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Integrable differential equations

Integrable nonlinear partial differential equations:
Lax representations (zero-curvature representations,
Wahlquist—Estabrook prolongation structures, integrable
extensions, IST, differential coverings...):

@ soliton solutions

o Bicklund transformations

nonlocal symmetries and nonlocal conservation laws

@ recursion operators
@ Darboux transformations
° ...

UNSOLVED PROBLEM: to find conditions of existence of a
Lax representation for a given PDE.
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Lax representations

A Lax representation for a differential equation &
F(2% U, Ui, Ugigs, ) =0, 4,5,k € {1,...,n},

is defined by the over-determined system

Tk (2%, Uy Ugiy Ugigss oy W), @b €N,

We gk =

whose compatibility conditions coincide with €.

Geometrically: a flat connection on € x W — €,

- . 0
D — Dy = D + Z Tak(lﬂ, Uy Ugi y Uiy +oes wb) w0
a a

such that [Dyi, D] =0 <  F(2fu, uyi, Ugigi,...) = 0,
or by the ideal of the Wahlquist—Estabrook forms

— ; k
To = dwg — >, T (X", Uy Uggiy Uiy - Wp) AT
k

such that
dra = > napy ATy mod (contact formson € ).
b
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Lax representations

Definitions, details, examples:

e H.D. Wahlquist, F.B. Estabrook, J. Math. Phys., 1975, Vol.
16, 1-7.

° ...

e L.S. Krasil’shchik, A.M. Vinogradov, Acta Appl. Math.,
1984, Vol. 2, 79-86, Acta Appl. Math., 1989, Vol. 15,
161-209.

o Krasil’shchik I.S., Lychagin V.V., Vinogradov A.M.
Geometry of jet spaces and nonlinear partial differential
equations. N.Y.: Gordon and Breach, 1986

° ...
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Exotic cohomology

Exotic (deformed, twisted, covariant, ...) cohomology: geometry
of Poisson manifolds, Morse theory of multi-valued functionals,
symplectic geometry, algebraic topology, theory of Lie algebras.

A. Lichnerowicz, 1977,

E. Witten 1982,

M. Atiyah, R. Bott, 1984

S.P. Novikov, 1986, 2002, 2005
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Exotic cohomology of Lie algebras

g — Lie algebra over R, p: g — End(V') — its representation,
C*(g,V) = Hom(A*(g), V), k>1,

k+1 2
dO(X1, .., Xpr1) = Y (=) p(X,) (0(Xq, .o, Xgy ooy Xit1))
g=1
+ Y (=1D)PTO([ Xy, Xoly X1y ooy Xy oy Xy ooy Xt 1),

1<p<q<k+1
the Chevalley-Eilenberg differential complex
L O (g, V) L CF (g, V) L
Its cohomology

HY (g, V) = kerd: C*(g,V) — Ck*tl(g,V)
8 ) = imd: CF1(g, V) — C*(g, V)’

po: X — 0 = cohomology with trivial coefficients H*(g).
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Exotic cohomology of Lie algebras

Suppose H(g) # {0}, take w such that [w] € H(g). For A € R
define

dyof = dO + Aw A0

From dw =0 it follows that diw =0, therefore the
differential complex

B ok g RY Dy okt1(g R) By

is defined. Its cohomology groups H (g) are referred to as
exotic cohomology groups of g.

REMARK. Hj (g) coincide with the cohomology of g with
coefficients in the one-dimensional representation py,: g — R,
Pw: X = Aw(X).
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Exotic cohomology of Lie algebras

EXAMPLE. Consider a Lie algebra b with generators X, ... ,
X3 and non-zero commutators

[Xo, X1] = —Xi,
[Xo, Xo] = =2 X5,
[Xo, X3] = —3 X3,
[X1, Xo] = —X3.

For the dual 1-forms (Maurer—Cartan forms) w; such that
w;i(X;) = 6;; the structure equations hold:

dwg = 0,
dwi = wo A\wi,
dwy = 2wg N\ wa,
dws = 3wy N\ wg + w1 A ws.
Hl(h) =R [UJO] = RWO.
H?(h) = {0} = b has no central extensions.
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Exotic cohomology of Lie algebras

We have
R[wl /\wg], A= —4,

Hiwo(h) = R[WQ/\WZ),L A= -5,
{0}, A ¢ {—5,—4}

From
d_guw (W1 Aws) =0
it follows that equation
d—g o was = w1 A ws

with unknown 1-form wy is compatible with the structure
equations of h = two additional structure equations

dwy = 4wy N\ wyg + wi A ws,
dws = 5wy A ws + wa A ws,
= two-dimensional extension h = h @ (X4, X5),
[Xo, X4] = -4 Xy, [X1,X3]=—-X4,
[ X0, X5] = =5 X5, [X2,X3] = —X5.
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Cartan’s method of equivalence & symmetries of DEs

The main idea: to apply the above trick to the structure
equations of the contact symmetry pseudo-group of the PDE
under the study.

For a given PDE &€ the Maurer-Cartan forms and the structure
equations of the symmetry pseudo-gropu Sym(€&) can be found
algorithmically (using derivation and operations of linear
algebra) by means of E. Cartan’s method of equivalence.

o E. Cartan. (Buvres Completes. Paris: Gauthier - Villars,
1953

o P.J. Olver. Equivalence, invariants, and symmetry.

Cambridge: CUP, 1995

M. Fels, P.J. Olver. Acta Appl. Math., 1998, Vol. 51,

161-213

O.M. J. Phys. A: Math. Gen., 2002, Vol. 35, 29652977

O.M. J. Math. Sci., 2006, Vol. 135, 26802694

e ©
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Lax representations & exotic cohomology

EXAMPLE. The potential Khokhlov—Zabolotskaya equation
gy = Uty + g g (&)
The structure equations of Sym/(&):
da =0,
d©y = VO, A Oy,
dO1 = anO1+VO1AO+ 2V A6y,
dO; =2a N O3+ VO, ABg+ 2VO; AO;1 + $VO) A Oy,
dO3 =3 A O3+ VO3A 6+ 2VOy AO1 + VO A Oy,
dOs =4aNO4 + VOLAO) +2VO3A01 +31VO:A0; — VO A By,
0 hn

where O, = Z—'Gm,n, 0<m <4,

n=0 t:

9 o "
V@m = 761'71 = Z nf 9m,n+17 dh = 07 03;0 = 0.
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Lax representations & exotic cohomology

The Maurer—Cartan forms:

a=p~ldp,

bo,0 = qdt,

010 = pq*/? (dy + a1 dt),

f20 = p?q'/3 (dz + % a1 dy + ag dt),

010 = ptq~l/3 (du — up dt — ug dz — uy dy).

REMARK: All the other Maurer—Cartan forms can be found
inductively by integration:

doo =001 Aboo = dgAdt=001Agdt = 01 =9 +bdt,
dfo1 =62 Nboo = 02 =db + badt,

dfao = 0p3 Nboo—0p1Nbpo = Op3=...,
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Lax representations & exotic cohomology

THEOREM.

H'(Sym(€)) = Ra,

A emeE={ o 355
where

Q= 93,1 A 90,0 I %9271 A 9170 + %9171 A 9270.
COROLLARY. Equation
dw=3aAw+Q
is compatible with the structure equations of Sym/(&).
00 hj

REMARK. Denote w = 9370 = 0O3= Z T 9373‘.
j=0 J-
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Lax representations & exotic cohomology

Integrate
dfzo=3a N30+ 031 Nb0o+ % 9271 A 9170 - % 9171 N 9270
=

030 = P’ (dv — vy dr — (% Ug — Uy Vg — uy) dt — (% vg — ux) dy)
the Wahlquist—Estabrook form of the Lax representation

1,3
Ut = 5 Up — Uy Uz — Uy,
1,2
2 Uz

vy = — Uy

for the potential KhZ equation (G.M. Kuz'mina, 1967;
J. Gibbons, 1988; I.M. Krichever, 1988).
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Lax representations & exotic cohomology

REMARK. The structure equations for Sym(&):

da =0,

dOg = VO A Oy,

dO1 = aAO1+VO; AOy+ 2VO, A By,

dO3 =20 N O3+ VO A+ 2VO; AO1 + VO A Oy,

dO3 =3aNBO3+VO3AOg+3VO, AO; + 3VO; A Oy,

dOs =4aNOs+ VO, AO) +2VO3A01 +1VO, A0, — VO, A Oy,

can be written in the form

da = 0,

k
dOr =kaAOr+ Y (1—1m) VO,_im A Oy, 0<k<4.

m=0
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Lax representations & exotic cohomology

DEFINITION. For n € N and € € R denote by &(n,¢) the Lie
algebra with the structure equations

da = 0,

k
dOr =kaAOr+ > (1+em) VOr_m A Oy, 0<k<n,
m=0
REMARK. &(n,¢) = (Rus1]s] ® C¥(R)) x RY,
where
® Rot1(s] = R[s]/(s" T = 0);
o C“(R) is the space of real -analytic functions of ¢;
@ the Lie bracket on R, 1[s] ® C¥(R) is
(fo9le=Ffa—gfi+es(fsg—gs fr);
oY =50;.

REMARK. &(n,¢) is a deformation of &(n,0).
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Lax representations & exotic cohomology

OBSERVATION. Suppose € = f% with » € N and n > r. Then
the 1-form 6, has only two entries in the structure equations

da =0,
k
dOr =kaNOy+ Y (1-2) VO4_pm A Oy, (%)
m=0

of &(n, —%), namely, the first equation from the series of
equations for ©, is of the form
d97«70 =ral eno + U, (**)
where neither ¥, nor the other equations in (%) contain 6, q.
CONCLUSION. Remove (#%) from (x). Denote by &(n, —1) the
Lie algebra with the obtained structure equations. Then
Hzra(é(n7 *%)) =R [\Ijr]a

and &(n, —1) is an extension of &(n, —1) associated to ().
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Lax representations & exotic cohomology

EXAMPLE. &(5,—1) — integrate the structure equations:
o0 =1 q*dt, 610=3pq (dy+adt),

02,0 = 3 p*¢* (dz + 2ady + (3a® — 2u;) dt),

030 =p>q(dz + adz + (a® —u,) dy + (a® — 2au, — uy) dt),
050 =p° ¢! (du — ug dt — ug do — uy dy — u, dz).

Then integrate the equation for 6,0 and rename a = v,:
040 = —pt (dv — (1 v4 —uzv2 Ug Uy — Uy oL 3 U ) dt

—(%vz )dx (%2 uzvz—ux)dy—vzdz).
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Lax representations & exotic cohomology

Ve —

1,4 2 1,2
TV — Uz Uy — Ug Uz — Uy + 5 UZ,
1,3

3V = Uz Uz — Uy,

1,2

§Uz_u2'

This is the Lax representation for the second system from the

dKP hierarchy

Ugy =
ny =

Uyy =

®© © 6 6 ¢

Uyy + Uy Uzyz,

Uty + Uy Ugy + Uy Uy,
2

Uty + Uy Ugz + uz Uzz.

V.E. Zakharov, 1980

P.D. Lax, C.D. Levermore, 1983
Y. Kodama, 1988

B.A. Kupershmidt, 1990
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Lax representations & exotic cohomology

EXAMPLE. &(6, 1)

Ut
Uy
(%

Uy

5

205 — ugv3 — u v 4 (U2 — ug) Vs + Uz us — uy,
%v?—usvg—uzvs—um—i—%uz,

203 — ugvg — us,

%vg—us

Ugs + Us Uss,

Uys + Us Uzs + Uz Uss,

Uts + Us Ugs + Uz Uzs + Ug Uss,

Uyz + Uy Uzs + Uz Uss,

Utz + Uy Uys + (uz + U?) Uzs + 2 Uy Us Uss,
Uge + Ug Ugs + 21Uy Us Uz + (U2 + u2) Ugs.
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Lax representations & exotic cohomology

®(3,-1)7?

For n > r consider the Lie algebra $(n,r) with the structure
equations

da =0,
dB=raApg,
k/
dOy = K a A O + Z (1 = %) VOr _m A Opm,
m=0

k//
dOpr = k" o \ Oprr + Z (1 = %) VO _yy ANOpy + BAVOpn_,.,
m=0

K e{0,....r—1}, K" €{r,....,n}.

REMARK: $(n, ) is the right extension of &(n, —1/r) by the
outer derivative Z such that Z: st/ — jsk¥t7¢9=! for k +r < n,
Z:s"t »0fork+r>n,and ZoY —YoZ = —rY.
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Lax representations & exotic cohomology

EXAMPLE. $(3,2):
RlaAf] A=-2
2 _ ) )
H)xa(ﬁ(372)) - { {0}’ A ?é -9
dégp = 204/\5270 +9271 /\9070 T %91,1 /\91,0 +B/\9071 +2aAp

Integrate = the Lax representation
v = 5 (¥ —uy)? —uy,
vy = €% —u,.

for the equation

Uyy = Uty + Ug Ugy-

V.S. Gerdjikov, 1988,

M. Btaszak, 2002,

M.V. Pavlov, 2003,

E.V. Ferapontov, A. Moro, V.V. Sokolov, 2008.

®© 6 6 ¢
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Lax representations & exotic cohomology

EXAMPLE. $(4,3):

Baeay={ G 120

dég,o =3aA 9~370 =4k 93,1 VAN 90,0 aF % 9271 A 9170 aF % 9171 VAN 9270
+B N0y +3aNnp

Integrate = the Lax representation

_ 1 v 3 )

vy = 3 (6" —ug)” —u, (6% —ug) — uy,
_ 1 (w 2

vy = 35 (6" —ug)” —uy,

vy, = &= Uy,

for the system

Uyy = Utz + Uz Uszz,

Uy = Ugy T Ugp Ugz,

Uyz = Uty + Uy Ugy + Uy Uy
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Lax representations & exotic cohomology

THEOREM: Let n > 2, then H? _(&(n,¢)) # {0} <

e=—2and A = —r, where r € {2,...,n}. In this case

H2, ,(8(n,—2)) =R[,],
where
[r/2]
P, = Z (r—2m) AN
m=0

COROLLARY. Equation
dw=raAw+ ®,.

is compatible with the structure equations of &(n, —%)

O. Morozov Exotic cohomology and integrable PDEs



Lax representations & exotic cohomology

EXAMPLE. &(3, —%):

the additional equation
dw=3aNw+30p0 030+ 010 A b2,

integrate = the Lax representation

_ 2
Uy = 0= (5 - )
Wy = @ Uy

for

_ 2
Uyy = Uty + (Uy — UZL) Ugg — 3 Uy Uy

o O.M., J. Geom. Phys. 59 (2009), 14611475
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Lax representations & exotic cohomology

EXAMPLE. &(4,—3) 7?7 $(4,2):
the additional equation

dw:404/\w—|—9170/\9370—1—290,0/\94,0—1—6/\9270

{vt = (uy—uruz—%ug)vz—u,

vy = (ug+3us) v, + 2.

_ 2
Uyy = Uty - Uy Ugy — Uy Uy + Uy Ugz + 2 (Ug -+ ©Z) Uy,

2 2 1.4
= (ux—i—uxuz—l—uyuz—kzuz) Uyy.
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Lax representations & exotic cohomology

EXAMPLE. &(5, —2):

Integrate =- the Lax representation

vy = 5(2u—(ux—%uzus—%u§) V,
— (Fuy — Fus w2 +upus —uZ — B ud) v,),
Ve = 2z+%usvz+(%ug+uz) Vs,
vy, = 63+(3uz—|—%u§) Uz+(3(uzus—um)+%—§u§) Vs

for ...
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Lax representations & exotic cohomology

.. the system

Uy Bl = us Ugs + Us Uz + 75 (12ug + 1103 + 12w, u,) ugs
+2( + Uy) Uss,

Ugs (u —|—8uz)uu+ (11 —|—18uzus 6Ug) Uss

4uyz+(4uz—|—3u )u (2uz+u8)(u§—4uz)uss,

Uty 10uzuys 2uzy+ (u? 12ux+4uzus)um

§(63u + 16 u? 48uy+172uzu 736umu5)uzS
(18u — 84u2 us 4+ 60Uy uy + 19U, ud) ugs
2(2u —ux+5uzug)uzz,

Uty &t —i—5(21uzus—i—24|:uz—';')uggus—|—4u‘sl—12uy)umS
—l—%(?u — 144 u? ug — 32Uy uy — 32U, ud — 32Uy u?) Uz
——(372uzu +48u1usuz—|—44uzu —|—576u +1008u
—96u2 + 31 ub) ugs + (u? — 2u, ug — 8u? )uzz+10umuys,

Uts 8y, + % (u2 +4u,) um +10 usuys — (22uus + 9ud — duy) u,s
—4(2uz+u§)uz2— (21 u, u? — 6 uy ug + 8ul —|—12uu)u35
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Conclusion & outlook

@ The approach based on the exotic cohomology of symmetry
pseudo-groups is successful in both describing known Lax
representations and deriving new ones.

o [t gives the solution to the problem of existence of a Lax
representation in internal terms of the PDE and allows one
to eliminate apriori assumptions about the possible form of
the Lax representation.

o The approach is universal and can be used to analyze a lot
of equations or Lie algebras with nontrivial second exotic
cohomology.
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Conclusion & outlook

Generalizations:

e to describe right extensions of &(n,e) (to compute
H'(&(n,¢€),6(n, )));

@ to replace vector fields on R by vector fields on R™ in the
constructions above. For example, Hamiltonian vector fields
on R? = the heavenly equations and related equations

(B. Kruglikov, O.M., 2012, 2015);
e o', ..., o™ instead of a,

dat = %C;k a? A oF instead of da = 0.
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