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SEMISIMPLE ALGEBRAIC GROUPS WHICH ARE SPLIT
OVER A QUADRATIC EXTENSION

B. Ju. VEISFEYLER UDC 519.4

Abstract. We consider algebraic groups defined over a field & and containing a
maximal torus T which is defined and anisotropic over k and split over a given
quadratic extension K of k. We study certain structural features of such groups, and
the results obtained are used to investigate the behavior of these groups over special
fields.

1. Introduction. Borel, Tits, Satake and others have studied the structure of iso-
tropic semisimple groups over arbitrary fields. Tn this present paper we consider the
simplest case of anisotropic groups, namely, groups which are split over a quadratic
extension of the base field. We obtain some elementary structural results for these
groups 37, 8).

The investigation is carried out as follows. Uf a group G is anisotropic, it contains
admissible tori, i.e. maximal tori which are defined over k& and split over a given quad-
ratic extension K. The three-dimensional subgroups generated by the vector root sub-

groups N, and N_ are defined over & and correspond to the quaternion algebras

a
@a= (K, )\a). We study (§ 8) how the Aadepend on the admissible torus, and from the
result obtained we deduce some basic consequences (§§9—17). When & = R is the field
of real numbers, we obtain (§11) as a corollary of our results the well-known theorem on
the conjugacy of the maximal tori in a compact Lie group. If the field k satisfies Serre’s
condition (Cz') [2], then a corollary of our results is a special case (§12) of a conjec-
ture of Serre ([2], $3.1).

2. Notation and conventions. Throughout this paper we assume that & is the base
field, K a separable quadratic extension of k, K= k(b), c ET'(K/k), 6" =1~ b. Let G
be a semisimple algebraic group defined over 4. Maximal tori of G which are defined
and anisotropic over k£ and split over K will be called admissible. A group G contain-
ing an admissible torus will also be called admissible. If 9 is a central associative

algebra over k, the reduced norm homomorphism will be denoted by Nrd (recall that

AMS 1970 subject classifications. Primary 20G15,

Copyright © 1972, American Mathematical Society



58 B. JU. VEISFEILER

over k, Nrd coincides with the determinant). If X' is a root subsystem of a root system
3 of G, we denote by G(X') the algebraic subgroup of G realizing the subsystem 3';
following E. B. Dynkin, we call such subgroups regular.

3. Suppose the group G contains an admissible torus T, B is a Borel group of G
defined over K and containing 7T, and 3 is the root system of G relative to T. For
each a € X we denote by ua:z—» G the homomorphism defined over K which imbeds
the additive group of the field k& into G as a root subgroup. Let G, denote the simple
three-dimensional subgroup generated by the groups z (k) and «_ (k). Let X(T) be
the character group of T. Also, let u (1) be the standard generators of G (the images
of the Chevalley basis under the mapping exp) (see [11], $¢4.3 and 4.4).

Lemma. (a) o =1 on X(T).

(b)) T=B N B%

() u ()= u_ £tV € K, where £ € K.

(d) All of the groups G are defined over k.

(e) 1] G is k-simple, then it is absolutely simple.

() If m: G — G' is a central k-isogeny, then (n(ua(t)))‘T: n(u_cgéraza)).

Proof. By hypothesis, the torus T has no characters defined over k. Since ol =
1, then o =1 on X(T). Properties (b)—(e) follow from this without difficulty [5]. In
view of (c) and (d) it is sufficient to prove (f) for groups of type A ;; in this case it is
obvious.

4. Lemma (converse to Lemma 3). If tk,G = 0 and B is any Borel K-group in G, then
T =B\ BY is an admissible torus.

Proof. Since 0% =1 and K/k is separable, the group T = B (| B is defined over
k. Being the intersection of two Borel groups, it contains a maximal torus ([3l, §2.16)
and, since G is anisotropic, must coincide with it ([6], $1.1).

5. Groups of type A . Suppose that G is a simply connected admissible group of
type A . As is well known [7]LG can be identified with the kernel 20 of the reduced
norm homomorphism Nrd: ® — % of a suitable quaternion algebra 8. We use the notation
of §3 and we take ¥ ={* a}, B the upper triangular matrices in G, B the lower, T the
diagonal matrices. Put ¢ = E e, =E €, = E,pes=E,pu,=E+ Elzand u_, =

E+EZI' In view if §3we have

c - [ g [
e = Loy, €5 =0C5afy €16, ¢e1=e.
Using the condition ¢? = 1, we obtain

(ez)c2 = €y == Eg . E,E-aez»
ie. £9- & =1, and

(e1—ey) = (e1— )’ = ([eas €3))7 == [Eayr E—abal == — Ea - E—a (&1 — €4)s

ie. £+ &_=1. Hence € o= f;l and & = £7; thatis, £ € k"
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On the other hand, according to the theory of cyclic algebras, 9, is isomorphic to
the algebra K + uK, where u?=a €k*, u=uN“VAE K Here a is determined by 9

modulo the norms of K* in &%, i.e. a € &* mod N(K™).

The matrix A + up (A, u € K) has, relative to the basis {1, u}, the form

App = hey + pey -+ aple; + A,

The determinant of this matrix is equal to AA7 — aup”, i.e. the group Nrd@le coincides
with the group of numbers AL — apup®. Considering the same matrix A " and using the
theorem which states that the determinant of a product of matrices is equal to the pro-
duct of the determinants, we see that the group 90 preserves the Hermitian form

o

fix, y) = xx7 = ayy”.

The matrices A | =€, tae, and A2 = bez + abge3 belong to @k' We have:

ey = (0°A;— Ay) (° — b7, ef = (bA, — Ap) - (— b° L b)™' = qe,
(since 67 =1 - b). It follows that £ =« and that ¢, is determined modulo N(K*).

Thus we have the following

Lemma. Suppose that G = B°, where © is a central quaternion algebra which is
decomposable over K. Thenthe following assertions are valid.

(a) Z\)k is a cyclic algebra (K, a), where a € k" mod N(K").

(b) 9, = K + uK, where w?=a and M =ulYAEK.

(c) The group Nrdig)k coincides with the group of numbers AN" ~ aup”, A, p € K.

(d) BY is isomorphic to the group SU(f), where [ is the Hermitian form xx% — ayy®.

(e) é,=a, & = a~1,

6. Elementary study of the numbers £, We will apply the results of $3. We say
that a group G represents the set Ma}aez’ ALE E*/N(K™), with respect to the torus T,
if A=¢& - N(K™).

The group G represents the set {Aa}aez if a suitable admissible torus T can be
found. The sets {’\a}aﬁz are obviously determined up to an automorphism of the root

system, i.e. {A }= {)\wa} if € AutX,

Suppose that A is a system of simple roots in X, and let B be the cyclic algebra
(K. £).

Lemma. (a) The group @2 is isogenous over k to the group G .

(b) The set {‘fa}aez is completely determined by the set {'fa}oeA'

(c) The set {{:a}aez: is completely determined (up to a natural equivalence) by the
set IA ey

Proof. The statement (a) follows from the fact that £, and £_, determine G, as a
k-form, and the fact that these numbers are the same for isogenous groups (see [3] and
&3 (£)). The groups G, @ € A, generate the algebraic group G; hence the assignment of
the £ for & € A determines the action of ¢ on the whole group G this implies (b).
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o
. a’ Va}aez’
K, Vat=Va' Vgr Vg =V _g determines the same group G (see (5], $13) and hence

To prove (c), we note that the replacement of 1 ey bY 1€, v where v €

these two sets may be regarded as equivalent. Thus for a € A we can replace the fa
by any representatives modN(K*). To recover {‘fa}aEE
follows: for a € A we take £, € A, and, by means of (b), find all of the remaining &,
This construction is seen to be correct by what has been said above.

from {)‘a}ousz we proceed as

7.Associated tori. We use the notation of $$3 and 6. Let g € G Bg= gBg ™!
and ¢gB(T) = Bg n (Bg)”. Suppose @ € A. The torus ‘75? (T) is said to be associated
with T via a if g € Pa,K and 1k, G =0, where P = G, B. If the tori T and T' are
associated via 8 € A and i)\a}aez and M’a}aez are sets represented by G with re-
spect to T and T', then these sets are said to be associated via B.

The tori T and T are said to be joined if we can pass from T to T, by a finite

sequence of associated tori. We now put
9% (Gp) = (gPsg™) N (gPeg™)° VBEA.

Let MB be the set of those g for which the tori 7' and (;ég(T) are joined.
Proposition. If tk,G = 0, then any two admissible tori are joined in |W| steps
(where |W| is the order of the Weyl group W of G). If G contains a regular subgroup H
of type A which is split over k, then there exists an admissible torus T . foined to
T in a [inite number of steps, and a group of type A p sblit over k, normalized by this

torus.
The proof is broken into several parts.
(a) If a €A, rksz= 0 and g € P,k
Let T,=T 1 G,5=T N Z(G,), B,=B (| Gyand T =(gBg™ ") N (gB g™
., and therefore, by &4, T1 is an admissible torus

then ¢§(T) is an admissible torus.

In view of our hypotheses, qsg (Ga) =G,
in G, Since P,=B .G, and mSm ™' =Sym€ G, it follows that S CB_. Since T =
Ta' S, then, by what has been said above, qS?(T) = T1 - § is an admissible torus.

(b) If g€ MB, a €A, rkk(¢§(ca)) =0 and pE€ P, ., then gp € ME.

Let m =gpg™ 1. The assertion follows from the obvious equalities (;Sﬁg . ¢§ = (;Sflg
and mg =gpg~' - g = gp.

(c) If tk, H =0 for every regular subgroup H of type A, which is defined over k
and split over K, then any two admissible tori are joined in |W| steps.

It follows from (b) that b, t,€ MBVP:‘ € Pa(z'),K’ a (i) € A. Since Gy =
B, + W - By and since the reflections in the simple roots lie in P, ;, and generate W,
we have G, C MB and notmore than |W| steps are required for joining.

(d) The second assertion of our proposition is true.

Let us assume that we have taken |W| steps and have not encountered a split

group. But then, as in (c), we have that Gy C MB. Since H and all of the G €A,
are split over K and regular, there exist g € G, and S € A such that H=g - G,Bg_ 1
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Since g € MB, wesee that ¢gB (T) is an admissible torus normalizing the group H =
¢§ (G,B)’ which proves our proposition.

Remark. Since W is generated by the fundamental reflections in IS steps, |W]
may be replaced by |27

8. Interpretation of association.

Prosposition. Suppose that the conditions of $53 and 6 are satisfied. Let T' be
the torus associated with the torus T wvia the root B € A, and {)\a} and {)\'a} sets re-
presented by G with respect to T and T'. Then X, = V[a”B] * A, where V€Nrd@*5‘k
For any v € Ntd 8 ﬁ the sets A} and { e Al a§ are associated via (3. Here
(o, 81 = 2(a, B)/(B, B).

Proof. (a) Let T' qSB(T) g€PﬁK ,6=T N G and TﬁﬁT' N G Then
there exists b € G,B such that bTﬂb_l ,3 Since Tﬁ and Tﬁ are defmed over k,
then b TIB})—U— T, = =hT g~ !, Hence we have '

(TR Te (W a7 =T

Since b € G,B and G,B is defined over &, we have h~ 17 € Gg Thus h~ . b7 €

NGB(TB)' Writing b in terms of the basis e , e, e 3 e4(§5), we obtain

h =ae, +Be, +ve; +8e,, @,8,7,0=K, ad—By=1;
K= dey —Bey — Yes -- aey;
7 =08%, +a %, + af’, + ad,;
W hT = (8% —aPB%) ey + (a—11°8 —Ba)e,

+ (@aB® — 18°) e; 4 (0@® — a—1y70) é,.

Since 887 - aBB7 € Nrd@,@,k ($5), it follows that §8° — aBB’ =0 if and only if 8= =
0, which is impossible. Since the matrices in N (TB) are monoidal, p-l.p%erT.,
ie. aof8 - 157 = 0. Now suppose vE Nrd@ We will show that we can find o, 3,
y, 8, € K such that bEGB h=t.h% € Tﬁ and 887 — aBB° = v. For this it is suf-

ficient to select & and B arbitrarily and solve the system of linear (in @ and y) equa-

tions

(lé —-“‘B :ly
—a(aB’ 4+ 18° =0.

The determinant of this system is 887 - a8B87 = v # 0. i.e. the system has a
solution.

(b) Let us now look at how the set {)\a§ transforms. Since the torus ATh™ ! is de-
fined over & and the groups }JGO]J_1 = G, are normalized by hTh™ 1, they are defined

over k. Hence bGab—l = ¢gB (Ga). To the G(; correspond the normed residues )\; ,
and we must find these. We have
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gty =h-ug(®)- b (e @)’ =h° - u—y (hat®) - B°.
On the other hand,
(o (0)° =ty Mat®) = h - tu_y (Aet® - K.
Therefore
U (hat®) = (- %) g (hat®) (- BO) T
Since h~1. 37 ¢ T[3 and ! . b7 has the form described above, then
U—g (Maf) = t_q (VI®B . Agf).

This proves our assertion.

9. Isotropic groups.

Proposition. Suppose that G is an admissible group, tk, G > 0. Then G represents
a set {A } in which there is a B such that Ay~ 1.

Proof. In view of §7, it is sufficient to find a regular k-subgroup of G which is
k-isogenous to SL(2). If an anisotropic kernel § of G contains a root k-subgroup H of
type A, which is split over K, thenthe group G, = Z(H)" is split over K.

We may assume, because of §7 (c), that the admissible torus T normalizes H. Then
G, contains the admissible torus Tl =T N G,- Applying this device several times, we
obtain a quasi-split admissible group G. Let T, be a maximal split torus in G, 3 the
system of k-roots of ¢ with respect to T, The regular group réa corresponding to the
k-root o € 3 is isogenous over k to one of the groups SL(2) or SU(3,/) (the form [ rep-
resents 0)or RK/k (SL(2)). In the first two cases Ewa contains a regular k-subgroup
which is k-isogenous to SL(2). IfVa € S the group G is isogenous over & to
RK/k(SL(2)), the system A of simple roots cannot be connected and hence G =
RK/k(G') does not contain admissible tori, which contradicts the hypotheses.

10. Conjugacy of admissible tori.

Proposition. Suppose the conditions of $3 are satisfied. and let T and T' be two
admissible tori in G such that G represents the same set with respect to these tori.

Then there exists g € (AutG,) such that g(T) = T .

Proof. The mapping ua(t) — u'a(z) defines an automorphism of G. Since X = /\; ,
this automorphism is defined over &, which was to be proved.

11. Real-closed fields.

Proposition. Suppose that chark # 2 and for every quaternion algebra 9/k which
is split over K we have Nrdi‘)k = N(K) (this is true if k is a real-closed field). If
1k, G = 0, then all admissible tori in G are conjugate over k.

Proof. (a) The proposition is true for the group 8° where /& is a quaternion
algebra which is split over K.

Indeed, according to [!], admissible tori are conjugate in the group @Z The homo-

morphism Nrd: ‘E\)Z —» k" carries the centralizer of T in @Z (i.e. the field K) into the
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image of the whole group 9. Hence the conjugacy classes of T in 9, and in @2 coin-
cide, as required.

(b) The proposition is true. In view of what has been said above and $7, conjugacy
over k and association are one and the same thing in simply connected groups. Hence
the proposition is proved for simply connected groups (even if chark = 2). In order to
prove it in complete generality, it is sufficient to prove the analog of (a) for the adjoint
group H of 9. In this case it follows from the separability of the isogeny 89 — H
(since chark # 2).

12. The field (C}).

Proposition. Suppose that for every algebra T =(K, a) {a € k*) over the field k we
have Nrd@;; =k*If tk,G = 0, then G is of type A .

Proof. This is a trival consequence of 8 and our hypothesis.

13. Fields of characteristic 2.

Proposition. Suppose that G is an admissible group, and chark = 2. Then there
exists a purely inseparable extension of k over which G is quasi-split. In particular,
if k is perfect, G is quasi-split over k.

The proof follows immediately from the theory of algebras ([8], Theorem 7.21).

14. $yp=-E&,0 €

Proposition. Suppose that chark > 3. Let T be an admissible torus in G and {fa}
a set represented by G with respect to T. If o, B8, 0+ B € X, then §a+ﬁ:" &, fﬁ.

Proof. Suppose that g and t are Lie algebras of the groups G and T, tC g, and
{E Hi§ is a Chevalley basis in g defined over K. As in €5 we have EZ: ¢EE

a’ -
Furthermore,

[E(I! EB] = No,,BEa-{—B, [E—-m E—B] = N—u,—BE—a—Bv
and, as is well known, Na,ﬁ: -N_, -3 Applying ¢ to [E, Eﬁ]’ we obtain
Na,Bga-!—BE—a—B = [EaE—m E{BE—B] = gaEBN——a,—BE—-a—Bv
This implies the proposition, since Na,,B # 0 under our hypotheses.

15. Invariants of some admissible groups. Suppose the simple roots are enumerated

in the following way:

An 1"'—2_3‘—‘..._"1

B, 1—2—...—(n—1)=>n

Co 1—2—...—(n—1)<n
(n—1)

a11—2~“_—m—m<z

E, 1—2—-3_-4-5—6

|
7
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Theorem. Suppose that (; is an admissible group, tk, G = 0, und fA .t a set rep-
sented by G with respect to the admissible torus T. Put X, = /\‘11‘ vya, €A Then the
following expressions dare invariants of G (i.e. do not depend on the choice 5f the ad-

missible torus T).

Xy - X3 v Xop—y * Xon—1y l'/ G is O/ type A on
Xn o+ Xn—, i G Is of type D,

-1’

Xy Xg. .. Xon—i, Xan—y - Xony if G is of type D, .,
xl' x3"' xzn._l, If G is Oftype an or B?J’l—l’
Xny if G is of type C_,
Xy X+ Xqy 1 G is of type E..

All of these invariants belong to the group k*/N(K™).

Proof. In €7 we showed that successive passages to associated tori via simple
roots allow us to join any two given admissible tori in a finite number of steps. Hence
we need only show that the above expressions are preserved under passage to associa-

ted sets (via B € A). We have 8 =a_. Consequently

X = x; - V9 v = Nid ©p

I.et [ denote that set of indices for which we want to prove the invariance of the express-
en {1, x. If s €1 then x; = x . for 1 € I, since association affects only adjacent
roots, and roots connected to the a,, 7 € [, do not belong to [

If s € I there are three possibilities: 1) a_ has two neighbors with subscripts in I3

‘

in this case, as is evident from the Dynkin diagram, X = xl.\f'/ As+ i s5=1, D
/ ’ 5+

and x_ _1=%g_; v le. the invariant is multiplied by v? € N(K™); b) a . has no
acighbors with subscripts in I in this case association does not affect the roots with
subscripts in I, i.e. the invariant is preserved; ¢) @_ has one neighbor, say o, with
a subscript in [; this happens when G is of type B, , s =1n k= 27n~1 and when G
is of type C_, s =n—1, k=n; in these cases we have xl; =X, ;/{%'as], and [a,k, =
2, i.e. the invariant is multiplied by 12 € N(K*).

Remark. In the case G - SU(/), our invariant coincides up to sign with the dizcrimi-

aant of the form /.

16. Elements of the form g~ 1g”.

Theorem. Suppose that G is a simply connected admissible group, 7 wn admis.i-
hle torus in G, and rlka =0. I/ g € G, and g~ 87 € N(T), then g‘lg‘jﬂewfr (wheie
r,={te Ty 9=t = €T d) ek ya€ZY). Let V=lg€ Ge:g & =1, Then
Y=V U, (where U is the unipotent part of a Borel group B DT). In purticular,

{g1g¥, g =0g) = {uu’, u=Ux, t =T,}.

Proof. Let {A } be a set represented by G with respect to 7.
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a)lf hEV, then h=1H7 €T .

Indeed, (A~ 1597 = h=% = (h=1p%)~ L

b) If h € G, and =157 € N(T), then T' = hTh~! is an admissible torus. If h €
V, then A = A_- alf), where t = h~ 1pe,

Indeed, the torus T' is defined over k, since 5~ ' € N(T); it is split over K
since it is conjugate over K to a torus which is split over K; it is anisotropic since G
is anisotropic. The proof of the second assertion coincides word for word with the
argument in $8b. ‘

A)If b€V and n € N(T),, then bn € V.

Indeed, (bn)~ 1+« (bn)” = n~ 'tn?, where t = h~1h" € T. Since ga=-a Va €3,
then ¢ lies in the center of the Weyl group and hence n? € nT. This implies our

assertion.

d) If 5157 € N(T), then h € V.

Suppose h € V, h=1h7 =1 € T and T' = hTh™L The groups G = hG ™1 are de-
fined over k, since they are normalized by T. Let T" be the torus associated with the
torus T' via B € Z. As we have already observed in S8a, T" = gT'g_ L
GIB,K and g~ %7€ T n G/'g. We have T" = (gh)T(gh) ™' and hence (gh)~ Hgh)? €
N(T). Put g = hmh™ ' me G,B,K' Then gh = hm and we must consider (bm)~ Y hm)©.

where g €

We have (hm)~hm)? = m~1tm” € N(T). As in $8a,
m == ae, + Bey -+ fe, -+ de,,
mo = §%; - a'\'cez + a-—1p"e3 + a%,,
m—t = Oe, — Be, — Ye5 1 0ey,
t = hey + pey,
m—1¢mo = (A% — papp’ye, + .. ..

We will assume that m~ 'tm ¢ T and will obtain a contradiction. Indeed, in this case
A86°% — uaBB“ == (),

which means that a - u/A € N(K*). In view of b), we have

A{;::a-a(t):a~ %EN(K*),

which means that rkle ['3 =1, i.e. k, G > 0, a contradiction. Hence m~um € T.

Thus we have proved the following: if an admissible torus T" is joined to T and
8,787 Y= T" (in our case 8, = 8h = hm), then g7 lgci' € T. But any two admissible
tori are joined($7) and hence for any admissible torus T we can say that if A™1Th = T,
then b= 17 € T.

To prove our assertion, we now need only quote b).

e) If B' is any Borel K-group in G, thendh € V: hBh~! = B'. In particular, G, =

VeUg.
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Indeed, let 7' = B" N B'“. Then b, € Vi b ThT' =T . Let B, = bl_lel‘ The
group B contains the torus 7T and hence B, =nBn~ Lre N(T) . Put b = h - mn.
Then /91 -n €V (seec))and hBh~ ! = B, as required.

Remark. If G is isotropic, our assertion is invalid.

Remark. If G = SU(/) and f = Ex\le.x?, then

(ATA%, A= Gy = {AA", A< Gy).
In particular, if AA* € T, , then
A A =diag(\7 fle)y A7 Flea), ooy At Fen),

where e, e,, --+, e isan orthogonal basis of the underlying space.
Remark. If ¢>1, (;52, <+, @, are the characters of the fundamental representations

of G, then the sets
Xi=A{g:(), t=hr"0"&T, h=GCGx}, i=1,2, ..., r=1kG,

are invariants of G. They clearly do not depend on the choice of the admissible torus T.

17. Inseparable extensions.

Theorem. Suppose that chack = p # 2, L is a purely inseparable extension of k, G
is an admissible k-group, and T is an admissible k-torus in G. If T(; is an admissible
L-torus joined to T over L, and G represents the set {/\aE with respect to T' (over L),
then G-represents the set {NL/k(/\a)} over k and this set is representable with respect
to a k-torus which is joined to T (over k).

Corollaries. a) If tk, G >0, then 1k, G > 0.

b) If G, and G, are two admissible k-groups and G| is isomorphic to G, over L,

then G isisomorphic to G2 over k.
o) If G, isan admissible L-group, there exists a k-greup G such that Gl;l\:,. G.
Proof of the corollaries. a) If rtk; G > 0, then ($9) G represents a set A} over
L. with respect to a torus joined to T over L, with /\y = 1 for a suitable y. By the
theorem, G represents the set {)\(; = NL/k ()\a)} over k. Obviously ’\’Iy =1, i.e. rkkG> 0.
b) If G136,
that rkkGi =0 (i =1, 2) (otherwise we consider the centralizer of a maxiaml k-trivial

then G, and G, represent the same set over L. We may assume

subtorus). According to the theorem and &7, our groups represent the same set over &,
i.e. they are isomorphic over k.

c) Suppose G, represents the set {)\a} over L. We construct an admissible k-group
G with respect to the set 1NL/k(Aa)} ($6). Since NL/k(Aa) — A7, g =p” = [L:k), it
follows that NL/k ()\O) = )\amodNLK/L(KL), i.e. G and G| represent the same set over
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L, i.e. they are isomorphic over L.

The proof of the theorem is based on a theorem of Albert ([21, $2.2) and on the fol -
lowing lemma.
Lemma. Suppose that 9 is a central simple algebra over the field k, and L an

extension of k. Then
N (Nrd @L) [ Nrd @k.

Proof. We have 9, C ?th L ® $, = U, where g = [L: kl. We denote by det the
reduced norm homomorphism of U into k. Then det U C Nrd®,. On the other hand, when
v € @L we clearly have

detv = Npwye ©) = N (N Loy (0)-

This implies our assertion.

We now prove the theorem. We have [L: k|l =g =p", p £ 2, and Ny /i (@) =a% ya €
L. Let T be an admissible k-torus in G, A} a set represented by G with respect to
T. Since 2 f g,

?\.Z = }va mod NLK/L ((KL‘)),

i.e. our assertion is true for this set. Let us assume our assertion is true for some set
{}\a}. We will show that it is true for a set associated with it over L. Let 8 € X and
v € Nrd @B'L. By a theorem of Albert ([21, §2.2), the algebra @,B is defined over k&
and, by the lemma, NL/k(l/) =v, € Nrd @B‘k' We have {NL/k()\aV[a”B])% = {)\av[la’ﬁ]},
and our theorem now follows from $&7 and 8.

18. Appendix. Semisimple algebraic groups containing a maximal torus which splits

over a simple cyclic Galois extension.

A0Q. In this appendix, some of the results relating to quadratic extensions are ex-
tended to extensions of prime degree p > 2.

Al. Notation and conventions. We assume throughout that %k is the base field,
p a fixed prime, K a Galois extension of & with Galois group z, I'=T(K/k) (= Zp),
o €T, and N(K*) the group of norms of K* in &*. We assume that K = k(b), where b,
b7, ..+, 67?7 is a basis for K/k; as is well known, det{({c’6")b) £ 0. Let G be a
semisimple algebraic group defined over . A maximal torus T of G which is defined
and anisotropic over k£ and splits over K will be called admissible. If G contains an
admissible torus, it will also be called admissible. Let ¥ be the root system of G rel-
ative to T.

We first note that the admissiblility of G implies the existence in the group Aut 3,
of an element 7 of order p having no fixed points in the space -0Q. If ¥ is connect-

ed, Aut ¥ contains such an element 7 only in the following cases (p > 2):
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68 A,y for any p;
02,04, Fd, Ee, Ee for p = 3;
Eg for p = 5.

We also note that the class of admissible groups is not empty. This class contains
the groups of type Dy Fyand E (¢ = 3) related to the Jordan division algebra con-
structed by Albert [9].

A 2. Suppose the group G contains an admissible torus T, B is a Borel group in G
defined over K and containing T, X is the root system of G relative to T, and u (k)
and ua(l) are chosen as in $3. If ' is a root subsystem of 3, then G(X') denotes

the algebraic subgroup of G generated by the groups « (k), 2 € T'. If o € I, then 3,

is the subsystem of ¥ generated by the roots a,a”,**+, o F~ 1. Put G*= G(Z,).

Lemma. (a) ¢ has no fixed points on X{T).

b) T = nlzlB”"

() (u (N7 = u (£ L7) VI € K, where ¢,€ K"

(d) Allof the groups G are defined over k.

(e) If G is k-simple, then it is absolutely simple.

(f) The numbers £, a € X, depend onlyon the class of a central k-isogeny of G
(i.e. (n(ua(t)))az n(uag(gazo)), if wis a central k-isogeny).

(8) X is a subsystem of type A,y 1 3 iscomnected and rk 2 > 2.

Proof. Statements (a)~(f) are proved as in <2, Property (g) is proved as follows:

ob~

. . 1 -
2 is a root system of rank (p - 1) (since q, aZ, .., @ generate Q - X and, by

(a), Ef:éa‘ﬂ = 0). The group Aut X contains an element of order p. These properties
are possessed only by the systems of type Ap—l and, for p = 3, the system of type G,
Since no system X of rank greater than two contains a subsystem G,, (g) is proved.

A3. Lemma. Suppose that G is a group of type A, _,, tk,G =0, and P is a maxi-
mal parabolic K-group in G corresponding to the natural representation. Then T =
n f;éPai is an admissible torus.

The proof of the lemma employs the same reasoning as does the proof of the lemma
in %Q‘/i; the nontriviality of the intersection M f;éPUZ is guaranteed by the theorem on
the dimension of an intersection.

A4. Groups of type Ap_ - Let G be an admissible simply connected group of type
A,y Asis well known [6], G can be identified with the group ©° of units of some
cyclic algebra [31 © = (K, o0, @), ¢ € " modN(K"). We will assume that G = SL(p), with
T the diagonal matrices, B the upper rriangular matrices. We have Ffz =E; 41 in and

o - . - *
R . and &, . € K.
EC ¢ JEiig jerp where the indices are reduced modp an -f” €

i

Lemma. (a) S, S K+ uK+ooe+uP= 1K, where u? = a € k* modN(K*) and Mu
uh” yA € K.
(b) We may assume that

I + . [ . o —1
Em = E23y e E‘p—-2-P—1 _ Ep—l:pv p—=1,p 7 aEp.p EP-1= a El,z,

i.e. that fq:f = :é.ap_z‘: 1, ¢

Ea, = d.
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AS5. The set {A }. According to $A2, the system X decomposes into a union of sub-
systems of type A b1t

It turns out that in % _ we can choose only one system of simple roots A = {OLI ,

. %y 1} such that ra, =a _, Vi <p -2, T, == Zf;éa,i and A, among all sys-
tems possessing the first property, contains the largest number of positive roots. If this is
done, then to each subsystem X  we can uniquely assign (by §A4) a normed residue
ALE E* modN(K*) and an algebra ® = (K, g, @), « € A . We say that G represents
the set {)\a§ with respect to the torus T.

We say that the k-torus T' is associated with the admissible torus T via 3, if
T"CG* T and rk,G"= 0.

AG. Interpretation of association.

Proposition. Suppose the conditions of S$A3 and A4 are satisfied. Let T' be a
torus associated with T via ZB’ and {/\a§ and {)\O'L } sets represented by G with respect
to T and T'. Then /\(; = V{a,ﬁf < Ag, where v € Nrd@g'k and {a, ﬁ} is a number de.
pending only on Za and Zﬁ. For uny v € Nid @:S,k the sets {)\a§ and {V{a, 8 . ,\(L} are
associated via Eﬁ.

Proof. a) Suppose T' CGP. T, Tg= G N T and Té -G* N T'. Take b € Gg:
hTh=1=T'. Then hT b~ 1= T,

B B
Té ,ie. b7 € NGB(T[B)K =N. If s €N, instead of the element » we may consider

. Since T and 7' are defined over &, then AT .57 -

hs, which will possess all of the same properties as h. We want to show that, replacing
b by bs, we can find an element g € Gi such that gTg~!=T' and g'l .7 ET,

We formulate this problem for substitution groups. Let o € Sp (Sp is the group of
permutations of p symbols) represent the element A~ '57 ¢ N. If s € N, then

1

=17 ~1j0.0 - - L
sTh T hYsY represents r] wor,o ! (here, of course, 7 represents s). The condition

1 !

— —_ —02 —qgb—1
R TRy Ty =1
takes the form
o - (owo™) + (®wo~?) ... (6P lwo) =1,
which, afrer rearrangement of parentheses, becomes (wg)? = 1. We consider two cases:
wo# 1 and wo=1. If wo# 1, then wo = 7107'1"1 (since all elements of order p in the

sroup Sp are conjugate) and hence 77 Lwor 10‘1 =1, i.e. our assertion is true (there is

an s € N such that (bs)" Hhs) € T). If wo =1, then @ = ¢?~ ! and we analyze this
case separately. So as not to have to draw very large matrices, we analyze only the

case p = 3.

We have
U o J
/ Ya o oo la, a'P,
o B oM s ' B
c o .
h=las B va), R = avyy o, N
W) ,
\as By ays . Bs
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We assume that

0 A0
m="h"h" = 0 0 p
AT 000

From the equation »7 = bm we obtain

—1 -1 o —1 a —
o= A a"ag, @y=MA "0y, 03=A"aj.

Substututing these equations into one another, we see that o, =A" A=)~ a- 1y
i.e. a € N(K*), a contradiction. Thus b~ 157 € T,B and therefore

27

A0 0
m=~a"a"={0 p 0
0 0 A

Using again that 47 = b - m, we have
—-1,0 ~1 .G —t o
o =AY, Q=Aay;, 0;=2A a7,

—1 0%

, Be=nTial = AT T,
b= p e =2 ey

—1 02
2

Bp=nala; =N pn Ty

Consequently
ATy AT p Y yf
h=1| 3 ay? N° p—l.{gz T | deth =1.
A ey A% T'ayy n
Put
BT T
r_. o4 o?
“lan T T2

vz
ay. af s

Then /' € @,B L and deth = )\_IA'Up"ldetb' = 1. But we know that deth’' = v €
Nrd@z3 ,; hence

Mo = v = Nrd D .

Conversely, if we are given v, then, choosing A and p suitably (for example, A =1, pu =
v~ 1), we can find a matrix A for which A=l p7 = m.

b) We now look at how the set {)\a§ transforms. First of all, we take t € TIB wl=
diag(/\_l, A, 1), and replace » by ht. We then have b~ 157 = diag(l, m, 7~ 1. Our con-
dition A\ € Nrd®7,

now means that 771 € Nrd@*ﬁ - Our proposition now clearly
follows from the same arguments as in §7b and from $AS (the canonical choice of the

system of simple roots in 2;3)‘
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A7. The nontriviality of the index of anisotropic admissible groups for p = 3. Using

$AG, we can partially simplify and make more conceptual the proof of the nontriviality
of the index of anisotropic admissible groups for p = 3 (see [10]).

Theorem. Suppose L is an extension of the field k of degree m, (3, m})=1. If G
is an admissible group, p = 3 and rkkG = 0, then rkLG = 0.

Lemma. Suppose L is an extension of the field k, G an admissible group, p = 3,
tk,G = 0, and T an admissible k-torus in G. Then there exists an admissible L-torus
T' in G associated with T such that G represents a set {)\'a} with respect to T' in
which /\’7: 1 for some y € X.

From this assertion and the lemma of $17 the theorem is deduced by the same rea-

soning as in the proof of the theorem of $17. The lemma is actually proved in €36,
4.2, 5.2 and 7.4 of [10].

19. Concluding remarks. The study of association was of fundamental importance
in this paper. In this connection, we remark that the result of $9 extends (after the
appropriate changes in terminology) to the groups which are isotropic (but, perhaps, not
split) over a given quadratic extension K.

We also note the connection between the passage to associated tori and the method
employed in [4] (£58.1); for unitary groups both of these methods coincide.

In conculsion, I would like to express my sincere thanks to E. B. Vinberg and D.

KaZdan for their interest in this article and their useful comments.
Received 9 JUN 1969
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