
R E M A R K S  ON S O M E  A L G E B R A I C  G R O U P S  

B. Y u .  V e i s f e i l e r  

L e t  k be a f i e ld ,  c h a r k  ;~ 2 , K  a q u a d r a t i e  extension of:the field, and G a  semisimple algebraic  group 
which is defined over  k and decomposable over  K. A maximum torus T ~ G is said to be allowed if it is de- 
fined over  k, anisotropic over  k, and decomposable over  K. Let Z be a sys tem of roots in G relative to T; 
if t~ E Z, we shall denote by Ga a three-dimensional  simple subgroup generated by the root subgroups N a 

and N_a, and normal izable  by the torus T. The Galois group r (K /k )  = {1, a} acts on the group of charac -  

te rs  X(T) of the allowed torus T. 

LEMMA. Let T be an allowed torus in G. Hence a) a a  = - a ,  v a  E X(T); b) the subgroups G~, a E Z 

are  defined over  k. 

To the subgroups G(~ it is possible to ass ign centra l  quaternion a lgebras  ~ a .  We shall denote by Nrd 

a homomorphism of a reduced norm of the algebra ~)~ into its center .  The algebras  ~ a  are  cyclic alge- 

b ras :  ~)a - (K, ha ) ,  h a  E k*mod NK/k(K*); in this case we shall say that the group Grep resen t s  a n a r r a y  

{k(~}aEZ with respec t  to the torus T. The principal  question of in teres t  to us is as follows: How is it pos-  

sible to distinguish a r r a y s  that are  represented by the group G with respec t  to two distinct allowed tor i?  

An allowed torus T'  is said to be associated with respec t  to a E 2~ to the torus T if T '  c GaT , where 

a E Z, rgkG a = 0. It is easy  to prove the following resul t :  

THEOREM. If rgkG = 0, the group G will contain allowed tori  and any two allowed tori  can be ob- 
,,, , , ,  

tained f rom each other by a finite number  of t ransi t ions to associa ted tori.  

By a simple analysis  of type,A 1 groups it is possible to obtain 

PROPOSITION 1. If an allowed torus T t is associa ted  with an allowed t o r u s  T with respec t  to fl E Z 

and the group G represen t s  the a r r a y s  {Xa} and {k~} with respec t  to the tori  T and T t, then h a = v i a , i l l .  

k s ,  where .~ E Nrd~fl,  k. Conversely,  if ~ E Nrd ~)fl, k, then the a r r a y s  k a and {v [ a , f l ]  • ka}  will be r ep re -  

sented by the group G with respec t  to associated tori ;  [ a ,  fl] = 2(a,  fl)- (fl, fl)-l. 

We can also prove 

PROPOSITION 2. If rgkG > 0 and the group G contains an allowed torus,  then it will contain an al- 

lowed for us T such that h a  E NK/k(K*) for at least  one a E Z (i.e., the group G a is decomposable).  

Over special  fields it is possible to  obtain with the aid of our resul ts  interest ing corol la r ies .  

COROLLARY 1. If Nrd~Bk = k for  any central  quaternion algebra ~ / k  and rgkG = 0, then G will be 

of type A i. 

This is a d i rec t  consequence of Proposi t ion 1. 

N r d ~  k = NK/k(K ) for  any algebra ~) = (K, ~) ,  ~ E k*,  and rgkG = 0, then any COROLLARY 2. If two 

allowed tori  will be conjugate in G k. 
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Indeed, by virtue of our condition the propert ies  of associat ivi ty  with respect  to a E Z and conjugate- 
ness in G ~ , k  coincide. Our asser t ion  follows from the theorem. Let us note that the field of real  numbers  

sat isf ies  our conditions; therefore ,  Corol lary  2 is a general izat ion of E. Car tan ' s  well-known theorem on 
the conjugateness of maximum tori  in a compact  Lie group. 

It is '  a lso possible to prove the following simple resul t :  

• PROPOSITION 3. If T and T '  are  two allowed t o r i i n  G and the group G represents  with r e s p e c t  to T 
and T '  t h e s a m e  a r r a y s ,  then the  to r i  T and T'  will be conjugate in the group (Aut G)k. 

Results ,  s imi la r  to those presented above, can be obtained fo r  groups containing maximum tori that 
are  defined over  k and decomposable over a Galois extension of the Galois group Zp. 

The author expresses  his gratitude to E. B .  Vinberg and D. A. Kazhdan for their in teres t  and valu- 
able r emarks .  
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