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A Lie  a l g e b r a  L o v e r  a f ield of c h a r a c t e r i s t i c  O with a d e c r e a s i n g  sequence  of subspaces  L = L - k  
D L_k+~ D ...  will  be ca l led  f i l t e red  if the fol lowing condi t ions  a r e  sa t i s f ied:  0) L0 is  a m a x i m a l  suba lgebra  

i n  L ;  1) N L i = O  ; 2 ) d i m L i / L i + l  < oo; 3) [Li, L i ] c L i + I ;  4) VxQ_Li'\Li+l,i>/O, 71Y6. L_x : [x , y ]~L  i . To e v e r y  
oo 

f i l t e red  Lie  a l g e b r a  a g r a d e d  Lie  a l geb ra  is a s s o c i a t e d  g = ~, ~, ~z = LdL~+ ~ by the o r d i n a r y  method  [2]. The 
--k 

n u m b e r  k i s  ca l led  depth of the  a l g e b r a s  L and g.. To f i l t e red  Lie a l g e b r a s  of depth 1 t h e r e  l eads  the c l a s s -  
i f ica t ion p r o b l e m  of the  infinite p r i m i t i v e  t r a n s f o r m a t i o n  p seudogroups  (see [2]). This  p r o b l e m  was  c o n -  
s i d e r e d  by  E .  C a f t a n  [4]. I ts  m o d e r n  solut ion is conta ined in  [3]. Until v e r y  r ecen t ly ,  the a l g e b r a i c  s tudy 
of f i l t e red  Lie  a l g e b r a s  was  c a r r i e d  out under  the a s s u m p t i o n  that  the i r  depth is one and the r e p r e s e n t a t i o n  
L 0 onto I f fL  0 is i r r educ ib l e  ([2] and o thers ) .  The r ecen t  r e s u l t s  of V. Kats [1] t oge the r  with the c o n s i d e r a -  
t ions  s k e t c h e d  h e r e  g ive  a s imple  c l a s s i f i ca t ion  of a r b i t r a r y  f i l te red  Lie  a l g e b r a s .  

In the p r e s e n t  note,  

1) F o r  a g iven  f i l t e red  a lgeb ra  L = L_~ D Lo D .. .  of depth 1 a f i l t e red  a lgeb ra  u = u_ k ~ v_~+~ ~ . . . .  
is  cons t ruc ted ,  such  that  U-k  = L, U 0 = L 0 and condi t ions  of ~not being condensed  ~ a r e  sa t i s f ied:  5) Ui-1 = 
[Ui, U_~] V~ < 0 and 6) U0/U 1 is r e p r e s e n t e d  fai thful ly and i r r educ ib l e  onto U_I/U 0. 

2) It is  shown that  the a s s o c i a t e d  g r aded  a l g e b r a  g = ~, ~i, g~ = u~/u~+~ is s imple  (and, consequent ly ,  

the  c l a s s i f i ca t i on  r e s u l t s  of [1] a r e  appl icable  to it). 

3) It  i s  shown that  the comple t ion  of the a lgeb ra  L in the topology of the subspaces  {Ui } is i s o m o r -  

phic  to the comple te  g r aded  a lgeb ra  ~ = ~ ~L (the l ine denotes  the comple te  sum).  

Le t  L = L_ 1 D L0 D . . .  be a f i l t e red  Lie  a l geb ra  of depth 1, ¢ : L --* L / L  0 = S the na tu ra l  p ro jec t ion ,  
S_ 1 an i r r educ ib l e  subspace  fo r  L 0 onto S, and T the sum of all  i r r educ ib l e  subspaces  fo r  L 0 onto S, 

go = Lo, V_~ = , - 1  (S_l), Ui_l = [gi, U_~] V i  < O, Ui+ 1 = {x E g~: [x, U_l] C Ui} Vi >/o. 

By condi t ion 0) the f i l t r a t ion  {Ui} is  f inite on the negat ive  s ide .  Inc lus ions  3) follow f r o m  the Jacob i  
ident i ty  by the usua l  method .  The p r o p e r t i e s  4), 5), and 6) a r e  sa t i s f ied  by cons t ruc t ion ,  0) 1), and 2) follow 
f r o m  the c o r r e s p o n d i n g  p r o p e r t i e s  of the a lg e b ra  L = { Li  }. 

The p roof  that  g is  a s imple  a lgeb ra  is c a r r i e d  out a c c o r d i n g  to  the fol lowing s cheme :  in the a lgebra  

g an a r b i t r a r y  suba lgeb ra  is  chosen  g" = ~ g~ , such that  g~ = giV~G0, g[ is i r r educ ib l e  with r e s p e c t  to 

and [g~, ~ l = g : + l V i > 0  . We c o n s i d e r  the i dea l  m = ~ m  (0 , where  m~°~=o and m ¢I+~)= 

{xE ~ g,.: Ix, g;] c re'o} . It is  e a s y  to see that  the a lgebra  "~'/m is  s imple ,  g raded  and of depth 1. Hence,  
i<--I 

in pa r t i cu l a r ,  i t  fol lows that  [g_~. g~] = o  . To ~'/m the c l a s s i f i ca t ion  [1], [2] is  appl icable ,  f r o m  which 
it fol lows that  T = { s E S :[U1, sl = 0} and that  a l l  r e p r e s e n t a t i o n s  of s0 onto T a r e  equivalent  to one and 
the s a m e  r e p r e s e n t a t i o n  7r. Since [~-2. g~] =0 , we have ~-~ (73 D u_~ • In pa r t i cu l a r ,  all  r e p r e s e n t a t i o n s  

onto g_~ a r e  equivalent  to 7r. Since ~_~ = [g_t, ~-l] , we have ~ ~ z ® ~ , which is  imposs ib l e .  T h e r e f o r e ,  
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m = 0. Hence, it follows that the a lgebra  ~ is simple, since we can show that every  ideal of the algebra 

is contained in ~, ~i. . Apart  f rom the a lgebra  ~ being simple, for  the applicability of V. Kats '  s resul ts  
i<0 

it is n e c e s s a r y  that g_, and ~1 generate  ~ . This can be shown using, for  instance, a lemma analogous to 
that of Kobayashi-Nagano [2]. 

The proof of the i somorphism of the a lgebras  L and ~ is based on the following simple proper ty  of 
the algebra ~ : a) the representa t ions  of s0 onto g~ are  non-equivalent for i ~ j. In each of the algebras 
U0/Ui we can choose a subalgebra g(o i~, even a compatible one. The limiting a lgebra  ~'~ in the topology { Ui} 
can be taken for ~cL0 . Analogously, using a), for an a r b i t r a r y  s ~* 0 we can choose compatible sub- 
spaces g(i)~ and Us/Ui, i > s. 

The author renders his gratitude to l~. B. Vinberg for the attention he devoted to the work. 
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