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Intention:

e to present an overview about some Camassa-Holm (CH) type
equations;

e to show that the CH and other similar equations can be
derived using arguments from symmetries and conserved
quantities;

e discuss some weak solutions of these equations.
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Operator X = 7(x, t,u)0 + £(x, t, u)0x + n(x, t, u)d, satisfying
the condition X( A =0 when A = 0.

Generalized symmetry generator (evolutionary)

Operator Xq = Q(x, u, u(1y,++)9y such that X(MA =0 when
A =0 and differential consequences.

Recursion operator

An operator R with the following property: if Xq = QJ,, is an
evolutionary symmetry of A =0, then Xzq = (RQ)J, is also
another evolutionary symmetry.
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A vector field C = (C°, C!), depending on x, t, u and derivatives
of u, is called conserved vector for the equation A =0 if its
space-time divergence D;C° + D, C! = 0 (conservation law) when
A =0 and all of its differential consequences.

Characteristic of a conservation law

If C=(C% C!)is such that D;C% + D, C! = QA, then C is a
conserved vector for the equation and @ is called characteristic,
or multiplier, of the conservation law.

If the domain of the equation is the entire real line, and if
C! - 0 when |x| = oo, then the quantity

H- / COdx
R

is constant (constant of motion).
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1834 (J. S. Russell): solitary waves

A wave described by a function u(x, t) = ¢(x — ct) such that
u(t,x) - uy as x — ct > +oo, where u; are constants. In Russell's
observation there was a particular solitary wave like a pulse
propagating in a channel with water.

1895 (D. Korteweg, G. de Vries): the KdV equation
An equation that might explain the wave observed by Russel:

Uy — 6uly + U = 0, u=u(x,t).



A solitary wave: 1-soliton of KdV equation
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Historical background

1965 (N. J. Zabusky, M. D. Kruskal): solitons

e They are of permanent form;
e They are localized within a region;

e They can interact with other solitons, and emerge from the
collision unchanged, except for a phase shift.
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Small digression: what is the importance of...

(bi-)Hamiltonians?
Lax pairs?

Infinitely many (generalized) symmetries?

e A sort of superposition of soliton-like solutions?

Integrability
These structures are related to what today is called integrability.

Definition

An equation is said to be integrable if it has at least one of the
following strucutres: bi-Hamiltonian structure, a Lax pair, or
infinitely many generalized symmetries.

, “superposition of soliton-like solutions’

is an indicative of integrable equations.
11
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Camassa-Holm’s work

R. Camassa and D. D. Holm, An integrable shallow water equation
with peaked solitons, Phys. Rev. Let., vol. 71, 1661-1664, (1993)

me+2ucm+umy =0, m=u— Uy.

Features of the equation:
bi-Hamiltonian formulation;
infinitely many symmetries;
a “sort of soliton” given by u(x,t) = ce”=<tl;
a “sort of superposition” of these solutions, given by

N
u(x,t) = Y. pi(t)e O,
j=1

12
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e Multipeakon solutions

N
u(x,£) = 3. pi(t)e I,
j=1
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e Multipeakon solutions

N
U(X, t) = Z pj(t)e_lx_qj(tﬂ'
J=1

e The functions p; and g; evolve according to the dynamical
system

q;(t) = g pr(t) el (D-a (]
! k=1

N
pjl-(t) = kgl sign(q;j(t) — qk(t)) p(t) e~ 19 () —ak(6)]

14
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For a while (~ a decade), the CH equation was the only known
equation to have such properties.
A. Degasperis and M. Procesi, Asymptotic integrability, in:
Symmetry and Perturbation Theory, World Scientific, 23-37
(1999) (not exactly new millenium, but...)

Degasperis-Procesi equation: m; + 3usm+umy, =0, m = U— Uxy.

A. Degasperis, D. D. Holm and A. N. W. Hone, A new
integrable equation with peakon solutions, Theor. Math.
Phys., 133, 1461-72, (2002)

b—equation: m; + buxym+umy =0, m = u— Uy
Only the DP (b =3) and CH (b = 2) equations are integrable.
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2

Novikov equation: m; + u“my + 3uu,m =0, M= U — Uy

Both are integrable. 18
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P. A. Clarkson, E. L. Mansfield and T. J. Priestley,
Symmetries of a class of nonlinear third-order partial
differential equations, Math. Comput. Modelling., 25,
195-212, (1997).

Symmetries of a family of equations including the b— equation
(although it had not been discovered yet!):

X1 =0y, Xo = at, X3 = ud, — tos.

Y. Bozhkov, I. L. Freire and N. H. Ibragimov, Group analysis
of the Novikov equation, Comp. Appl. Math., 33, 193-202,
(2014).

Symmetries of the Novikov equation:

X1=0x, Xo=0¢ X3=2ud, - to, L = €0y + e*ud,.

19



On the other hand...

Characteristic (or multiplier) Q = u
It was also clear that both Camassa-Holm and Novikov equations
had a conservation law with characteristic Q = v.

20



On the other hand...

Characteristic (or multiplier) Q = u
It was also clear that both Camassa-Holm and Novikov equations
had a conservation law with characteristic Q = v.

Conservation of the Sobolev norm H'!
From this charactisc one can obtain the following conserved
quantity for the CH and Novikov equations:

20



On the other hand...

Characteristic (or multiplier) Q = u
It was also clear that both Camassa-Holm and Novikov equations
had a conservation law with characteristic Q = v.

Conservation of the Sobolev norm H'!
From this charactisc one can obtain the following conserved
quantity for the CH and Novikov equations:

H:/R(u2+u)2<)dxz ||qu_,1

which is nothing but the squared of the norm of a function u(-, t)
belonging to the Sobolev space H(R).

20



On the other hand...

Characteristic (or multiplier) Q = u
It was also clear that both Camassa-Holm and Novikov equations
had a conservation law with characteristic Q = v.

Conservation of the Sobolev norm H'!
From this charactisc one can obtain the following conserved
quantity for the CH and Novikov equations:

H= [ (e + 2)ax = |uls

which is nothing but the squared of the norm of a function u(-, t)
belonging to the Sobolev space H(R).

Sobolev space H!(R)
It is the space of functions (including distributions) endowed with

the norm defined above. 20
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Summary until now

Camassa-Holm u; — U + 30Uy = 2Ux Usye + Ul
e Symmetries: X1 =0x, Xo=0¢, Xz=1ud, - to;
e Conservation law:

Di(? + 1?) + 2D, (U3 — tP gy — Uley) =
u(me + 2uem + umy).

NoVikoV U; — Up + 40P Uy = 30l Usy + U2 Ussex

e Symmetries:
X1=0x, Xo=0¢ Xz=2ul,—-t0:, X.=e0,+e*™udy,:
e Conservation law:

D (2 + u?) + 2D, (u* — tPug — ) =

u(mg + 3uuxm + u’>my). 21
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Question

Consider the family of equations

Up — Upex + F(U) Uy + g(U) Uy txy + h(U) Usxe = 0.

What would be the most general equation in this family having...

1. the operator X = ud, — pt0; as a generator of a group of
scaling symmetries; and

2. a charactheristic Q = u?

Answer

Up — Upoe + YUP U + 0(p + 1) P LUyt + SUP U = 0

w=P. L. da Silva and I. L. Freire, An equation unifying both
Camassa-Holm and Novikov equations, Discrete Contin. Dyn.
Syst., Suppl., 304-311, (2015).
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Ut — Upee + YUPU + O0(p + 1) uP Uyt + UP U = 0 @and??

Nice choice: y=p+2,6 =-1

o U — Upoc + (P+2)uPuy = (p+ 1) uP gt + UP Uy

e Alternative form: m; + (p + l)up‘luxm + uPm, =0.

Some observations

e CH: p=1. Novikov: p =2.

e the parameter controls coefficients and nonlinearities!

Natural questions

1. Are there other integrable members in the family?
2. Are there further conservation laws?

3. Are there other members having peakon solutions?

23



Other integrable members?

No. See M. Hay, A. N.W. Hone, V. S. Novikov and J. P. Wang,
Remarks on certain two-component systems with peakon
solutions, arXiv:1805.03323, (2018).
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Other integrable members?

No. See M. Hay, A. N.W. Hone, V. S. Novikov and J. P. Wang,
Remarks on certain two-component systems with peakon
solutions, arXiv:1805.03323, (2018).

Further conservation laws? Peakons?
Positive answers, but they will be shown by considering a little
more general equation:

-1
Ut — Upsexe + auP iy — buP™ Uy Uy, — cuP Uy = 0.

S. C. Anco, P. L. da Silva and I. L. Freire, A family of
wave-breaking equations generalizing the Camassa-Holm
and Novikov equations, J. Math. Phys., 56, 091506, (2015).

24



Oth order conservation laws

Theorem
The local Oth order conservation laws admitted by the equation

consists of three Oth order conservation laws:
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consists of three Oth order conservation laws:

e CO=yand C'=(a/(p+1))uPt + (pc— b)u?/2 + uy
ifp=1orb-=pc;

o CO=(c-a)e*Va/<y and
Cl = e*ValX(\/ac(uy + cuuy) — cup — 2 (U2 + Uty )
ifp=1, b=3c and c #0;

o CO=0and C' = f(t)e* (x(us + cuty) — up — (U2 + Uxy)),
ifp=1,a=c and b=3c.
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1st order conservation laws

Theorem

The I1st-order local conservation laws admitted by the equation
are:

o CO=(u?+u?)/2 and Cr = (a/(p+2))u— Clp)uP™ =ty if
b=(p+1)c;

o CO%=xu-—ct(v?+u?)/2 and
Ct = (ctu—x) (Upx + Ul ) + U — 2 tud 3+ cx(u? — u2 +2uuy ) /2
ifp=1,a=c and b=2c.

There are also two other conservation laws with multipliear os 2nd
order.

Observe that the Sobolev norm is conserved if b= (p+1)c,
that is, we have the equation

Ut — Upex + aUP e — (p + 1) ctP Lty e — P s = 0. 6



Peakon solutions

e First and foremost, peakons are solutions in the distributional
sense!
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Peakon solutions

e First and foremost, peakons are solutions in the distributional
sense!

e Assume that u(x,t) = ¢(z), z = x — vt, be a solution of
Up — U + aUP U, — bUP ™Yty Uiy — CUP Usose = 0. Then we have

the ODE —V(QS = ¢')" + agbp + ¢’ _ b¢P—1¢l¢/l _ Cgf)qu’” _ 0

Weak formulation for travelling waves
A weak solution of the ODE is a function satisfying the integral
equation, for any test function

0= fR (v(" =)@ + (ath — cy)")¢P ¢ ) dz

+% [l%(b_?)pc)w,qﬁp_l((b/y 4 (,D— 1)(b_pc)¢¢p—2(¢/)3)dz-
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Peakon solutions

o If we suppose ¢(z) = e, the integral equation reads:
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Peakon solutions

o If we suppose ¢(z) = e, the integral equation reads:

2a(v—caP)e'(0)+aP*(b+c—a) Asign(z)zpe*(ml)lzldz: 0.

e If a=b+c and caP = v, then the ODE
—v(p—¢')" +agP +¢' — bpPL¢'¢" — cpPP"’ = 0 has the weak
solution ¢(z) = ae .

Theorem

Assume that a= b+ c and caP = v. Then the equation

Up — Upex + aUP U — buP Uy sy — CUP Uy = 0 has the neslen
solution u(x,t) = (v/c)/Pe v,

28



Some interesting observations

Equation

Up — Upex + aUP Uy — buP ™ Uy Uy — CUP Uy = O
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Some interesting observations

Equation

Up — Upex + aUP Uy — buP ™ Uy Uy — CUP Uy = O

Conservation of Sobolev norm
b=(p+1)c

1-peakon solution
a=b+c.

Theorem

If the equation has the 1-peakon solution

u(x,t) = (v/c)Pe"*=vtl and also has the Sobolev norm ||ul ;1
as a conserved quantity, then, after a scaling in t, we have

U — Upe + (P + 2)UP U = (p+ 1) uP LUyt + UP U OF its
equivalent form m; + (p + 1)uP " u,m + uPmy = 0.

29



Multi-peakons

e Let us now suppose that p is a positive integer.
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N
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N
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© M=U— Uy =2 _glpi(tﬁ(X— qi(t));
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Multi-peakons

e Let us now suppose that p is a positive integer.
e Let us assume that

N
u(x,6) = 3 pi(D)e ),
i=1

© M=U— Uy =2 _glpi(tﬁ(X— qi(t));
o me=2 % pi(t)9(x - ai(t))

N N
*m=22 pi(t)0(x - qi(t)) -2 ) pi(t)qi(£)8"(x - qi(t));
1= 1=
e Substituting these quantities into
m; + (p+ 1)uP uym+ uPm, = 0 and integrating against test

functions, we have the following:

30



Multipeakon solution

Theorem
The equation

my + (p+ 1)up_1uxm+ uPm, =0

N
admits u(x,t) = ¥ pi(t)e 9l as a multipeakon solution if
i=

the functions p;,q;, i =1,..., N, satisfy the following dynamical

system:
. =i |—laj-as,|

, . g el
pi=pi ), sign(qi—qi)pi-..pie VI

I

- [ —
, g Ilar—a
ql = Z pi, - .. piye 199 =i, |

|

31



Explicity solutions m; + (p + 1)uP~tu,m + uPm, =0

1-peakon

u(x, t) = c/Pe =<t (assuming ¢ > 0)
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Explicity solutions m; + (p + 1)uP~tu,m + uPm, =0

1-peakon

u(x, t) = c/Pe =<t (assuming ¢ > 0)

More than one peakon
Life, or science, or both, is not so simple...®

What could be done?
We can try to have some information for the case in which we

have 2 peakons.

32



2-peakons: what can be done

Let us consider a solution given by
u()(7 t) = pl(t)e_|x_q1(t)| + pz(t)e_lx_qZ(t)L
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2-peakons: what can be done

Let us consider a solution given by
u()(7 t) = pl(t)e_|x_q1(t)| + pz(t)e_lx_qZ(t)L

e Sobolev norm implies: H = p? + p3 + 2py ppe” 1%l = const.
e Consequence: 0 < e 9% = (H - p2 — p2)/(2p1p2) < 1.
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2-peakons: what can be done

Let us consider a solution given by
u(x,t) = p1(t)e P—a®l 4 p(t)e -2l

e Sobolev norm implies: H = p% + p% +2p1poelml = copst.
e Consequence: 0 < e 9% = (H - p2 — p2)/(2p1p2) < 1.

Qualitative analysis of the dynamical system

a1 =AY, gy = A,
A= (H+p2-p3)/(2p1), Ax=(H-p?+p3)/(2p1),
p = Lsign(q1 — ¢2) AP (H - p2 - p3),

: -1
Py = —3sign(q1 — q2) A5 (H - p? - p3).
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Features and problems of the equation

: peakon and multi-peakon solutions.®

: few conservation laws.

"I\
: other weak travelling wave solutions:Kinks. g
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Kink solution: u(x,t) = Zj’\il ¢jsign(x — q;(t)) (e -u(®l 1)

® (; are constants;

e The functions g;, evolve according to the dynamical system

N P
q; =~ (2 cjsign(q; — q;)(e™19791 - 1) , 1<j<N
j=1

e Example of 2-kink solutions with p=1 (B. Xia and Z. Qiao,
Physics Letters A, 377(2013)2340-2342)
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Work in progress

Kink solution: u(x,t) = Zj’\il ¢jsign(x — q;(t)) (e -u(®l 1)

® (; are constants;

e The functions g;, evolve according to the dynamical system

N P
q; =~ (2 cjsign(q; — q;)(e™19791 - 1) , 1<j<N
j=1

e Example of 2-kink solutions with p=1 (B. Xia and Z. Qiao,
Physics Letters A, 377(2013)2340-2342)

u(x,t) = sign(x-— %) In (et + 1)(6—\x—§ In (e2t+1)] _ 1)

+sign(x + %) In (eZt 4 1)(e—|x+%ln (e?t+1)| _ 1)'

e For p>1 we hope to report some results soon!
35



Simulation of the solution

-30 =20 =10 10 20 30

(=)bH+]
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Simulation of the solution

-30 =20 =10 10 20 30

(=)bH+]

Thank you! ©
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