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At the present  t ime the Hasse principle is known to be valid for the majori ty  of algebraic groups.  
However,  its proof [1] makes use of the classif icat ion of algebraic groups.  In this paper  it will be shown 
that for groups which are  split over  a quadratic extension, the Hasse principle is a resul t  of the s trong 
approximation theorem for  split groups and the Hasse principle for quaternions.  We shall essential ly use 
the approach given in [3, 4]. Let k be a field of algebraic numbers; K a quadratic extension, ~ ~ F ( K / k ) ,  

a ~ 1, R (respectively,  Ra) , the set of all valuations of k (respectively,  Archimedian valuations of k). 
Fur thermore ,  let Ur denote the identity of the field kr ( r  E R), R'  = [ r  E R : Kr = k r  $ kr~, R" = [ r  E R : 
K r is a field~, Rn = [ r  ER" : K r / k r  is unramified~. Let G be a semisimple simply connected algebraic 
group defined over  k and split over  K. As in [3, 4], we call a maximal subtorus in G "admissible" if it is 
defined and is anisotropic over k and split over  K. Let {ka}~E~, ~a ~/~* rood N (K*), denote the set being 
represented  by the group G with respec t  to the admissible torus T. Let R (T, a) ={r  ~ R: ~,~ ~ N (Kr)}, 
R (T) = U R (T. a) , and let N denote the norm from K to k, and f rom Kr to kr .  

Definition. Let G, H be semis imple  algebraic groups over  k, and for each r E R let there  be given a 
f , ,  • . k r - i s ° m o r p h i s m  ~Pr: G ~ H. We call the sys tem t~Pr}rER consistent  if for any class of parabolic sub- 

groups ~ in G and ~ in H 

J r ~ R :  % ( ~ ) = . ~ % ( ~ ) = ~  V r ~ R .  

(If H = G and .~ = 3 ~ , then the expression "system of consistent  i somorphisms"  is synonymous with the 
expression "system of inner automorphisms.")  

Let T r  denote kr - to r i  in G and let Ar = {a~ . . . . . . .  a,,, ~} be an ordered sys tem of simple roots in the 
root sys tem of the group G with respect  to T r .  We say that the sys tem A r  is "consistent" if for a l l i  E [1, 
n] there exists a class 3~ of maximal parabolic subgroups in G such that in all A r  the root o~i,r c o r r e s -  
ponds to the c lass  55~. 

THEOREM. Let /~ c R " , / ~ ~  R (T) U ( R " \ R , )  U R~, lit/I < oo . Let the group G be anisotropic 
over  k, and let Tr ,  r E R, be an admissible k r - to rus  in G. Let A r be consistent sys tems  of simple roots 
of G with respect  to Tr ,  and let {X~,~}~.~, be a set  represented by the group G with respect  to the torus 
T r (over kr). Then .there exists an admissible k- torus  T '  and a sys tem of simple roots 'A ' with respec t  to 
T ' sat isfying the conditions: 

a) A'={~[  . . . . .  a~ / is consistent  with A r  for all r EI~; 

b) if {~},ea' is a set  represented by the  group G with respec t  to T ' ,  t h e n  Vi ~ [1, nl we have 
~.', E ~ • N (Kr) Vr ~ / ~  and ~ ~ N (K~) Vr ~ R \ /7 

COROLLARY 1. If G is a semisimple  algebraic k-group split over  K, and rgkr  G > 0 for all r E R, 
t h e n r g k G  > 0. 

COROLLARY 2. If G is an admissible algebraic group over  k, and {¢P~: G--*- G},eR is a consistent 
sys tem of i somorphisms,  then G and G are isomorphic over  k. 
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Proof  of the Theorem.  Let us(t)  and Us,r(t)  be root subgroups with respect  to the tori  T and Tr ,  
respect ively,  with pa rame te r s  t normal ized as in [4] (pt. 3). 

LEMMA. There exists g r  E GKr such that g~u= (t)g[ 1 = u~.~ (t). 

There exists an m E (Aut G)Kr such that m(us(t)) = Ue,r(t) .  Since the sys tems A r  are  consistent ,  
then, varying the numbering of the roots in A, we may suppose that m is an inner automorphism.  Let M 
be a subgroup in (ad G)Kr, generated by the unipotent elements ,  and let D be the cen t ra l i ze r  of the torus 
T r  in (ad G)Kr. Then [2] (ad G)Kr = D • M, m = d • m ' ,  d 6D, m '  E M. The substitution of U~,r(t) for 
d-i(ue,r(t))  cor responds  to the substitution of the p a r a m e t e r  t. Having made this substitution we may as -  
sume that m E M. Since M = ~ad g, g E GKr~ and since the substitutions which were made do not a l ter  the 
conditions of the theorem,  the lemma is proved. 

Let B and Br be Borel subgroups in G generated by the tori  T and T r  and by the subgroups u~ (t). 
a ~ A, and u~,~ (t), a ~ Ar , respect ively (r ER). Let q E R' be fixed, and let AK(q) denote the addle p ro -  

duct of the algebras Kr over  all r E R\{q~. 

Now we t a k e g =  (gr) E G A K ( q ) , g =  1 for a l l r E R \ R \ { q } , g r u ~ ( t ) g ~ X = u ~  ~(t)for r E R .  L e t T " =  (T r) 
be an "AK(q)-torus in G, where T~- = T for r 6 R \ R \ { q } ,  T r = T r  for r 6R.  We define the "root subgroups" 
ue(t) and the "sets"  {~.:}=~= analogously. 

F rom the s trong approximation theorem for G (over K), we may choose h E GK arb i t r a r i ly  close to g 
in the topology of the group GAK(q). Let T" = h B h  -1 N ( h B h -  1)~ . Since T = B N B ~. T~ = B~ [~ B=~, r ~ /~ ,  
the torus T '  may be taken to be a rb i t r a r i ly  close to the toms  T".  There  exists an n E UK (the unipotent 
port ion ofthe group Bk) such tha tT '  =h(nTn-1)h-k Since the tori  hTh -I  and T' are close,  n is close to unity, 
and therefore ,  substituting, if necessa ry ,  h for hn, we obtain T'  = hTh -1. 

Let  u~ (t) = huoAt) h -1. We have 

~ , :  ( t ) a  " ' a . . . .  o = u_~ ( ~ t ) ,  u :  (t) ~ = ~_~ ( ~ t ) ,  

,'_~ (t) c = u: (~.:-lt~), u:= (t)== u: (~.~-~t~). 

Since ~ is a continuous opera tor ,  the closeness  of us(t) and us(t)  follows f rom the c loseness  of 
U '  ( 7  " O "  • ' • • • " ~ - I  • • • s(t) and us(t) . Hence, choosing h, we can say that Xs ts arbttrar~ly close to X s and Xs is arbltrar~ly 
close to X~ - t .  This means that X~X~ - t  is a rb i t r a r i ly  close to 1. We have ~.~7~ ~ U~ c_= N (K~) for  all r E 
R " \ l ~ s i n c e  1 ~  Rn, and " "-~ " ' .... ~.=~.=,,~k,--_ N(K, ) ,  for r ER ' .  For  r ER, ~=~=,~ lies in an a rb i t r a r i ly  small  
neighborhood of the identity of the field kr,  and, in par t icular ,  ~.).=,~ ~ N (K~), r ~ / ~  Our asser t ion  follows 
f rom this since X" s , r  E N(Kr) for  r E R \ R  as a consequence of the choice of R~R ~ R(T)). 

P roof  of Coro l la ry  1. Let R = R(T) U (R"\Rn) U Re .  Let A denote the sys tem of simple roots in G, 
and let 6 denote a long root, 5 E A. We will show that there  exists an admissible kr-tOrus Tr  in G, r E~t, 
such that ~.~ ~ N (K,) for r E 1~ {where {Xe,r} is a set represented  by the torus Tr) .  Actually, f rom sec.  
9 of [4], XB, r E N(Kr) for  some ~ E Z. If fl is a long root,  then by means of an element of the Weyl group we 
can t r ans fo rm fl into 5. Hence, in this case we have X6,r E N(Kr). If 5 is a short  root, then we can find a 
long root y such that Z' = (Q/Y + Qy) f i x  is a sys tem of roots of type G 2 o r  B~. The corresponding group is 
isotropic;  by using the classif icat ion of isotropie groups of this type it is easy  to find in G(Z ') an admissible 
subtorus ~ ,  with respect  to which ~'B,r E N(Kr) for the long root ft. 

F rom the above we have X~,r E N(Kr) for  all r .  Applying the theorem we establish our asser t ion .  

Proof  of Coro l la ry  2. We take an admissible torus ~" in G and let R = R(T) U R(T) 0 (R"\Rn) U Ra. 
Let ~,o~ denote the se t  represented  by the group G with respect  to the torus "T. Let T r  = q~r(T) for all 
r E R, and apply the theorem.  According to the theorem,  G contains an admissible k ~ o r u s  T'  such that the 
set  tX~t~ represented by the group G with respect  to T'  satisfies the conditions: X s E A s • N(K r) for r ER 
(since ~ s  E N(Kr)) and ~ E N(Kr) for r E R \ R  (as a consequence of the choice of R). Hence, by the theorem 
of global norms,  X~ E ~ • N(K); i.e., G and G represent  the same set and therefore  a re  k - i somorph i sms .  

The author wishes to thank E. B. Vinberg and D. A. Kazhdan for useful d iscuss ions .  
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