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2.lotes on L i e  a l g e b r a s  and. s u p e r a l g e b r a s  

I.  Un i t a ry  r e p r e s 9 n t a t i o n s  o f  s u p e r a l g e b r a s  

I r v i n g  Kaplansky 

The f o l l o w i n g  p r e l i m i n a r y  though t s  a r o s e  as t h e  

r e s u l t  of c o n v e r s a t i o n s  w i t h  Bruno Zumino duri.ng August, 1382. 

During t h e s e  c o n v e r s a t i u n s  t h e  ph rase  " u n i t a r y  r e p r e s e n t a t i o n  

- f  a L i e  s u p e r a l g e b r a "  popped up. A f t e r  a  wh i l e  I wondered 

what t h i s  means. Here i s  my answer. 

On page 230 of my j o i n t  n o t e  w i t h  P e t e r  Freund (J. of  

Math. Phys. v o l .  17) a L i e  s u p e r a l g e b r a  l a b e l l e d  ~ ~ ( m l n )  i s  

d i s p l a g e d ;  i t  c o n s i s t s  of  a l l  m a t r i c e s  of t h e  form 

where a and d a r e  skew-Hermitian and b* i s  t h e  cocp lex  
A, 

con juga te  t r a n s p o s e  of h .  I f  a i s  m by m and d  i s  n by n 

t h e  ( r e a l )  dimension i s  (rn + n)' - 1. The a l g e b r a  complex i f i e s  

i n t o  t h e  s p e c i a l  L inear  s u p e r a l g e b r a ,  I d e c l a r e  a u n i t a r y  

r e p r e s e n t a t i o n  t o  be a homomorphism i n t o  t h i s  a l g e b r a ,  

I would Pike t o  r e d o  t h i s  i n  a b a s i s - f r e e  s ty l -E ,  

p a r t l y  because t h a t ' s  a lways a  good i d e a ,  and p a r t l y  because 

i n  t h e  i n f i n i t e - d i m e n s i c n a l  ca se  I p r e f e r  t o  s v o i d  i n f i n i t e  

m a t r i c e s .  I i n t r o d u c e  t h e  concept  o f  a " supz r  H i l b e r t  spzce*, 

This is z t  sum V = W @x, wi tn  W n H i l b o r t  space  and 
F 

P 

X l i k e  a H i l b e r t  space  b u t  w i t h  a skew-Hermitian i n n e r  product ,  

R a t h e r  t h a n  d i s c u s s  t h i s  a x i o m a t i c a l l y  I s h a l l  s imply s a y  

t h a t  t h e  in-r\er p roduct  un X i s  ob-ta incd by n u l t i p l ~ i r l ~  a 

H i l b e r t  s u a c e  i n n e r  product  by i, 



V i s  nade i n t o  a  s!Lper v e c t o r  space  by d e c l a r i n g  W 

even and X odd. A l i n e a r  t r a n s f o r e a t i o n  T  on V i s  skew 

if (Ta,  b) = -(a, Tb) , excep t  t h a t  t h i s  i s  r e p l a c e d  by 

(Ta ,  b)  = ( a ,  Tb) i f  T and a a r e  bo th  cdd. The skew 

l i n e a r  t r a n s f o r m a t i o n s  f o r s  a L i e  s u p e r a l g e b r a  under super-  

c c c c u t z t i o n .  I f  or thonormal  bases  a r e  used i n  W and X we 

g e t  t h e  n a t r i c e s  d i s p l a y e d  above. 

The nex t  n o t i o n  i s  t h e  t e n s o r  product  o f  s u p e r  

H i l b e s t  spaces .  L e t  A and B be s u p e r  H i l b e r t  spaces .  Take 

a l ,  a2 t A ,  bl b2 £ B. \4e hzve t o  d e c i d e  on t h e  va lue  of 

t h e  i n n e r  p roduc t  ( a l  @ bl , a2  @ b2) . The usua l  p r i n c i p l e  

a p p l i e s :  we t a k e  ( a l ,  a2) (b l ,  b2) excep t  when bl a r e  

b o t h  odd, in which c a s e  we change t h e  s i g n .  

I t  is s r o u t i n e  m a t t e r  t o  check t h a t  t h e  t e n s o r  poduct 

of two u n i t a r y  r e p r e s e n t a t i o n s  i s  a g a i n  u n i t a r y .  

It  seems r e a s c n a b l e  t o  c a l l  a s u p e r a l g e b r a  - compact 

i f  i t  has  a f a i t h f u l  u n i t a r y  r e p s e s ~ n t a t i o n .  

A s  I s e e  i t ,  t h e r e  a r e  now two rdain problems: 

( 1 )  Determine t h e  conpac t  s u p e r a l g e b r a s ,  e s p e c i a l l y  t h e  

s i c p l e  ones ;  (2) C l a s s i f y  t h e  u n i t a r y  r e p r e s e n t a t i o n s  of 

t h e s e  a l g e b r a s .  ( I n c i d e n t a l l y ,  i t  i s  easy  t o  s e e  t h a t  any 

u n i t a r y  r e p r e s e n t a t i o n  i s  a d i r e c t  sum of  i r s e d u c i b l e s . )  

A t  p r e s e n t  I have ve ry  l i t t l e  in fo rma t ion .  I d i d  look 

a t  t h e  u n i t a r y  r e p r e s e n t a t i o n s  of t h e  f i r s t  i n t e r e s t i n g  

compact s u p e r a l g e b r a :  t h e  8-dimensional  one. It has  an  

i r r e d x c i b l e  u n i t a r y  r e p r e s e n t a t i o n s  of each  odd dimension; 



t h i s  is s e e n  by reducing  t h e  t e n s o r  powers of t h e  b a s i c  

3-dimensional r e p r e s e n t a t i o n .  (These r e p r s s e n t a t i o n s  -- 
when c c r i p l e x i f i s d  -- a r e  e x a c t l y  t h e  non typ ica l  clnes, i n  

Kac's terminology.)  I a l s o  checked t h a t  t h e r e  is  no 

i r r e a u c i b l e  u n i t a r y  4-dimensional r e p r e s e n t a t i o n ;  thus  no 

member of t h e  f ami ly  of 4-dimensional i r r e d u c i b l e  

r e p r e s e n t a t i o n s  ( t h e y  a r e  a l l  t y p i c a l )  of t h e  complexif ied 

a l g e b r a  a r i s e s  from a  u n i t a r y  r e p r e s e n t a t i o n ,  

11. Kac's  Kn i n  c h a r a c t e r i s t i c  p  

The a l g e b r a s  Kn were s t u d i e d  i n  Cl] and u. I 
became c u r i o u s  about them i n  c h a r a c t e r i s t i c  p. Here a r e  

some f a c t s  wi thout  proof and some ques t ions .  

1. F i r s t  I r e c a l l  t h e  d e f i n i t i o n .  Kn  i s  t h e  L i e  

a l g e b r a  d e f i n e d  by g e n e r a t o r s  h 9  el, . . . ,  en ,  f l 9  - =  9 f, 

and r e l a t i o n s  p e a  = e i ,  = -f 3 '  pifj] = 13 h. Take 

n  - 1 2. I n  c h a r a c t e r i s t i c  O 9  Kn is  s imple  and has  

exponen t i a l  growth. 

2. I n  c h a r a c t e r i s t i c  p ,  K, i s  n o t  s imple.  For  

i n s t a n c e ,  f o r  p odd, e l (a3  e2) g e n e r a t e s  a proper  i d e a l ;  

f o r  p = 2 ,  e l (ad e213 does .  A s  usua l  we d i v i d e  Kn by t h e  

maximal i d e a l  d i s j o i n t  from t h e  -1, 0 ,  1 p a r t  ( i n  t h e  

n a t u r a l  Z-grading of K ~ )  t o  g e t  Ln, o r  Ln(p) t o  emphrsize p. 

3. L2(2) i s  t h e  a l g e b r a  of Liiurent polynomials o v e r  

t h e  s imple  3-dimensional a l g e b r a .  



4. ~ ~ ( 3 )  i s  f i n i t e - d i m e n s i o n a l ;  i t  i s  t h e  7-diaensional  

a l g e b r a  of 3 by 3 mat r i ces  of t r a c e  0 ,  modulo s c a l a r s .  

5. A has ty  i n s p e c t i o n  of L  ( 3 )  suggested t h a t  i t  i s  3  
probably t h e  a l g e b r a  of Laurent  pol.ynomials over the 

7-dimensional a l g e b r a  j u s t  mentioned. 

6. Except f o r  t h e  c a s e s  i n  i tems 3 ,  4 ,  and 5 i t  may 

be t h a t  L , ( ~ )  has exponen t i a l  growth. 

7. For c h a r a c t e r i s t i c  7 3 ,  i s  Ln de f ined  by t h e  

r e l a t i o n s  ei(ad e  J f i ( a d  f 3 .)P-'? 

8. Now def ine  Kn over  Z i n s t e a d  of over a f i e l d .  L e t  o( 

be a  product  of e l ,  e2 ,  . . . , em ( i n  any a s s o c i a t i o n  and order) .  

L e t  be a product of f l ,  f a ,  . . . , f,,; t h e  a s s o c i a t i o n  and 

o rde r  may be  d i f f e r e n t .  Of course  i s  an  i n t e g r a l  

m u l t i p l e  of h. I n  every experiment t h i s  i n t e g e r  tu rned  

o u t  t o  be a nonzero m u l t i p l e  of m. 

9, The fo l lowing s p e c i a l  c a s e  i s  an easy exe rc i se :  

L 

10. The s ta tement  i n  i tem 8 appears  t o  be v a l i d  

+ ' t ions a l s o  when r e p e t i t i o n s  i n  t h e  e ' s  and corresponding r e p e a  

i~ t h e  f ' s  a r e  allowed. 
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I have improve2 this t~ show t h a t  H cannct be 

n i l p o t e n t  w i t h  a c l a s s  l e s s  t han  t h e  c h a r a c t e r i s t i c .  I 

have a l s o  r ~ l e d  o u t  t h e  c a s e  where H i s  the  nonabel ian 

2 -d inens iuna l  a l g e b r a .  pen din^; t h e  p o s s i b i l i t y  of' an  i d e a  

t h a t  c u t s  deeper ,  I wbn't a t  p resen t  record t h e  d e t a i l s .  
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