m  g E n(G) has  a unique e igenvalue  ~tv(g) = /(g) + /p- i (g[p])  + . . .  + /p-k(g[p]K). 

PROPOSITION 2.5, Let  G = T ~  n(G), V be a s imp le  G-modu le ,  t = l  V ,  and )t = ~V. Let  H be the sub -  
a lgebra  of  the h ighes t  d imens ion  for  which ~([H, H]) = 0. Then e v e r y  s ingle  submodule  of  the H-modu le  V 
is o n e - d i m e n s i o n a l  and induces  V. 
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Proof.  By Theo rem 1 the G-module V is induced by a one-dimensional  submodule of some subalge- 
b ra  ~I. It  is obvious that A([I~, ~I]) = 0. Next if k{[H, H]) = 0, by Lemma 2.4 every  simple submodule of 
the H-module V is one-dimensional;  hence dim H -> dim H. 

COROLLARY 2.6. Let  G = T • n(G), and let V',  V" be simple G-modules for which 1 V, =IV, , .  Then 
dim V'  = dim V~; if T = 0 then the G-modules V' and V" are isomorphic .  

Remark.  In a somewhat different fo rm a classif icat ion of the i r reducible  representat ions  of nil- 
potent Lie a lgebras  over  k is derived in [14]. For  the charac ter i s t ic  zero case resul ts  s imi la r  to Theorem 
1 are  well known. 

1 3 .  R E P R E S E N T A T I O N S  O F  L I E  A L G E B R A S  O F  C L A S S I C A L  T Y P E  

1. Let G be a simple Lie algebra over  k of c lassical  type with the nondegenerate,  invariant,  symme-  
t r ic  bi l inear  fo rm F considered in [4, 9]. This form determines an i somorphism F : G *-~ G. 

Remark.  Apparently the resul ts  we have obtained can be extended to any fac tor -a lgebras  of the alge-  
bras  Lie ~ ,  where ~9 is a smooth semis imple  algebraic group. 

Let ~-= Aut G and let ,~ be a simply connected covering of ~. As is well known G is a fac tor -  
a lgebra of the algebra Lie ~: let # : Lie ~ --- G be the corresponding project ion.  If  ~ is a Borel sub- 
group of ~ the subalgebra ~(Lie~)CG is called a Borel  subalgebra of G. Then G is the union of its Borel 
subalgebras [10]. Let  I E G*, q E FG(/), and B c G be a Borel  subalgebra such that q 6 B. Then 71 [B, B] = 0, 
and by Lemrna 2.4 in each G-module V for which l V = l the subalgebra B has an eigenvector.  

2. Let  q = qs + qn denote the decomposit ion of q into semi-s imple  and nilpotent par ts ,  G' = ZG(qs), 
To be the center  of G' and Go = [G', G']. 

We choose a Borel  subalgebra B 0 of G' such that q E B0. Let B be a Borel subalgebra of G which con- 
rains B0, Then P = B +Go is a parabolic  subalgebra of G. Let T be the maximal torus of G, B ~ T ~ To, 
N be the nilradieal  of P, ~. be the sys tem of roots of G relative to T, x+ be the sys tem of positive roots in 
Z defined by B, ~0 = {a : e a  ~ Go}, Z, = Z + \  Z 0, Z ,, = - ~,,, and G O = kea  + khot + ke_a.  In view of our 
choice of B and Go we have 

l(e~)=0, V a ~ Z + U ~  '. (*) 

THEOREM 2. Let V be a s imple  Ul (G)-module and V'  ~ V be a simple P-submodule .  Then V N v]G. 
In par t icu lar ,  dim V = pdim N . d im V',  and the dimension of any UI (G)-module is divisible by pdim 

LEMMA 3.1. Let  A denote the sys t em of simple roots  in ~ +. There is an indexing of the roots in 
x ,  : ~,, = {at,  a ~ , ' . . ,  as},  such that if Z l = ~+, A t =A ,  xi+ t = s a l ~ i ,  and Ai+ ! = sa iAi ,  then ~i is the 
sys t em of positive roots in Z, ~i is the sys tem of simple roots in Z i a n d - a i  E Ai. 

Proof .(communicated to us by E. B. Vinbert). Let R m = R " Z, X~ be the hyperplane orthogonal to 
the root  a ,  and C ' ,  C" be the Weyl chambers  in R m corresponding to the sys tems of positive roots ~ '  lJ ~0 + , 
~-" O r + .  We take points y '  ~ C' ,  y" E C" such that the s traight  line ~ through y ' ,  y" does not pass 
through Xer n X/3, a ,  ~ E ~.  (This is possible since a chamber is an open set.) Let ~0 denote the seg-  
ment of ~ between y '  and y ' .  When we move along ~0 f rom y '  to y~ we can write down and success ively  
enumerate  the negative roots  corresponding to the planes Y~ which we c ros s .  Let them fit . . . . .  Bm. 
Since ~)0 meets a p l a n e  at not more  thanone  point we have ~i ~ j  for i ~ j. I t i s  obvious that {~! . . . . .  
~m}~  ~:'. Next let ~i be a root  such that the chambers  C' ,  C" lie on different sides of the plane XBi. But 
all the negative roots  with this p roper ty  lie in ~" ,  that is , i l l  E ~-' for all i. Thus the lemma is proved. 

3. Let Bi denote the Borel  subalgebra of G corresponding to Z i in Lemma 3.1. We put Pi = Bi + 
kee~i, Ui = Ul (Pi), U~ = U l (Bi), N i = @ ke~ (the nilradical of Pi), Gi = G a p  ei = e~ i, and f i  = e -~  i- 

a ~ X  i , a ~ - - a  i 

Since the G-module V is simple,  V is the factor-module  of the G-module W = V~ G with respect  to some 
maximal G-submodule W. We put W 1 = 1 ® V ' ~  W, Wi+ 1 = Ui ® U~ Wi. This definition is co r r ec t  since 
B i + l ~  Pi and therefore  Wi can be regarded as a Bi+l-module.  We assume that Wi is embedded in W. 
Let M i be a simple Pi-submodule of W fi Wi (Mi = 0 if ~r fi Wi = 0, and Mi ~ 0 if ~r ~ Wi ~ 0). We put 
Wi = {w ~W i : Ni_lw = 0}. L e t u s  no te the  following facts: 

(a) I (ca) = 0 for  all  ~ ~ Zi (see (*)), I (l~) ~ 0 for all a E Z" (because if l(h~) = l(e ~a) --- 0 then 
a ~ x o); 
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(b) Ni_lMi = 0, M i is  a s i m p l e  G i - m o d u l e  (because  l (ear) = 0 fo r  a l l  eo~ E Ni+l ) ;  

(c) f m M i  ~ 0 for  m - - - p - l ,  emMi  ~ 0 for  m -- p - 1  ( this  is a p r o p e r t y  of  any  s i m p l e  G i - m o d u l e  wi th  
a f o r m l  for  w h i c h / ( e l )  = l  ( f i )  = 0 ,  l (h~ i) ~ 0); 

(d) P~5~, = G ~V/~ , j = 0, 1 . . . . .  p - 1  (by the de f in i t i on  of  the  t e n s o r  p roduc t ) ;  
o~<j~p--z 

(e) e~e," = e;e~ r'  m-~,~_~(im) (_ DjejB((a d eB)J(ea~)) ([3], p. 49). 

L E M M A  3.2.  I f  Mi = 0 t h e n  Mi+  1 C C ~W~ . 
o~<i~o--z 

P r o o f .  L e t  x = ~ ,gx iEM,+, ,x iE tV~ . Then  epax E M i + l  for  a l l  m -< p - 1 .  By (b) we have  Ni(emx) = 0  

fo r  a l l m .  L e t x  = x 0 + e i x  i + . . . + e [ x  t .  We p u t y m  = e [ - t + m - l x f o r a l l m  = 0 ,  1 . . . . .  t .  T h e n Y m  = 
e P - t  + m -  i_ t ^0 + • * • + e P - l x t - m ' t  We  show tha t  fo r  the  v e c t o r  y = ~ ~zi , z] EWi ,  Zp-  i ++ 0, the cond i t i on  

o~j~p--t  

Niy = 0 m e a n s  tha t  Zp_ l E r~ri. By a p p l y i n g  th i s  a s s e r t i o n  to a l l  the  v e c t o r s  Ym, m = 0, 1 . . . .  , t we ob t a in  

X t -m  E~r i ,  a s  r e q u i r e d .  L e t e  a ENi .  We have 0 = e a y =  ~, e{eaz 1 ÷  ~: [e~,e~lzi • We note tha t  
o~/~p--z o~/~p--~ 

eP- le~tzp-1  E e P - i w i ,  and in v iew of (e) and s i n c e  (ad e i ) m  e,~ E Ni for  a l l  m,  a l l  the r e m a i n i n g  t e r m s  in ou r  

s u m  l i e  in ~ gpfs~. T h e r e f o r e ,  in v iew of  (d) (and by  the  cond i t i on  eacy = 0) we m u s t  have  e P - l e a z p _ l  = 
o~j . .<p--+.  

0, that  is  eo~zp_I = 0. Thus the l e m m a  is p r o v e d ,  then Mi+  1 = 0. 

LEMMA 3.3.  I f  M i = 0 and . f iWi  = 0. 

P r o o f .  In v iew of  L e m m a  3.2 we have  M i + i c  Ui~ri  . By (c) t h e r e  e x i s t s  an  x E M i + l  fo r  which  
f i m x  ~ 0 fo r  a l l m - < p - 1 .  Le t  x =  ~, e { x i , x j  EWi,  xt  ~ 0 , j  = 0 , 1  . . . . .  t <  p.  By c o n s i d e r i n g  f i  x and 

t ak ing  accoun t  of  (e) and the cond i t i on  f i x t  = 0, we ob ta in  f i  x E ® d+tV, • S ince  Simx ~ 0 fo r  a l l  m - p -  1, 
o ~ / ~ t - - t  " 

b y  a p p l y i n g  f i  to x e x a c t l y  t t i m e s  we obta in ,  as  above ,  tha t  f i x  = y E~ri  . S ince  y ~ 0 ( b e c a u s e  t < p) we 
have  Mi+  ~ N @i ~ 0, tha t  i s ,  Mi ~ 0. Thus ,  we a r r i v e  a t  a c o n t r a d i c t i o n .  

LEMMA 3.4.  Le t  K i + l  = {w EWi+ 1 : e ix  = 0}. Then  K i + l  = e iP - lwi .  

: :  ~U'/i . S i n c e / ( e  i) = 0, eP K i + l .  = . .... -~W i C  On the  o t h e r  hand  i f  0 ~ x E P r o o f .  We have  W i + l  0</~u-, 

x EK~+,N 6 ~W~ b y ( d )  e ix  ~ 0. Thus the l e m m a i s p r o v e d W i + l  = 0 .  
O<,..j~<p--9 

LEMMA 3.5.  W i + , :  etP-ieP-t 1 . . .  e~- l~r i ;  f i + t  = 0. 

P r o o f .  We  put  qi = eP-ieP_-i i • • • e~ -.~. As fo r  (d) i t  fo l lows f r o m  the de f in i t i on  of  the  t e n s o r  p r o d u c t  
tha t  

(d') Wi!., -- ~ e~ ._ . . .  eT' • Wt. 
o ~ m  i ~ r J - - 1  

¢n i 

We put  W~+, -= , ;  ei . .  e'~qV, By L e m m a  3.4 W i + l  C Ki+ I. Le t  x E ~ r i + l ,  x = e P - i y ,  
0 -%~nz f ~-p--t, 'Cm} < i f p  - I  ) 

l 
y E W i .  Then  0 = e i_ ix  = eP- t ( e i_ ly )  + [e i - t ,  eP-1]y.  S ince  by  (e) we have  [ei_ 1, eiP-t]y EWi+  1, we ob t a in  

[by (d')] e i _ l y  = 0, tha t  i s ,  x E e p - t "  eP- ~Wi-1. When  we a p p l y  e i -2  . . . . .  e 1 in s u c c e s s i o n  to x we o b t a i n  

tha t  ~r i+ ~ c qiW1 . 
+ , + ~. 

NOW letot E>2 0 ~- ~- i+i ,x=qiy,  y EW i. Againeax - qi(eaty) modWi+ i. Since~ 0 c m f o r a l [  m, 
- ~.+ >+ 

wehaveeat ENi. Therefore, i fx  ~Wi+l, then e~tx = 0 for all of E 0- Henceecvy:0  fo ra l l a t  E 0- We 
now note tha t  eTW i = 0  for  a l l  3' E Y:'. T h e r e f o r e ,  {y EW 1 : eorY = 0 f o r  a l l  ot E2~ 0 } =  r~ 1. Thus  ~ ' i + l  C 
qiWt; tha t  i s ,  we have  p r o v e d  the f i r s t  a s s e r t i o n .  

Next  s u p p o s e  tha t  x = qiy  ~ ' ~ i + l ,  Y E_~rl • We have  - t t i +  1 E ~'i N 2; + and f i + t x  - q i ( f i+ lY)  mod W~+ 1. 
S ince  f i + l W i + l  c W i + l ,  Wi+ t c q i~r l ,  f i + l W !  = 0, we have  f i + I x  = 0 a s  r e q u i r e d .  

4. P R O O F  O F  THEOREM 2. S i n c e  ~r i s  a m a x i m a l  G - s u b m o d u l e  of W we have  M l = W l N W = 0 (be-  
c a u s e  W 1 i s  a s i m p l e  P - m o d u l e ) .  We a s s u m e  tha t  Wt_ 1 A ~r = 0 ,  tha t  i s ,  Mt-1 = 0. We show tha t  Mt = 0. 
By L e m m a  3.5 f t - t r ~ t _ ,  = 0, whence  by  L e m m a  3.3 we have  M t = 0 a s  r e q u i r e d .  
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Remark.  The method of proving Theorem 2 (the extension of the proper t ies  of the algebras  A t to a r -  
b i t r a ry  algebras  of c lass ica l  type) is s imi lar  to the method employed in [1, 2] (p. 443), and [13] (p. 123). 

5. THEOREM 3. Let V be a simple G-module and 1V ~ 0. We put t ~= min (dim G - d i m  G/)/2. 
tee.\{ o } 

Then dim V is divisible by pt. 

Proof .  Let  e~  be a f o o t  vector :  Since the :Lie algebra G is simple, the l inear huIl of the orbit  of e a 
unde r the  action of the adjoint group coincides with G. Therefore ,  t h e r e  is a Borel :subalgebra B and an 

: order ing of its roots such t h a t / v i e  0) * 0 z w h e r e  0 i s  the:highest  :root. L e t  ~ l  be a simple submodule :of the 
B-module Vo By Theorem 1 there exist  l E B* and H:E ~(B, ~) for which:the:E-module V 1 i s  induced by a 
one-dimensional  H-submodule.  Therefore ,  dim V 1 = ptl, where t i = (dim B - d i m  B~)/2. In addition l ( e  0) 
0, for otherwise we would have e 0 E Bl" ~ H and l(e 0) = ~'(e 0) ~ 0, which is impossible.  

Let l '  E G* be a form such that I '(ea) =0  f o r a  ~ 8, l'(T) = 0 a n d l ' ( e s )  ~ 0 .  L e t l ' = l ' [ B .  If g =  
e , , e B T ,  then it is obvious that e a E Bl', for the smal les t  root a f rom M. Therefore ,  dim B~ -< dim B~,. 

REM 

We have 

2tl ~ (dim B - -  dim B~, ) = (dim G--  dim Gr) ~ 2t. 

Thus dim V 1 is divisible by pt. But by Corol lary  2.6 all the composition factors  of the B-module V have 
the same dimension. Hence dim V is divisible by pt. 

Remark.  It appears that for every  simple G-module V dim V is divisible by p(dim t2)/2, where f / =  
~ ( i v )  . Theorems 2 and 3 support  this conjecture.  

§ 4 .  p - R E P R E S E N T A T I O N S  O F  L I E  A L G E B R A S  O F  C A R T A N  T Y P E  

An irreducible representat ion of a Lie p-a lgebra  G is called a p- representa t ion  if I V = 0. Every-  
where in this section the word "module" means the module of a P-representa t i°n-  

1. Let G = G Gi be a Lie p -a lgebra  of Cartan type with the natural gradation (see [5, 6]). It is 

known that 

(a) If  G ~ W i, then G_ l and G1 generate G, and G l generates ~ ' G ,  
i>o 

(b) G_ i and G 1 consist  of  nilpoteat e lements .  

2. L e t V b e a s i m p l e G - m o d u l e .  We p u t G -  = Q G~,6 ÷ = (~G~, V + = { v E V : G ~ v  =07.  It is ob- 

vious that V + and V- are  submodules of the G0-module V. 

THEOREM 4. a) V + and V-  a re  simple G0-modules. 

b) For  any simple G0-module V' there are  simple G-modules V l and V 2 such that the G0-modules V~ 
and V~ are  isomorphic  to V' .  

c) If  VI and V z are  simple G-modules,  and the G0-modules V~ and V~ (respectively V~ and V 2) are  
isomorphic,  then the G-modules V I and V z are  isomorphic.  

Proof.  We r e s t r i c t  ourselves  to the "-"  case .  We show f i rs t  that W = V= fl GIV is equal to 0. Let 
U~(G1) ~ U0(G) be the subalgebra generated by GI, and let U0(GI) = U~(G) $ k • 1. We have that U0(G1)W 
U~(GI)V ~ V since U~(G I) is nilpotent (Proper ty  (b)). The space U0(G0)W is a G_l-submodule since G_IW = 0; 
it is obviously also a Go- and a Gl-submodule.  We obtain f rom (a) that U0(G1)W is a G-submoduie.  Since 
U0(G1)W ~ V, and because V is a simple G-module we obtain that U0(GI)W = 0 and in par t icular  that W = 0. 

We put V0 = V- ,  Vi+l = G1Vi. By reasoning as above we obtain that the sum of all the spaces Vi is V. 
We show by induction that this sum is di rect .  We assume otherwise:  Vm+! fl G V; 9v Lk 0 • Then 

G_lv ~ 0 since W - 0. But G_iv C Vm N • V~ which i s  impossible.  Thus V = O V~. I t  follows f rom 

here  that the G0-module V0 is s imple ,  for if V0 i s  a p roper  submodule ofthe~G0"~module¥0,it is obvious that 
U0(GI)V0 is a p r o p e r  submodule of the G-module V.  
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To prove b) we define the action of G- @ Go on V' by putting G-V' = 0. Then the desired G-module is 
a factor-module  of V'0 G. Every simple G-module V can be obtained in this way. Since V = ((~: V~, the ke r -  

nel of the mapping q~ : V~ G ~ V is homogeneous with respec t  to the decomposit ion V~ G Vow= • G~V' ; in 
i~0 

view of the simplici ty of the G0-module V' this kernel does not in tersect  V'° Thus the kernel of the map-  
ping cp is defined uniquely as the sum of the homogeneous submodules of the G-module VoG, and c) 
is proved.  

We obtain the following coro l la ry  f rom Theorem 4 and Lemma 2.4. 

COROLLARY 1. Let ]3 be a Borel  subalgebra of Go ~ G, ]3 D T, where T is the maximal torus of Go, 
and let hi be a basis  of T for which hi[P] = hi. We put ]3 ± = G ~ $ ]3. Then every  simple G-module is i so-  
morphic to a factor-module  of a G-module induced by a one-dimensional  ]3--module (respectively ]3 +-  
module), and is determined uniquely by the lat ter ,  that is, there is a one- to-one  correspondence between 
the p- representa t ions  of the Lie algebra G and the linear forms ;~+ 6 T* for which ~+(h i) 6 Fp (respectively 
~_). 

A s imi la r  descript ion of the p- representa t ions  of a Lie algebra of c lass ica l  type was obtained in [12]. 

COROLLARY 2. Let V and V* be contragredient  simple G-modules.  Then the G0-modules (V +)* and 
(V*)- are isomorphic.  There exists a non-degenerate ,  invariant,  bil inear form on V if and only if the G0- 
modules (V ÷)* and V- are isomorphic.  

Proof.  Let V' = G1V, V* = {v 6V* ." v(V') = 0}. Then V* = (V*) +, and consequently, there is a non- 
degenerate pairing between V- -- V/V'  and (V*)+; this proves the f i rs t  asser t ion .  The second asser t ion  
is equivalent to the i somorphism condition on the G-modules V* and V, hence it follows from the f i rs t  a s -  
ser t ion and from Theorem 4c). 

We thank E. ]3. Vinberg, D. A. Kazhdan, G. L. Li t ,  in .v ,  and A. D. Rudakov for useful d iscuss ions .  
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