
ON A P R O P E R T Y  O F  S E M I S I M P L E  A L G E B R A I C  G R O U P S  

B .  Y u .  V e i s f e i l e r  

Let  k be an a r b i t r a r y  field, G a s e m i s i m p l e  a lgebra ic  group defined ove r  k. Moreover ,  let  P be a 
parabol ic  subgroup in G for  which the fac tor  space  G/P is defined over  k. Let  indkG ( i n d k G / P ,  r e s p e c -  
tively) denote the g r e a t e s t  common d iv i sor  of the number  [K :k],  where  K runs through those sepa rab le  
extensions of the field k over  which G is decomposable  [ (G/P)K ~ ~, r e spec t ive ly ] .  

If P i s  the max ima l  parabol ic  subgroup (and G/P is defined ove r  k), then the group of d iv i sor  c l a s s e s  
of the manifold G/P is i somorphic  to Z, and the l inear  s y s t e m  cor respond ing  to the unit c l ass  has the na -  
tu ra l  s t ruc tu re  of the S e v e r y - B r a u e r  manifold over  k; we let  A(P) denote the co r respond ing  cen t ra l  a lge -  
b r a  with division.  Let  indkA(P) denote the index (i .e. ,  the square  root  of the dimensional i ty)  of the a lge -  
b r a  A(P). Evidently the re  holds 

PROPOSITION 1: i n d k A ( P ) [ i n d k G / P .  

If G is an in t e r io r  f o r m  of type An, then G is a group of e lements  with n o r m  1 in some  assoc ia t ive  
a lgebra  A. If m is the index of the a lgebra  A, and Pi  is the m~ximal  parabol ic  subgroup cor responding  to 
the i - th  s imple  root  (in the na tura l  o r d e r  a s soc ia ted  with the Dynkin d iagram) ,  then it follows f r o m  the 
theory  of a s soc ia t ive  a lgebras  that  m / ( i ,  n+  1) [ i n d k G / P i .  If G is an or thogonal  group over  k, c h a r k  ~ 2, 
and P is a parabol ic  subgroup cor responding  to a na tura l  l inear  r ep resen ta t ion ,  then according  to the 
Spr inger  t h e o r e m  [4],. ind k G/P = 2. 

These  r e su l t s  lead to the following hypotheses:  

Hypothesis  1. indkG = 1 ** G is decomposab le  over  k. 

Hypothesis  2. i n d k G / P  = 1 ~ (G /P )  k ~ ~. 

Hypothesis  3. If indkG = m,  then G has a decomposi t ion  field of degree  m.  

Let  us note that the re fo rmula t ion  of hypotheses  1 and 2 in the t e rmino logy  of Galois cohomology is 
an extension of the known p rope r ty  of group cohomology to the nonabelian case :  the h o m o m o r p h i s m  of a 
cons t ra in t  onaSylow p-g roup  is inject ive on the p-component  of a cohomology group (see  [1], n ° XII, 10.1). 
Let  us also note that  for  a r b i t r a r y  c l a s s i c a l  groups ,  hypotheses  1, 2 follow f r o m  the Weft r e su l t s  [6] and 
the above-ment ioned  p r o p e r t i e s  of or thogonal  groups and a lgebras  with division.  

LEMMA. If K is a s epa rab le  extension of the field k, then ind K G lindk G and indK G / P  lindk G / P .  

The proof  of this l e m m a  ut i l izes  only the following p rope r ty  of the se t  W of al l  s epa rab le  decompos i -  
tion fields of the group G (analogously for  G / P ) .  If KEW and L is s epa rab le  over  K, then LEW, if K EW 
and K a is the conjugate field to K, then KaEW.  

Using the l e m m a ,  Propos i t ion  1, the r e su l t s  p resen ted  above on a lgebras  with divis ion and on or tho-  
gonal groups,  as well  as some  spec ia l  p rope r t i e s  of the groups under  cons idera t ion ,  we can prove  the fo l -  
lowing theo rem.  

THEOREM. Let  cha r  k > rg  G. The a s se r t i ons  of hypotheses  1 and 2 a r e  t rue  for  groups of the type 

D4, G2, F4, E6, ET. 

Resul ts  of a c lass i f ica t ion  kind a r e  a lso  obtained during the proof  of this t heo rem.  I t  m o r e o v e r  turns  
out to be t rue  that 

PROPOSITION 2. If the group contains s e m i s i m p l e  subgroups under  the conditions of the theo rem,  
then hypothesis  3 is t rue  for  G. 
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In conclusion,  let  us note that our hypotheses a r e  general iza t ions  of the Se r r e  hypotheses [3]. Namely ,  
the re  holds 

PROPOSITION 3. Let  each a lgebra  with division over  the field k be commuta t ive .  If  B is a Bore l  
group in G, then i n d k G / B  = 1 (compare  with [5], n ° 11.1). 

Let  us a s sume  p l i ndkG/B  , p a p r ime .  If K is a decomposi t ion field of the k - to rus  T c G, then 
(G/B)k 4 ~), and denoting the Sylow subgroup in r(K/k) by rp, we have p lindL G/B, where L = { k EK : k ~ = 
 v erp}. 

It has been verified that for p # 2 the group G contains radical (with respect to T) anisotropic k-sub- 
groups of type Ap_i. As is known, such subgroups correspond to noncommutative algebras with division 
over k. If p = 2, we arrive at a contradiction by the same method. 

PROPOSITION 4. Let a complete field k possess the property: if H is a coherent simply connected 
k-group of type An, then Hi(k,H) = 0. Then if the group G is defined entirely from coherent simply con- 
nected quasidecomposable groups of the same type as G, then indkG/B = 1. 

The proof of this assertion consists of the successive application of the proof of Proposition 3 and 
the Harder result (see [2], n ° 2.3.5). 

The author is deeply grateful to E. B. Vinberg for counsel, aid and attention, and to S. G. Gindikin 
for valuable comments. 
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