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® is diagonalisable with distinct eigenvalues, p # 0

non-integrable, n — p integrable co-distributions
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® is diagonalisable with distinct eigenvalues, p # 0
non-integrable, n — p integrable co-distributions

Non-existence theorem

Suppose that the matrix ® is diagonalisable with distinct
eigenvalues. If ® has p non-integrable co-distributions and up to
differential ideal step p no differential ideal has been found, then
there is no non-degenerate multiplier.

Thoan Do & Geoff Prince A classification scheme for the inverse problem in arbitrary di



® is diagonalisable with distinct eigenvalues, p # 0
non-integrable, n — p integrable co-distributions

Non-existence theorem

Suppose that the matrix ® is diagonalisable with distinct
eigenvalues. If ® has p non-integrable co-distributions and up to
differential ideal step p no differential ideal has been found, then
there is no non-degenerate multiplier.

- A differential ideal is generated at step 1, step 2,..., up to step p
= the existence of non-degenerate multiplier depends on whether
the Pfaffian system admits solutions.
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® is diagonalisable with distinct eigenvalues, p # 0

non-integrable, n — p integrable co-distributions

In Differential ideal step:

yloxy?> .. 0oxf
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® is diagonalisable with distinct eigenvalues, p # 0

non-integrable, n — p integrable co-distributions

In Differential ideal step:
yloxy?> .. 0oxf

= If there is 1 non-integrable co-distribution, necessary conditions
for the existence of non-degenerate multiplier is that (X1) is a
differential ideal.
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® is diagonalisable with distinct eigenvalues, p # 0

non-integrable, n — p integrable co-distributions

In Differential ideal step:
yloxy?> .. 0oxf

= If there is 1 non-integrable co-distribution, necessary conditions
for the existence of non-degenerate multiplier is that (X1) is a
differential ideal.

= If there is 2 non-integrable co-distributions, necessary conditions
for the existence of non-degenerate multiplier is that (X!) or (¥2)
is a differential ideal.
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® is diagonalisable with distinct eigenvalues, p # 0
non-integrable, n — p integrable co-distributions

Theorem (Do, 2016)

Assume that @ is diagonalisable with distinct (real) eigenvalues
and with p # 0 non-integrable eigen co-distributions. Suppose that
eigen co-distributions are ordered such that Sp{¢”, "'},
A=1,...,p are non-integrable. Suppose further that

rank(A1) = p — 1. Then the necessary and sufficient conditions for
the existence of a solution for the associated inverse problem are
that the given conditions hold. Moreover, the solution (if it
exists) depends on n — p arbitrary functions of 2 variables
each.
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® is diagonalisable with distinct eigenvalues, p # 0

non-integrable, n — p integrable co-distributions

In Differential ideal step:
A A A, A
yl Aigy2 Ao Tl sp TPy yptl

- A; is system of homogeneous linear algebraic equations required
for dw € (X') where w € ¥/
- rank(A1) € {0,1, ..., p} and rank(A;1) < p — Si_q rank(Ay),

- if rank(A1) = p = no non-degenerate solutions.
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N=3: & is diagonalisable with distinct eigenvalues with p

non-integrable co-distributions

A classification scheme

CASE 1. p =0 (known).
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N=3: & is diagonalisable with distinct eigenvalues with p

non-integrable co-distributions

A classification scheme

CASE 1. p =0 (known).
CASE 2. p=1. (rank(A;) = 0 = (') is DI) or no solutions.
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N=3: ® is diagonalisable with distinct eigenvalues with p
non-integrable co-distributions

A classification scheme

CASE 1. p =0 (known).
CASE 2. p=1. (rank(A;) = 0 = (') is DI) or no solutions.
CASE 3. p=2.
rank(A1) = 0 = (1) is DI.
(rank(A1) = 1 and rank(Az) = 0 =(X?) is DI) or no solutions.
rank(A1) = 2 = no solutions.
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N=3: ® is diagonalisable with distinct eigenvalues with p

non-integrable co-distributions

CASE 1. p =0 (known).
CASE 2. p=1. (rank(A;) = 0 = (') is DI) or no solutions.
CASE 3. p=2.
rank(A1) = 0 = (1) is DI.
(rank(A1) = 1 and rank(Az) = 0 =(X?) is DI) or no solutions.
rank(A1) = 2 = no solutions.

CASE 4. p = 3.
rank(A1) = 0 = (X1!) is DI.
rank(A1) = 1.

rank(Az) =0 = (¥2) is DI
(rank(Az) =1 and rank(A3) = 0 = (£3) is DI) or no
solutions.
(rank(A1) = 2 and rank(A;) = 0 =(X2) is DI) or no solutions.
rank(A1) = 3 = no solutions.
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

Assume Sp{¢tV, p1H} and Sp{¢?Y, ¢*"'} are non-integrable
STEP 1:Differential ideal step

Y1 = Sp{w =9V ApH:c=1,... n}

dw € (X1), where w := rcw® € Y1 is equivalent to system Aj:

r172 —i—r27'2r 0,
r i = 0,

— 07
f1(T§6‘y/— 23 ) —ral =0,
r17-216\¥/ — r27'1a =0,
n(ms =) — il =0,

1H
N7y, — r27'1a = 0

netV(R(XZ', X21) — rne®V (RIX{', X)) = 0,
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

STEP 1: Differential ideal step
We have conditions

riF=o, 720 =0, foralla=3,...,n (1)
And at least one of the expressions

1r 1V 1v 1v 1H 1H 1H 1v H H
) T2a — Ta2 T2a 2a —Ta2  T2a ¢ (R(X2 7Xa ))

I 2V 0 2V) 2H 0 _2H’ 2V H yH
Ti Tal T Tal Tia  O*V(R(X{(, X))
(2)
for all @« = 3,...,n, must be non-zero and when they are non-zero,

they must be equal. = hy equals the non-zero expressions.
¥2 = Sp{ot,w® :a=3,...,n}, with &' = w! + hpw?
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

STEP 1: Differential ideal step
Y2 := Sp{at,w® :a=3,...,n}, with &1 = w! + hyw?

dw € (X?), where w := A& + ryw® € ¥2
if and only if
dot € (¥?)

equivalently

dhy + &5 + (&5 —€1) =0 (mod ¢?Y, ¢*") (3)
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STEP 2: Pfaffian system step
Find closed 2-forms Q € ¥2
d€) = 0 gives the system of Pfaffian equations

di 4+ A& =0
dro + A&y + rafy = —Patd™’ — Qg™ (no sum on «)

where o = p+1,...,n and P,, Q. are arbitrary functions.
Set

oy :=dh + A&
O 1=dry + AEL + 1ol + Pad™ + Qo™

Then

do1 =0 (mod o1),
dog =7F A ¢p®V + 78 A ¢ (mod 01, 0,)
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STEP 2: Pfaffian system step
Find closed 2-forms Q € ¥2

do1 =0 (mod o1),

dog =P A g™V + 78 A ¢?H (mod 01, 04)
if and only if (torsion is absorbed)

déi = d(& + h&d) =0, (4)

(-GN +d& =0 (mod ¢*V,¢*"),a=3,....n. (5)
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® is diagonalisable with distinct eigenvalues, 2

non-integrable, n — p integrable co-distributions

STEP 3: Cartan-Kahler theorem

doy =0 (mod o1),
dog =P A g™V + 78 A ¢*H (mod 01, 04)
Cartan characters sy = n—2,sp = n—2,s, =0 for all k > 2 The

system pass Cartan-Kahler test and so solution depend on n — 2
functions of 2 variables.
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® is diagonalisable with distinct eigenvalues, 2

non-integrable co-distributions and rank(A;) =1

Examples:
Non-existence example:

K=xy, j=% =0, (6)

on an appropriate domain. Denoting the derivatives by u, v, w, we
find that @® is diagonalisable with distinct eigenvalues and
corresponding re-scaled eigenvectors X, as follows,

_ X _( Y s
)\1 = 2 and X1 = (W’ \ﬁ, 0),
4v + x 1
)\2_— 2 and XQZ(\W,O,O),

)\3 =0 and X3 = (0,0, 1).
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

Non-existence example:
The structure functions 7's are zero except for

T1r:_ﬂ Tzr:_?’uz SIH - 1
i TN e e

FIH _ 1 F2H _ 2xv? — u? L2V _ —u F2H _ —u
To1 = 8V\4/V7 11 — 2V2<y* 11 — V\4/V7 T2 = 8V4 V3’
1
2V 22V _ 2V H yH
T2 = _TW’ T2 = T8y \f ¢ ( (Xl , X5 )) = —\W

These results show that the eigen co-distributions Sp{#'", ¢!/}
and Sp{#?Y, ¢*""} are non-integrable and the third one is
integrable that the conditions (1) and (2) hold with

lr
hp= -2 —_ Y
7_12|— 3U2

But the condition (3) does not hold = no non-degenerate
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

Existence example:

X=1zt, j =0, 7 = x, (7)

on an appropriate domain. Denoting the derivatives by u, v, w, we
find that @ is diagonalisable with distinct eigenvalues and
corresponding eigenvectors X, as follows,

)\1 - \/E and Xl - (_\/E7O7 1)7
AZ - _\/E and X2 - (\/E7 07 1)7
/\3 =0 and X3 = (0, 1,0).
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable, n — p integrable co-distributions

Existence example:
The structure functions 7's are zero except for

Ao o pr o 1

4t

These results show:
- the eigen co-distributions Sp{¢*", #'"} and Sp{¢?", ¢?"'} are
non-integrable and the third one is integrable.
(X1) is not a differential ideal.
-The conditions (1) and (2) hold with h, = —1.
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable, n — p integrable co-distributions

Existence example:
Further examination gives

1
dot = ——dt A DY, o = wl — WP,
2t
= the condition (3) holds with & = —Ldt and &} = 0.
= Y2 := Sp{@', w3} generates a differential ideal.

The remaining conditions (4) and (5)also hold for solution.

= this system is variational and the solution depends on one
arbitrary function of two variables.
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® is diagonalisable with distinct eigenvalues, p = 2

non-integrable co-distributions and rank(A;) =1

Existence example:
To determine the explicit expression of the Cartan two-form, we
examine the Pfaffian equations:

di + RéEL =0,
drs + P3¢3V + Qs =0

= F = G/t where G is a constant,

and r3 = r3(u}, u3) is an arbitrary function of two variables

u%:y—vtand u§:v.

= Q = GVt(wr —w?) + (vl ud)w?’.
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Thank you for your attention
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