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0. Introduction

This paper deals with the following general situation: we are given an algebraic group
G defined over a number field K, and a subgroup F of the group G(K) of K-rational
points of G. Then what should it mean for F to be a 'large' subgroup? We might
require F to be a lattice in G, to be arithmetic, to contain many elements of a specific
kind, to have a large closure in some natural topology, et cetera. There are many
theorems proving implications between conditions of'size' of this kind.

We shall consider the case of G a K-simple group, usually Q-simple. The Zariski
topology of G, for which the closed sets are those defined by the vanishing of
polynomial functions, is very coarse. On the other hand, the various valuations v of K
each give rise to a 'strong' topology on G(K); if v is non-archimedean, and Kv is the
completion of K with respect to v, then G(KV) is a non-archimedean Lie group, and if
£>„ is the ring of integers of Kv, the open subgroup G(£5 J of G(KV) of integral points is
defined for all but finitely many v. The Zariski closure F of a subgroup F of G(K) is a
/C-algebraic subgroup of G, while the strong closure Fy is a Lie subgroup of G(KV).
For elementary reasons the dimension of Tv is at most the dimension of F. Our results
are in the opposite direction: we show, under suitable conditions on G, that if F = G
then for almost all v we have that Tv contains G(OV). To illustrate this with a specific
example, if Ml 5. . . , Mk are matrices in SL2(Q) generating a group F which is Zariski-
dense in SL2, then for all sufficiently large prime numbers p we have F p = SL2(Zp).
Further, this result is effective, in the sense that we could, in principle, check the
hypothesis for given Mx,..., Mk, and derive a bound on p beyond which the conclusion
holds. (It is perhaps worth remarking that this special case, which is the simplest
application of our results, may be proved with much less effort than the general
theorem.)

If we exclude a finite set S of valuations v, the restricted product of the remaining
non-archimedean topologies provides the S-adelic or S-congruence topology on G(K).
From the local results it follows that for some such S-congruence topology the
completion of F is open in the completion of G(K). This is an approximation theorem,
of the same family as the classical results on strong approximation (see, for example,
Kneser [7]), applying to a rather general class of subgroup of G(K); there are however
many questions on the structure of the possible approximation sets S which we leave
open here.

Our method of proof is by reduction to groups defined over finite fields. We can
then apply the powerful tools provided by the theory of finite groups, in particular the
recently completed classification of finite simple groups. Our exact needs in terms of
the classification and standard properties of finite simple groups are set out in §2; it
seems likely that much of our proof would be subsumed if the general theory of
maximal subgroups in groups of Lie type were more advanced, since what is essential
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for us is to show that, generically, there are no subgroups which are both large and
unexpected. It should be mentioned that our technique is certainly not limited to the
case of groups defined over number fields, and would yield results over finitely
generated fields (with certain restrictions on the characteristic).

After reduction, and considering for clarity the case where K = Q, the problem
becomes to show that F p = Gp(Fp), where F p is the reduction of F and Gp the
reduction of G, for all sufficiently large primes p. An analogous situation arises in the
classical problem of E. Artin on primitive roots: taking GLj for G and the subgroup of
GL:(Q) generated by a non-zero integer a for F, we are led to consider the set S(a) of
prime numbers such that a modulo p generates F *. There is an explicitly defined
constant C(a), with C(a) = 0 if a is a square and otherwise C(a) strictly between 0 and
1, such that the density of S(a) is conjectured to exist and to take the value C(a); this
was proved by Hooley [5] on the assumption of sufficiently many conjectures of
Riemann-Hypothesis type.

It seems probable that for any algebraic group G defined over Q and any finitely
generated subgroup F of G(Q), the set S(T) of primes p such that F p = Gp(Fp) should
have a density C(F). Supposing that G = T is simply-connected and absolutely almost
simple, we have this result with C(F) = 1, as the exceptional set of p is finite by our
main result. If however the radical of G contains a non-trivial torus, a contribution to
C(V) of the type in the classical Artin problem should arise; and generally if G is not
simply-connected, C(F) will reflect constraints arising from Galois cohomology. One
should note that in the case when G is an abelian variety such problems have been
considered by Lang and Trotter [8], Serre, and Ram Murty.

Our method may be extended to all simple and many semisimple groups, but not,
apparently, to all products of simple groups. It seems not entirely straightforward to
find the correct conjectural generalization of our theorem to all semisimple groups,
nor to give more than partial extensions of the result.

One area of application of our results is to the idea of A. Lubotzky of congruence
closed subgroups of algebraic groups. Discussion of this and of other questions left
open above is postponed to later papers.

We close by formulating the main result of §§ 1-6:

THEOREM . Let G be a connected simply-connected absolutely almost simple algebraic
group defined over Q, and F a finitely generated subgroup o/G(Q) which is Zariski-dense
in G. Then for all sufficiently large prime numbers p the reduction Fp ofT is equal to
GP(FP).

1. Notation

1.0. Throughout this paper G denotes a linear algebraic group, which is connected
and of adjoint type; we assume that G is absolutely simple and defined over the field
Q of rational numbers. We write G for the algebraic simply connected covering
group of G.

We denote by g the Lie algebra of G and by d the dimension dim G. We write Ad for
the adjoint representation of G on g, and ad for the corresponding representation of g
on itself. We usually identify G with its image in GL(g) under the adjoint represen-
tation; the identification of g with ad(g) is used in §§4 and 6. Note that Ad is an
absolutely irreducible representation when G is absolutely simple.
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1.1. If H is an algebraic group defined over a field L, and K is an extension field of
L, we write H{K) for the group of K-rational points of H. We shall use this convention
in particular for vector spaces, which we regard as having the underlying structure of
an algebraic group.

We fix an algebraic closure Q of Q; when we choose an algebraic closure Fp of the
field F p with p elements, we assume this to be obtained in the usual way by reduction
from Q. We write g for g(Q).

1.2. We choose a Z-lattice A in g. If Qp is the field of p-adic numbers and Zp is the
ring of p-adic integers, we identify Ap = A (g) Zp with a Zp-submodule of g(Qp). We
define G(Z) to be the subgroup of G(Q) of elements y with y.A = A; similarly we define
G(Zp) to be the subgroup of G(QP) of elements y with y. Ap = Ap. A different choice of
A changes these groups only for a finite number of primes p.

We may define G(Z) and G(ZP) in the same way using any faithful representation.

1.3. The group G arises as the generic fibre G ® Q of a group scheme G defined
over Z[AT~ l~\ for some integer N. For any prime number p such that p does not divide
N, G ® Fp is an algebraic group defined over Fp which we denote by Gp. For such
primes p we say that the reduction of G modulo p is defined, and we may identify
GP(F) with G(F) for any field F containing Fp.

We write gp for the Lie algebra of Gp and gp for gp(Fp).

1.4. If S is a set of prime numbers, we say that S contains almost all primes if there
are only finitely many primes p not in S.

The set S(G) of primes defined by the following conditions on p contains almost
all primes:

(i) we have p > 2d+l;
(ii) the reduction Gp is defined, and is an absolutely simple group of the same type

as G;
(iii) the reduction Adp, which is the adjoint representation of Gp, is absolutely

irreducible, and adp(gp) is isomorphic with gp.
(For the last part of (iii), equivalent to the semisimplicity of gp, consider the Killing
form. The rest follows from 3.6.)

1.5. Let F be a subgroup of G(Q). We define S(F) to be set of primes p such that
(i) p is in S(G),

(ii) the group F is contained in G(ZP),
(iii) the group Fp defined by reduction of F modulo p acts irreducibly on gp.

Here of course Condition (iii) makes sense because of (ii).

REMARKS, (a) If F is finitely generated then F satisfies (ii) for almost all p, since the
exceptions must be among the primes dividing the denominators of some entry in
matrices representing a finite set of generators, with respect to a basis of A.

(b) If F is Zariski-dense in G, it follows from 3.6 that F satisfies (iii) for almost all p
satisfying (i) and (ii).

(c) Combining (a) and (b) we see that for F finitely generated and Zariski-dense in
G, the set S(F) contains almost all primes p.

Given a subgroup f of G(Q) we define S(T) to be the set S(F) for F the image in
G(Q)ofF.
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1.6. We denote the cardinality of a finite set X by | X \. The multiplicative group of a
field F is written F*.

If X and Y are groups, we write X < Y to mean AT is a subgroup of Y, X <a Y to
mean that X is a normal subgroup, and A'char Y to mean that X is a characteristic
subgroup. We write Aut(X) for the group of automorphisms of X, and Inn^X") and
Out(X) for its subgroup of inner automorphisms and quotient group of outer
automorphisms, respectively.

2. Lemmas on finite simple groups

2.0. In this section we fix a positive integer d. In the rest of the paper d will take the
value dimG of 1.0.

2.1. Let AT be a finite group and let d be as in 2.0. We say that X is large relative to d
if there are a prime number p and an abelian p-subgroup A of X such that

\Nx{A)/Zx(A)\>d\.

Here the notations Nx and Zx mean respectively normalizer and centralizer in X;
therefore the quotient NX(A)/ZX(A) is naturally identified with the group of auto-
morphisms of A induced by conjugation by elements of X. From this interpreta-
tion it follows at once that if X is large and X < Fthen Yis large.

If X is large and satisfies the defining condition for a unique prime p we write
p = p{X). If X is not large we say that X is small.

2.2. The object of § 2 is to establish the

PROPOSITION. For fixed d there are only finitely many isomorphism classes of non-r
abelian finite simple groups which are small relative to d.

This is a consequence of the classification of finite simple groups (see, for example,
Gorenstein [4]). It is conceivable, but perhaps not likely, that it could be proved
without using the full force of the classification. To be precise about our needs, we
require the assertion that when the isomorphism classes of finite simple non-abelian
groups are divided as (A) alternating groups, (B) groups of Lie type, (C) others, called
sporadic, then (C) contains only finitely many isomorphism classes. Thus we require
no more knowledge on sporadic groups than a bound for the order.

2.3. The proof of the Proposition occupies the rest of the section. We assume the
classification and need say no more about Class (C).

2.4. Case (A): let X be the alternating group on {l,2,...,n} and define r to be the
integer part of^n. Consider the 2-subgroup A of X defined as follows: A consists of the
even permutations generated by the transpositions (l,2),(3,4),...,(2r—l,2r). Then A
is abelian, of order 2 r - 1 ; and A is normalized by the group B of even permutations
preserving the set of pairs {l,2},{3,4},.. . ,{2r-l,2r}. We have \NB(A)/ZB(A)\ = r\.
Therefore if n is greater than Id, the group X is large relative to d.

2.5. For Case (B) we divide into two lists of types:
I: An,

 2An, Bn, Cn, Dn,
 2Dn for n ̂  8 and 2B2,

 3D4, E6,
 2E6, En, £ 8 , F4, 2F4, G2,

2G2.
II: An,

2An,Bn,Cn,Dn,
2Dnforn>9.
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The finite simple group Y(k) associated with a type in these lists and a finite field A: is a
quotient by the centre of the group of points Y(k) of a simply-connected group fof the
type (this description needs modification for types 2B2,

 2F4, 2G2—see [2]).

2.6. Case (B)I: we show that if X is a finite simple group associated to a type in
list I, and if X is small relative to d, then

Since the list contains only finitely many types, this bounds the order of X.
For this, define p to be the characteristic of k, and take for A a root subgroup

X, of X isomorphic with the additive group of k. If * is a Chevalley group then (see
Carter [2, Chapter 6]) the subgroup of X generated by Xr and X_r is isomorphic with
SL2(/c) or PSL2(/c); and if Xr is represented by matrices

1 a

v0 1/ '

the automorphisms

'\ a\ (I c2a
,0

for c in k* are induced by conjugation from (Xr,X.r}. This gives rise to a group of
automorphisms of A of order at least %\k* |; the required bound follows. For twisted
groups there is a similar argument using the known structure [2, Chapter 13] of
groups generated by root subgroups.

2.7. Case (B)II: the essential case here is X of type An, that is X = PSLn + 1(fc). Let
A be the subgroup of X represented by matrices written in (n, 1) x (n, 1) blocks as

0 1

Then A is isomorphic with the additive group of k", and so is an abelian p-group where
p is the characteristic of k. Let X' be the subgroup of X represented by matrices

0 1

for the same partition, with M in SLn(/e). We have

'M 0\ //„ v\ / M " 1 O W / ,

,0 I) lo l j V o I) lo i r
so that

\NX{A)IZX{A)\ =

For the other cases we may use the existence of a subgroup of type Ar. It is known
that there is a subgroup of this type for

r = n-\ in types Bn,Cn,Dn,

r = i ( n - l ) intype2Xn,

r = n — 2 in type.2Dn;
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this follows, for example, from the theory of relative Dynkin diagrams. Then from the
formula

for the order of SLm(k) where q iŝ  the order of k, we have in all cases a lower bound

\Nx(A)/Zx(A)\>ciq
c>"

for absolute constants ct and c2. It follows that the small X are finite in number.
With this the proof is complete.

3. Elementary lemmas on normal subgroups and representation theory

3.0. Let H be a group and let N be a normal subgroup of H. Suppose that n is a
representation of H on a finite-dimensional vector space Kover a field K; we write
7r | N for the restriction of n to N. We need to summarize the relation between the
decomposition of n as a direct sum of irreducible representations, and the correspond-
ing decomposition for n\N, when such decompositions exist.

For an irreducible representation p of H, we define the isotypic component Vp of V
as the sum of all subspaces of Kon which H acts by a representation equivalent to p.

3.1. We first note that H acts on N by automorphisms, defining h.n as hnh'1 for h
in H and n in N. Let £(N) denote the set of equivalence classes of irreducible K-
representations of N. Then H acts on E(JV) by

If p is a representation of N on K, we write T(p) for the set of a in 2(N) such that Vo

is non-zero.

3.2. Now suppose that 7t is irreducible. Then Clifford's theorem (see, for example,
[3, p. 70]) states that n \ N is completely reducible, and that T(n \ N) consists of a single
//-orbit; further

where the sum is over a in T(n\N), and H permutes the Va transitively.

3.3. Conversely, suppose that N acts completely reducibly on V, so that

taken over a in T(n \ N). Then for h in H, n in N, and v in V we have

so that n(h) maps Va to VhM. Therefore H acts as a group of permutations of the set
T(n\N), and the kernel of this permutation representation is 7r"1(]^[GL(P^)).

3.4. From 3.3 we have

PROPOSITION. Let p and q be distinct prime numbers and write Lfor GLd(Fp). Then if
A is an abelian q-subgroup of A, we have

\NL{A)/ZL{A)\^d\.
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Proof. Since p # q the representation of A on Fp is completely reducible. Therefore
as in 3.3 we have

p — ^^ x

taken over a set T of one-dimensional characters # of X. On the other hand, taking H
to be NL(A), we see that the permutation action of H is on T, which is a set with at
most d elements. The kernel of this action is P l G L ^ ) , which is equal to ZL(A). This
provides the required estimate.

In the language of 2.1 this gives

COROLLARY. If X is a subgroup of GLd(¥p) which is large with respect to d then
P = P(X).

3.5. In the notation of 1.5 suppose that the subgroup F of G(Q) is Zariski-dense in
G, and that n is an absolutely irreducible algebraic representation of G on a Q-vector
space V.

PROPOSITION. The restriction n\T is absolutely irreducible.

Proof If the Proposition is not true, we may choose a basis of V(Q) in such a way
that n{T) is represented by block matrices

,0 *,

for some partitioning, while n(G(Q)) is not. This contradicts the Zariski-density of F.

3.6. In the situation of 3.5, we may define for almost all primes p a reduced
representation np of Gp on the reduced vector space Vp over Fp. For primes p such that
F is contained in G(Zp) and np is defined, we may consider the restriction rcp|rp.

PROPOSITION. There are only finitely many prime numbers p such that np and Tp are
defined and np\Tp is not absolutely irreducible.

Proof. From 3.5 we know that the elements n(y) for y in F span EndQ(K) over Q.
Choosing a basis for V, we have the standard basis for End(j(F) = Md(Q) consisting of
the elementary matrices E^ for 1 ^ i, j ^ d = dim V. Here Etj has entry 1 in the (i, j)
place, and 0 elsewhere. By hypothesis, we may write

for some finite set of <xijk in F and yijk in Q. If the prime number p is such that all the aijk

and n(yijk) are p-integral, we may reduce modulo p (more accurately, modulo a prime
divisor of p in a suitable number field) to find a relation

with ctijk in Fp. For such a prime p, therefore, the np{y) span Endpp(Kp), and so np | F p is
absolutely irreducible.

3.7. A characteristic subgroup M of a group H is defined by the property that
<p(M) = M for all <p in Aut(H). Then M is normal in H; further if McharM' and
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M' char H, we have M char H. We call H characteristically simple if M char H implies
that M = H or M is trivial, and H is not trivial.

Recall that a minimal normal subgroup N of H is defined by the properties N non-
trivial, N <i H but if N' o H and N' ^ N then AT is trivial or equal to N. Minimal
characteristic subgroups are defined in a similar way. Evidently if H is finite and non-
trivial, such minimal subgroups exist.

PROPOSITION. Let H be a finite characteristically simple group.
(a) There is a finite simple group N such that every minimal normal subgroup ofH is

isomorphic with N, and H is the direct product Nt x ... x Nr of certain of its minimal
normal subgroups.

(b) IfH is also not abelian, the Nt are the only minimal normal subgroups ofH, so that
H acts on the set of the Nt. This gives rise to an exact sequence

1 -• Aut(N1)x...xAut(iVr) -* Aut(tf) -• Zr -> 1,

where Er denotes the symmetric group on r letters. (See, for example, [9, p. 84
and p. 87].)

3.8. Let H be a finite group such that every minimal normal subgroup of H is non-
abelian. Each minimal normal subgroup is characteristically simple, so the inter-
sections of pairs of minimal normal subgroups are trivial; further, a product N1 ...Nj
of minimal normal subgroups contains no minimal normal subgroups other than
Nlt...,Nj. Therefore if we define soc(H) to be the subgroup generated by the minimal
normal subgroups, we have that soc(H) is the direct product of the minimal normal
subgroups N,. It is also the product of the minimal characteristic subgroups ofH. For
if M is a minimal characteristic subgroup, it contains a minimal normal subgroup N.
The subgroup of M generated by the q>{N) for q> in Aut(#) must coincide with M;
therefore M is a product of certain of the minimal normal subgroups ofH. Separating
the minimal normal subgroups of H into orbits under Aut(H), we arrive at a
decomposition

with the minimal characteristic subgroups Mj each the product of the N{ in a single
orbit.

4. Lemmas on unipotent elements and representation theory

4.0. We shall recall some well-known properties of the logarithm and exponential
maps in characteristic zero, and shall later show that these extend, under certain
restrictions, to characteristic p.

Let K be a field of characteristic zero; we write Unipn(/C) for the set of n x n matrices
M over K satisfying (M-I)" = 0, and Nilpn(K) for the set of n x n matrices over K
satisfying M" = 0. Then the maps

log: M -> - " X (I-M)k/k

and

exp: M -• £ Mk/k\
i
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give mutually inverse bijections

log: Unipn(K) -> Nilpn(K)
and

exp: Nilpn(X) - Unipn(X).

Further log and exp are isomorphisms for the underlying structures of algebraic
varieties.

4.1. If U is a unipotent /C-subgroup of GLn then log U(K) is a nilpotent subalgebra
of the Lie algebra Q\n(K). Conversely, if n is a nilpotent subalgebra of Qln(K) then
exp(n) is U(K) for a unipotent K-subgroup U of GLn.

We have the following identities:
(i) if M is in GLn(K) then

1) = M.log/l.M"1

for A in Unipn(/C), and

Qxp{MAM~l) = M.expA.M'1

for >4 in Nilpn(K);
(ii) if A and 5 in Unipn(/C) have ,45 = BA then Xfl is in Unipn(/C) and

and
log A.log B = log 5.log A;

(iii) for .4 in Unipr(/«C) and B in Unips(K), the tensor products A ® Is, Ir (g) B, and
A ® J5 lie in Uniprs(X) and we have

log(A ®B) = \og(A ® Is) + log(/r ® B).

4.2. Suppose that p is a prime number with p greater than n. Then the properties
of 4.0 and 4.1 hold also for the field Fp; this follows by reduction if we take for K a
field having a valuation with residue field Pp. Here for 4.1 (iii) we assume that rs is
at most n.

4.3. Suppose that K is a finite extension of Qp, and that G is an algebraic
X-subgroup of GLd, such that G is semisimple and of dimension d. We may then
identify the Lie algebra g of G with the subalgebra ad(g) of gld. Then for a unipotent
element u of G(K) the logarithm log(u) is a nilpotent element of Q(K); and for a
nilpotent element n of Q(K) we have exp(n) a unipotent element of G(K).

4.4. We wish to extend the property of 4.3 to groups H defined over a finite field F.
If F is the residue field of K, and H is obtained by reduction from G, this follows from
4.3 provided p is greater than d, where p is the characteristic of F. For the H which will
concern us such a lifting G exists, at least if we pass to an extension of F. However, the
following direct argument is sufficient: if H is a semisimple group over F, it is known
that the unipotent elements of H and the nilpotent elements of f) both are irreducible
varieties, having the same dimension. If p is greater than 2d+1 and n is a nilpotent
element of f)(F), we have [6] that exp(n) is in H(F). It follows by elementary algebraic
geometry that under this condition on p the restrictions of exp and log give mutually
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inverse isomorphisms between the variety of nilpotent elements of I) and the variety of
unipotent elements of H.

4.5. We write Ga for the additive group (with underlying variety the affine line).
Suppose we have a unipotent 1-parameter subgroup of GLn, that is, a morphism

q>: Ga -> GLn

with image contained in Unipn, defined over a field. Then the differential dq> is a
IC-linear map from the Lie algebra of Ga, which we identify with Ga itself, to gln. We
say that q> is good if the image of dcp is non-zero and spanned by log(p(l).

For K of characteristic zero every non-trivial unipotent 1-parameter subgroup is
good, but this is no longer true in positive characteristic.

4.6. We shall apply results on the representation theory of finite groups of Lie type,
due in essentials to Steinberg (see [12] and references therein, and also [1]). For an
almost simple group H defined over a finite field F, these results put in correspondence
the representations of the abstract group H(F) with representations which are
constructed from algebraic representations of / / , and the compositions of these with
automorphisms arising from the automorphisms of F (see 4.8 below). We have to deal
with twisted groups H, not just the case of split (Chevalley) groups; but by passing to a
suitable finite extension F of F we may assume that H is split, while the (almost)
algebraic nature of the abstract representations of H(F) means that all such
representations extend to representations of H(F'). For our purposes, therefore, we
shall be able to assume that H is split.

Let H be an absolutely almost simple group and n & non-trivial infinitesimally
irreducible rational representation of//, defined over a finite field F of characteristic p.

LEMMA. Ifp is greater than the degree ofn, the l-parameter group noxa is good for
every root subgroup xa of H.

Proof. From [1, 5.13] we may write

for certain matrices Xa ,•; and

for j = 0, l , . . . ,p—1. Now the results of [1,6.4] apply to n(this follows from [1,6.3 and
7.2]); therefore the Xaj vanish if7 is at least p. Thus

n(xjt)) = exp(td(noxa)(l)),

and inverting we have

Therefore n o xa is good.

Since H always has root subgroups defined over F, we may also assume that noxa

is defined over F.
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4.7. To exploit the tensor product theorem of Steinberg, we need a technical result
which depends essentially on the linear independence of the automorphisms of a field.

LEMMA. Let F be afield with pl elements. Suppose that for i = 0,...,/— 1 we have a
good 1-parameter subgroup (p( of GLd(i), defined over F, where d{0)d(l)...d(l— 1) = n is
less than p. Define the '1-parameter subgroup1 q> of GLn by

./-

where Fr is the Frobenius automorphism of F, so that q> gives a map from Ga(F) to
GLn(F). Then the elements log<p(r) o/gln(F),/or t in F, span the same subspace as the
elements

Proof Firstly, using 4.1 (ii) and (iii), we have

o

Then since q>{ is good we have F-linearity:

This shows that the log cp(t) lie in the subspace spanned by the L,-; the converse follows
from the linear independence of the Fr1.

4.8. For H as in 4.6, and n an irreducible F-representation of//, the tensor product
theorem of Steinberg [12, 1] states that there are infinitesimally irreducible rational
representations nQ,...,^-^ of H, defined over F, such that n is equivalent to

n0 ® (71! o Fr) ® ... ® (nt_ j o Fr'~ *);

here Fr as before is the Frobenius automorphism, acting on H(F). We give a criterion
for all but one of the 7c, to be trivial, so that the representation n is in fact algebraic
(after twisting with a power of Fr), and infinitesimally irreducible.

Let V be the vector space on which H acts via n. Assume that H(F) acts irreducibly
on the subspace of End(K) spanned by the elements log n{u) for u a unipotent element
of H(F). Choose for each non-trivial representation 7r,- a good root subgroup
q>i = 7ti o xa defined over F, as in 4.6. The elements L,- of 4.7 lie in the subspaces

of V, where h is the Lie algebra of//. Each W{ is an invariant subspace of End(K) for the
action of H(F), and is irreducible since the adjoint representation of H(F) is
irreducible. Then the assumption implies that all the W{ coincide. Since any two of the
W{ would have trivial intersection, this shows that there is just one non-trivial ni} as
required.

5. Proof of the main result, begun

5.0. We use the notation of § 1. The subgroup T of G(Q) is from now on assumed
to be Zariski-dense in G. We denote by F<s> the subgroup of F generated by the ele-
ments ys for y in F, and s = 1,2,.... It follows from the density of F that F<s> is also



ZARISKI-DENSE SUBGROUPS 525

Zariski-dense in G: in fact, the sth-power map on G is polynomial, with dense image.
Further, S(r<s>) is contained in S(F).

5.1. We first kill possible permutation actions of Fp arising in the adjoint
representation.

LEMMA. Suppose that p is in S(r<d!>) and N <a Fp. Then gp is an isotypic N-module,
so that, in the notation o/§ 3, we have gp = gPi(T for some a in

Proof. By assumption (1.5 (iii)) the action of Fp on gp is irreducible. From 3.2 we
may write

as N-module, where F p permutes T transitively. We have | T\ at most d, so that the
group of permutations of T has exponent dividing d\. Now F^d!> normalizes N and
acts irreducibly; therefore it must also permute T transitively. This implies that Thas
one element only.

5.2. As a corollary of 5.1 we have

PROPOSITION. For p in S(r^d!^) the group soc(Fp) o/3.8 is a product of non-abelian
simple groups.

Proof. From 3.7 and 3.8 it is enough to show that Fp has no non-trivial normal
abelian subgroup A. For such a subgroup A it would follow from 5.1 that A acted on
gp by a non-trivial scalar character. But this would contradict the fact that the image
of an adjoint representation contains no non-trivial scalars.

5.3. Suppose that p is in S(F<d!>). Then from 3.8 and 5.2 we may write

with the Nt non-abelian simple groups.

LEMMA. The integer m is bounded by a function of d; more precisely we have
m ^ log2d.

Proof. From the Clifford theory of 3.2 we know that the faithful representation of
soc(Fp) on gp is completely reducible; from 5.1 it is isotypic. Suppose that V is an
irreducible subspace of gp; we may write V, up to equivalence, as Vx ® ... ® Vm, where
Ni acts faithfully on V{. Since V{ must have dimension at least 2, the bound follows.

5.4. Define dx to be [log2<T]!. Let r be an integer divisible by d\ dx.

LEMMA. If p is in S(F<r^), we have that F^r> normalizes Nh for i = l,...,m.

Proof. From 3.8, if we write soc(Fp) as a product Y\ Mj of minimal characteristic
subgroups, the conjugation action of Fp gives rise to a homomorphism
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Applying 5.3 and the definition of du we see that this homomorphism maps r£r> to the
subgroup fixing the set of iV,. Hence r£r> normalizes N(.

5.5. For any value of r we have that soc(r£r>) is characteristic in Tp. A minimal
characteristic subgroup of r£r> is therefore minimal characteristic in Tp; so from 3.8
and 5.2 we have that soc(F^) is the product of precisely those Ns which are subgroups
of r£r>, provided d\ divides r.

5.6. Define d2 to be the least common multiple of the orders | Aut(JQ |, where X is a
non-abelian finite simple group which is either sporadic or small relative to d. From
2.2 this definition is legitimate.

Suppose the integer r is divisible by d\dxd2.

LEMMA. Ifp is in S(F<r>) and the simple group N{ lies in F^r>, then N{ is a simple group
of Lie type associated with a finite field of characteristic p.

Proof Conjugation gives a homomorphism

IJJ: F<d!dl> -> Aut(soc(r<r>)).

Under our assumption on p the Nt are non-abelian simple groups; if therefore Nt is a
subgroup of soc(r£r>), the intersection of Nt with the kernel of \f/ is trivial. Then from
5.5 it follows that \j/ is injective. Further, from 5.4 the image of ij/ lies in J~[ Aut(JV,).
Then by definition of d2 we have

where / is the set of indices i such that JV,- is large with respect to d and not a sporadic
group. By the Corollary in 3.4 we have p(JV,) = p; since p # 2 (say by 1.4 (i)) we have
that N( is not an alternating group. Thus Nt must be as described.

5.7. To summarize the proof at this stage: we have shown that the subgroup r£r> of
F p has, for p in S(r<r>) and r sufficiently divisible, all its minimal normal subgroups of
Lie type for the correct characteristic p. The remainder of the proof forces one such iV{

to be the whole group Ad(Gp(Fp)) which we wish Fp to be.

6. Proof of the main result, completed

6.0. We assume the notation of §5. We have shown there that if d]did2 divides r
then soc(r^r>) is a product FjN,- with each Nt a simple group of Lie type for the
characteristic p. As in the proof in 5.6, the homomorphism

arising from conjugation, is injective.

6.1. LEMMA. There is a bound d3, depending only on G, for the order |Out(N,)|
where Nt is as in 6.0.

Proof If N is a simple group of Lie type over a finite field F, we may write
N = Ad(H(F)) for H a simply-connected group defined over F. The structure of
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Out(N) is known (see, for example, Steinberg [12]). In fact there is a composition
series

1 = 0 4 <i O3 <a O2 <i Ox = Out(N),

where OJO2 is isomorphic with Gal(F/Fp), the group O2/O3 arises from Dynkin-
diagram automorphisms and has order at most 6, and Oi/O4. is isomorphic with

To bound | Ox/02 | = logp|F|, note that N has order at least

|PSL 2 (F ) |= i |F | ( | F | 2 - l ) ,

while, on the other hand, |N| is crudely bounded by |Md(Fp)| = pd2. This gives a
bound

constant.^2

for logp|F|.
To bound | O3/O41 we use the exact sequence of Galois cohomology arising from

the exact sequence

1 -> Z -• X -> AdX -> 1,

where Z is the centre of X; this gives us

X(F) -> (Ad X)(F) -+ Hl(F,Z) -> 1

on applying the triviality of Hl(F,X) (see, for example, [10]). We see that 0 3 / 0 4 is
isomorphic with H1(F,Z). The possibilities for the Gal(F/F)-module Z are known.
For H of type /4n_ x or 2An_l we have Z isomorphic with the Galois module fin of nth
roots of 1. Since the orders of PSLn(F) and PUn(F) tend to infinity with n, there is a
bound for n here. For H of other types, we have that Z has order at most 4. For any F
the group Gal(F/F) is isomorphic with the profinite completion Z of the infinite cyclic
group. We conclude that only finitely many isomorphism classes of modules may
occur, so that the order of the cohomology group Hl(F,Z) is bounded.

Finally, therefore, there is a bound d3 for the order of Out(AT,), depending only
on G.

6.2. We have Inn(iV,) isomorphic with Nt. Therefore from 6.1 if r is divisible by
d!rf1d2d3 and p is in 5(r<r>), we have

and so r£r> is the product of its minimal normal subgroups N^...,^, say.

6.3. We show first that s = 1, so that r£r> = Nx = N, say. Suppose that we have N{

isomorphic with Hf(Fi), where we write H+(F) for Ad(H(F)) and the Ht are simply
connected, absolutely almost simple groups and F, is a finite subfield of Fp.

LEMMA. Under the hypothesis of 6.2 on r we have s = 1.

Proof. We suppose that s is greater than 1 and derive a contradiction. The
product NiX.^xNg acts irreducibly on gp, since p is in S(r<r>). We may write
this representation as nt ®... ® ns, up to equivalence. Let u be an element of
Nt = HfiFy) which is unipotent and not the identity. Then from 4.2, log nx(u) is a
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non-zero nilpotent endomorphism; if we identify l o g ^ u ) ® / (g)... (g) /, which from
4.4 lies in ad(gp), with an element of gp, it is fixed under iV2x...xJVs. Then, by
irreducibility, n2,...,ns are trivial representations: but the original representation is
faithful. This gives a contradiction.

6.4. Write N = H+(F) as in 6.3, so that N acts irreducibly on gp. Then 4.8 applies:
the representation of N is the restriction to N of an infinitesimally irreducible rational
representation n of H. Consider dn(\)), where I) is the Lie algebra of H. This is an
invariant non-zero subspace of ad(gp); since N acts irreducibly on ad(gp), we must
have dn(l)) = ad(gp). Since dn induces an isomorphism of Lie algebras, the algebraic
group H must be the simply-connected cover Gp; we therefore have F = Fp, and N
isomorphic with Gp(Fp). So we have

THEOREM. For all primes p in S(r<r>) where d\did2d2 divides r, we have Tp = Gp(Fp).

6.5. For almost all p the simply-connected cover Gp may be obtained by reduction
from the simply-connected cover G of G.

LEMMA. Suppose that p is at least 5 and that X is a subgroup ofGp(Fp) with image
G;(FP) in GP(FP). Then X = Gp(Fp).

Proof. The kernel of the adjoint representation is central, so that GP{FP) is XA for a
central subgroup A. Therefore the commutator subgroup of Gp(Fp) is contained in X;
but if p is at least 5 the commutator subgroup is the whole group [12], and our
assertion follows.

6.6. Combining 6.4 and 6.5 we find the version of the Theorem stated in the
Introduction, if we take into account the remarks in 1.5 and 5.0.

7. Application to p-adic closures

7.0. In this section, as before, G is an absolutely simple adjoint group over Q, and G
its simply-connected covering group. As in 6.3 we denote by GP(FP) the image of
Gp(Fp) in Gp(Fp).

7.1. LEMMA. Let X be a subgroup ofGp(Z/p"Z),for n ^ 1, such that the image ofX
in Gp(Fp) is G* (Fp). Then X is the full group Gp (Z/p"Z), provided 4) exceeds a bound
f(G).

Proof. We assume that the prime p is sufficiently large for G to have good reduction
at p, and is quasi-split over Qp. Assume also that p ^ 5. We drop the subscript p in the
proof.

By the assumption that G is quasi-split it has a subgroup isomorphic over Qp to SL2

or PSL2. For these groups the proposition is true (see, for example, Serre [11, IV.3.4]
for SL2, from which the case of PSL2 follows).

Now take the case where n = 2 for general G. We identify the kernel of the
reduction homomorphism from G(Z/p2Z) to G(Z/pZ) with the abelian group B
underlying g(Fp). We have an exact sequence

1 -> B -> G(Z/p2Z) -> G(Z/pZ) -> 1
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with the action of G(Z/pZ) on B being the adjoint action, and hence irreducible. Let
X be a subgroup of G(Z/p2Z) mapping onto G(Z/pZ); then X n B is invariant under
G(Z/pZ), and hence is trivial or the whole group. In the latter case we have
X = G(Z/p2Z); if the intersection is trivial and H is the subgroup of G of type Ay

mentioned above, we have X nH(Z/p2Z) a proper subgroup mapping onto
H(Z/pZ), a contradiction to the result quoted.

Now assuming that n ^ 2, note that the kernel Bn of reduction from G(Z/p"Z)
to G(Z/pZ) is a p-group, containing the kernel Cn of reduction from G(Z/p"Z) to
G(Z/p2Z). We establish below that Cn is in fact the Frattini subgroup of Bn. Then
given X as in the Proposition, let Y be its image in G(Z/p2Z); from the case where
n = 2 treated above, we have that Y is the full group. Therefore X r\Bn maps onto
BJCn; by the elementary properties of the Frattini subgroup we have X r\Bn = Bn.
This implies that X = G(Z/p"Z), as required.

To complete the proof we show that Cn is the Frattini subgroup of Bn. Since the
quotient BJCn is a subgroup of B, which is elementary abelian, we certainly have that
Cn contains the Frattini subgroup; in fact BJCn = B by Hensel's Lemma, and hence
has rank d = dimG. To complete the proof we show that Bn is generated by d
elements.

In fact we show that the subgroup GA of G(ZP) of elements congruent to / modulo p
is topologically generated by d elements; this implies what we want for its quotients
Bn. We write g(Zp) for the stabilizer in g(Qp) of the lattice A of 1.2, and gr for prg(Zp).
We show that if x!,..., xd are a Zp-basis of gx then the exp(x,) are topological
generators for Gx\ here the exponential and logarithm maps are given by the usual
series, which converge and give homeomorphisms of Gx and g^ Let K be the closed
subgroup of Gx generated by the expfo); then log(X) is closed since K is compact. The
Campbell-Hausdorff formula log(exp(x)exp();)) = x + y+\[x,y] + ... here gives a
convergent series for x,y in QV Given x in gx we can construct inductively 0 = x{0\
x(1),... with xU) = x modulo gJ + 1 by writing

x - xu ~1 > = p> X ntJxt modulo QJ+1,

with riij positive integers, and taking

x0) = log(exp(x°-1))exp(x1)
a(1)...exp(xd)

fl(d))

with a(i) = itijP1. This shows that x is in log(iC), whence log(K) = gt and K = Glt as
required. This completes the proof.

7.2. Now consider the exact sequence

1 -> Z -> G -+ G - 1

where Z is the centre of G. This gives rise to the sequences

1 - Z(QP) -> G(Qp) -> G(QP)

and
1 - Zp(Fp) -> ^p(Fp) - Gp(Fp).

For a given G, the groups Z(Qp) and Z(Fp) are isomorphic if p is large enough, for then
we can assume that Z is smooth and Hensel's lemma applies. For such p we then have
5388.3.48 HH
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a diagram

G(Z/p"Z) > G(Z/p"Z)

G(Z/pZ) > G(Z/pZ)

with the kernels of the vertical arrows isomorphic.

7.3. From 7.1, 7.2, and 6.6 we have

PROPOSITION. Any subgroup X ofG(Z/p"Z) with image G+(Fp) in G(Fp) is equal to
G(Z/p"Z), provided p is at least f(G).

Applying this to the situation of 6.5 we have

THEOREM. Iff is Zariski-dense in G then for almost all p in S(T) the p-adic closure
ofrin&(Qp)isG(Zp).

Proof. Recalling that for almost all p we have

= \imG(Z/p"Z),

we see that this follows from 6.5 and the Proposition above.

7.4. Suppose that F is Zariski-dense in G. Then F contains elements of infinite
order (a short proof of this well-known fact comes from the theorem of C. Jordan that
a finite subgroup of GLm(C) has an abelian normal subgroup of index dividing b(m),
for some function b; so that if this is not so, F<6(m)> would be commutative, which is
absurd since G is not).

LEMMA. There is a finitely generated subgroup F o ofT with F o Zariski-dense in G.

Proof. Choose a finitely generated subgroup I \ of F with dimCr^) maximal; by the
remarks above, din^FJ is at least 1. If Q1 is the Lie algebra of F l 5 it is an invariant
subspace for the action of T, by its maximality; since, from 3.5, T acts irreducibly on g,
we must have gx = g. Therefore we may take F o = F1#

7.5. If F of 7.3 is finitely generated, the exceptional set of p not in S{T) is finite.
Therefore from 7.3 and 7.4 we have

THEOREM . / / T is Zariski-dense in G, the p-adic closure of T contains G(ZP) for
almost all p.

8. Application to adelic closures and approximation sets

8.0. We define a prime divisor v of Q to be a prime number p or the symbol oo; we
then write Qv to be the completion Qp for a prime p or Q^ = R. For (J as in § 1 we
define the adele group G(AS), for any set S of prime divisors, to be the restricted
product n^(Q«)> taken over v not in S, formed with respect to the compact
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subgroups (J(ZP) which are defined by 1.2 for almost all p. Then (J(AS) becomes a
topological group.

Any given element y of G(Q) lies in (J(ZP) for almost all p; therefore there is an
embedding of G(Q) in (J(AS), provided the set S is not the set of all prime divisors.

Given a subgroup f of G(Q) we say that S is an approximation set for f if the closure
of f in (J(AS) is open. Classical results characterize the approximation sets for G(Q) as
being those S which contain some v such that G(QV) is not compact.

8.1. We prove

THEOREM. If the subgroup T o/G(Q) is Zariski-dense, there is a finite approximation
set S for r .

The proof occupies the rest of this section. As a first remark, note that by the
Lemma in 7.4 we may assume that T is finitely generated. Further we may assume that
S contains oo, so that C(AS) is a restricted product of p-adic groups.

8.2. In the situation of 8.1, the finitely generated group f is from 7.5 dense in <J(ZP)

for almost all p. We define S to be the set of prime numbers such that p is at most 5, or
Gp or Tp is not defined, or T is not dense in G(ZP), together with oo. Then S is finite; we
show that f is dense in the open subgroup ]~]G(Zp) of G(AS), where the product is
taken over primes p not in S. This proves the theorem.

8.3. LEMMA. There is a topological isomorphism of the product ]^[G(ZP) o/8.2 and
the inverse limit of the system of all finite products

G(n) =

indexed by integers n = nPr ( P ) P r i m e to the elements of S.

Proof. Combine the definitions of the product and inverse topologies with the
topological isomorphism of C/(Zp) and lim G(Z/prZ).

8.4. LEMMA. For p not in S define Y{pr) to be Gp(Z/prZ). Let Y be the product
Y(pril)) x ••• x Y(Pk(k)) and X a subgroup of Y having projection y(pJ(0) on the i-thfactor

for i = l,...,k, where the pt are distinct primes in S. Then X = Y

Proof The Y+(p) = G+(Fp) are simple groups, which are not isomorphic for
distinct primes p. We show first that the composition factors of X, counted with
multiplicity, include at least those of the Y+(p'{l)).

The kernel of the reduction map from Y+(p") to Y+(p) is a p-group; for in a matrix
representation if we have

y = I modulo p

then y = I + pu, whence yp" = 1. Therefore the kernel has exponent a power of p.
Therefore if the p, are distinct, the image of AT in Y+ = n^+(Pi ( l ) ) *s ^+> a s w e s e e

by counting composition factors.
Now let X{ be the inverse image in X of Y+(p'il)). Any element of Xt may be written

as zx where z is central in Y and x lies in Y(p'(i)). The commutator [z1xl,z2x^] of two
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such elements is [x1} x2] which lies in Y{p'(i)). Therefore from 6.6 we have X{ = Y(p'(i)),
which shows that X = Y.

8.5. The Theorem of 8.1 follows from 8.2, 8.3, and 8.4.
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