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Motivation 1: secure quantum communication

X. Song Ma et al, Quantum teleportation over 143 kilometres
using active feed-forward, Nature 489, 269 (2012)

Ji-Gang Ren et al, Ground-to-satellite quantum 
teleportation, Nature 549, 70–73 (2017)



The number of
transistors in a
dense integrated
circuit doubles
approximately
every two years.

G. Moore, 1965

Moore Law will
be saturated wi-
thin the next de-
cade

Motivation 2: quantum computing



L. Grover, Proc. 28th ACM Symposium on the Theory of Computing (STOC), 212-219 (1996)

Database search



Prime factorization

Nikesh S. Dattani, Nathaniel Bryans, Quantum factorization
of 56153 with only 4 qubits, arXiv:1411.6758 (2014)

P. Shor, SIAM J.Sci.Statist.Comput. 26, 1484 (1997)



Combinatorial designs



Hadamard matrices

Matrices having entries ±1 

and orthogonal columns



Existence of Hadamard matrices

Only possible for size d = 2 or d multiple of four.

Tensor product of two Hadamard matrices is a Hadamard matrix

First open case is d = 4 x 167 = 668

Hadamard Conjecture

There exists a Hadamard matrix for every size d multiple of four



Latin squares

Square arrangements of size d having d different symbols.

Symbols are not repeated along every row/column.

Latin squares exist 
for any finite size d



Graeco-Latin squares

Graeco-Latin squares exist for every finite size d>2, except d=6

+ =



36 officers of Euler

Derrick Niederman (MIT)

Euler conjectured in 1782 that
such configuration is not possible.

The conjecture was proved by 
Gaston Tarry in 1901

How can a delegation of six regiments, each
of which sends a coronel, a lieutenant-
colonel, a major, a captain, a lieutenant,
and a sub-lieutenant be arranged in a
regular 6 x 6 array such that no row or
column duplicates a rank or a regiment?
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Mutually orthogonal Latin squares

Three MOLS of size four

LS1: Orientation of L’s

LS2: Color of L’s

LS3: Color of squares

There are, at most, d-1 MOLS of size d



Karol Życzkowski – Jagiellonian University



Orthogonal arrays

An orthogonal array OA(r, N, d, k) is
an arrangement of symbols taken
from the alphabet {0,…,d-1}, having r
rows and N columns such that for
every subarray made up of k columns
and r rows, all possible combination
of symbols appear along the rows.
Repetition of all possible combina-
tions of symbols are allowed.



Orthogonal arrays

0 0 0
0 1 1
1 0 1
1 1 0

Strength k=2Orthogonal array of strength k: 
every  subset  of  k columns contains 
all possible  combination of  symbols
(repetitions of all combinations are
allowed).
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Hadamard matrices from orthogonal arrays

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

0 0 0
0 1 1
1 0 1
1 1 0

An OA(4l,4l-1,2,2) exists if an only if a Hadamard matrix of size 4l exists



MOLS from orthogonal arrays



= 0

= 1

= 2



In general, an OA(d^k,N,d,k) determines N-2 MOLH

of size d in dimension k

MOLHipercubes from orthogonal arrays



Quantum combinatorial designs



Two-qubit quantum states

A two-qubit quantum state  |𝜙 ∈ ℂ2 ⊗ ℂ2 is separable if

 |𝜙 =  |𝜙1 ⊗  |𝜙2

Otherwise  |𝜙 is entangled.

 |𝜙 =  sin 𝛼 |00 +  cos 𝛼 |11

 𝜌𝐴 = 𝑇𝑟𝐵(|𝜙  𝜙|)
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Maximally entangled states

Two qubit systems

 |𝐵𝑒𝑙𝑙 =
1

2
 (|00 +  |11 )

Three qubit systems

 |𝐺𝐻𝑍 =
1

2
 (|000 +  |111 )

 |𝑊 =
1

3
 (|001 +  |010 +  |100 )

Borromean rings

I. Bengtsson, K. Życzkowski, 
Geometry of Quantum states
Cambridge University Press (2017)



Absolutely maximally entangled states

𝑁 partite quantum pure states such that 

every reduction to 𝑁/2 parties is maximally mixed

 |𝐴𝑀𝐸(4,3) =
1

3
 (|0000 +  |0121 +  |0212 +

 |1110 +  |1201 +  |1022 +
 |2220 +  |2011 +  |2102 )

 |𝐴𝑀𝐸(3,2) =
1

2
(  |000 +  |111 )

 |𝐴𝑀𝐸(2,2) =
1

2
(  |00 +  |11 )Two qubits

Three qubits

Four qutrits



Quantum orthogonal arrays
A quantum orthogonal array QOA(r, N, d, k), also denoted as  |𝑂𝐴 , is an
arrangement composed by d-dimensional quantum states, having r rows
and N columns such that every reduction to k columns forms a POVM.

 |0  0|  |1  1|
 |0  1|  |1  0|
 |1  0|  |0  1|
 |1  1|  |0  0|

 |0  |1
 |1  |0

 0|  1|
 1|  0|

=⨂ ⨂ ⨂

 |0  |1
 |1  |0

0 1
1 0

 |𝑂𝐴 =𝑂𝐴 =

 |𝑂𝐴  𝑂𝐴| =

 𝑇𝑟𝐵(|𝑂𝐴  𝑂𝐴|) =
 |0  0|
 |1  1|

 𝑇𝑟𝐴(|𝑂𝐴  𝑂𝐴|) =
 |1  1|
 |0  0|

D. Goyeneche, Z. Raissi, S. Di Martino, K. Życzkowski, 
Entanglement and quantum combinatorial designs, arXiv:1708.05946 (2017)



Quantum orthogonal arrays

𝐻 =
1

2

1 1
1 −1

 | ± =
1

2
(  |0 ±  |1 )



Quantum orthogonal arrays

Bell basis

Three MOQLS of size two



Quantum Latin cube



Quantum Orthogonal arrays of 5 columns

Classical part
OA(d^2,3,d,2)

Quantum part
(2-qudit Bell basis)

3 MOQLS of size d



Role of QOA in quantum technologies

Multipartite Monogamy 

Relations

Quantum Error
Correction Codes

Maximal Multipartite 
Steerability

Absolutely Maximally
Entangled States

Secure Quantum 

Communication Protocols

Quantum
Computing

Open Destination 
Quantum Teleportation

Quantum Orthogonal Arrays
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