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Plan for my talk

1. Introduction to (Projective) Finsler geometry
2. Main theorem and proof

Main theorem: Every (fiber-global, C*°) Finsler metric F on a two dimen-
sional manifold with dimp = 3 is locally projectively related to

> either a Randers metric F = /g + 3 with p(F) = iso(g)

> or to a Riemannian metric.

3. What | want to do next
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What is a Finsler metric?

Setting:
» M smooth manifold with local coordinates (x')
» TM tangent bundle with local but fiber global coordinates (Xi,fj)
> All objects are assumed C°° and defined locally on M, but fiber global.

Definition: A Finsler metric is a smooth collection of norms for each T, M.
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Setting:
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» F measures length of vectors and length of curves L(c) = fol F(&(t))dt.
» Hence induces a system of geodesics - we will study F only by its geodesics.
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Bernhard Riemann
Habilitationsvortrag
(1854)

Paul Finsler
Studied variational problems
for arbitrary metrics (1918)
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The fundamental form gj;

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O = U,y TxM\{0}
(b) (Homogenity) F(X§) =AF(§) forall A\ >0and (£ € TM

*(1F?) . s -
FTRER] (x, &) is positive definite V(x, ¢) € TM\0

(c) (Strict convexity) gj(x,&) =

The matrix g = (gj) = ( aglaa ) is called fundamental form.
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In Finsler geometry, all objects are homogenuous in &.
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The fundamental form gj;

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O = U,y TxM\{0}
(b) (Homogenity) F(X§) =AF(§) forall A\ >0and (£ € TM

2012
(c) (Strict convexity) gj(x,&) = Baé'?azf) (x, &) is positive definite V(x, £) € TM\0

2/1 2
The matrix g = (gj) = (%) is called fundamental form.

» For each (x,&), it is g(x,&) an inner product on T, M.
> Notation for the inverse matrix g ~*(x, &) = (g%(x, €))

In Finsler geometry, all objects are homogenuous in &.
fei is (k —1)-h
> Euler theorem: If f(£) is k-homogeneous, then { fz; Eg;i - fgg)omogeneous

= gii(x, &) = giji(x, A) for A >0
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The fundamental form gj;

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O = U,y TxM\{0}
(b) (Homogenity) F(X§) =AF(§) forall A\ >0and (£ € TM

*(1F?) . s -
FTRER] (x, &) is positive definite V(x, ¢) € TM\0

(c) (Strict convexity) gj(x,&) =

2/1 2
The matrix g = (gj) = (%) is called fundamental form.

» For each (x,&), it is g(x,&) an inner product on T, M.
> Notation for the inverse matrix g ~*(x, &) = (g%(x, €))

In Finsler geometry, all objects are homogenuous in &.
fi(€) is (k — 1)-homogeneous

> Euler theorem: If (&) is k-homogeneous, then { fg;(ﬁ)ﬁi — k- F(8)

= gij(x, &) = gij(x,A§) for A >0
= gij(x, 5)5'8 = F2(X, &)  (recover F from g)
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Finsler geometry generalizes Riemannian geometry

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O := U,y T-M\{0}
(b) (Homogenity) F(X¢) = AF(&) forall A\ >0and £ € TM

9*(LF?)

(c) (Strict convexity) gii(x,&) = ERER) (x, &) is positive definite V(x, ¢) € TM\0

Famous example: Riemannian metrics

F(x,&) = v gij(x)§ig (gij(x)) positive definite matrix
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Finsler geometry generalizes Riemannian geometry

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O := U,y T-M\{0}
(b) (Homogenity) F(X¢) = AF(&) forall A\ >0and £ € TM

2,12
(c) (Strict convexity) gii(x,&) = 882,-28;) (x, &) is positive definite V(x, ¢) € TM\0

Famous example: Riemannian metrics

F(x, &) = Vgi(x)€'¢  (gij(x)) positive definite matrix
» Fundmantal form gj(x, &) = gij(x)

» The norm on T M is induced by a inner product.

How to visualize Finsler metrics? By its indicatrices Q, = {{ € T.M | F(§) = 1}.

» F Riemannian = Every Q, is an ellipse symmetric wrt. the origin.

©
33
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Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.
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Take a surface with Riemannian metric g and a wind vector field W.

» Without wind, in an infinitesimal time unit one can move from x to
Sc={{ € TM | g(& &) =1}
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Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.

» Without wind, in an infinitesimal time unit one can move from x to

» With the wind W, in an infinitesimal time unit one can move from x to S, + W,.

4
| S\
[ AWk
\ \‘,: A
S
WX
S Y,

-
-
-

-

» Fact: There is a Finsler metric with indicatrix Q, = S, + W,. (Zermelo navigation)

Julius Lang (Friedrich-Schiller Universita

Finsler metrics with three dimensional projective symmetry algebra



Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.
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Sc={{ € TM | g(& &) =1}

» With the wind W, in an infinitesimal time unit one can move from x to S, + W,.
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» Fact: There is a Finsler metric with indicatrix Q, = S, + W,. (Zermelo navigation)

First non-Riemannian example: Randers metrics

F(x,§) = Ve&i(x)§'¢

Riemannian metric \/g

+  Bix)E
N——

1-form B=p;(x)dx’
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Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.

» Without wind, in an infinitesimal time unit one can move from x to

» With the wind W, in an infinitesimal time unit one can move from x to S, + W,.
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» Fact: There is a Finsler metric with indicatrix Q, = S, + W,. (Zermelo navigation)
First non-Riemannian example: Randers metrics

F(x.6)= Vei(x)§d + Bi(x)e

Riemannian metric \/g  1-form B=p;(x)dx’

> Indicatrices Qx in each T,M are shifted ellipses (as in the wind example)
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Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.

» Without wind, in an infinitesimal time unit one can move from x to
Sc={{ € TM | g(& &) =1}

» With the wind W, in an infinitesimal time unit one can move from x to S, + W,.
\\

-
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» Fact: There is a Finsler metric with indicatrix Q, = S, + W,. (Zermelo navigation)
First non-Riemannian example: Randers metrics

F(Xvé.) =

gi()EE +  Bi(x)E
———— ~——

Riemannian metric \/g  1-form 8=p;(x)dx/

> Indicatrices Qx in each T,M are shifted ellipses (as in the wind example)
> F(x,&) = F(x,=¢) if and only if 3 =0
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Motivational example: Windy surfaces and Randers metrics

Take a surface with Riemannian metric g and a wind vector field W.

» Without wind, in an infinitesimal time unit one can move from x to
Sc={{ € TM | g(& &) =1}
» With the wind W, in an infinitesimal time unit one can move from x to S, + W,.
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Qx e \
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» Fact: There is a Finsler metric with indicatrix Q, = S, + W,. (Zermelo navigation)

First non-Riemannian example: Randers metrics

Fx6)= Veil)ee +  Bix)¢
———— ~——
Riemannian metric \/g  1-form 8=p;(x)dx/
> Indicatrices Qx in each T,M are shifted ellipses (as in the wind example)
> F(x,&) = F(x,=¢) if and only if 3 =0
» If B is small (g7:8; < 1), then Q, encloses the origin and F is a Finsler metric.
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General Finsler metrics can be very complicated

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O = U,y TxM\{0}
(b) (Homogenity) F(X§) =AF(§) forall A\ >0and (€ TM

2012
(c) (Strict convexity) gj(x,&) = %(X, &) is positive definite V(x, &) € TM\0

Property (c) < Indicatrices Q, enclose a strictly convex body

» For a general Finsler metric, Q. can be any strictly convex body
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General Finsler metrics can be very complicated

Definition: A Finsler metric is a function F : TM — R>( with properties
(a) (Regularity) Fis C* on TM\O = U,y TxM\{0}
(b) (Homogenity) F(X§) =AF(§) forall A\ >0and (€ TM

2012
(c) (Strict convexity) gj(x,&) = %(X, &) is positive definite V(x, &) € TM\0

Property (c) < Indicatrices Q, enclose a strictly convex body

» For a general Finsler metric, Q. can be any strictly convex body

» Riemannian and Randers metrics are rather easy Finsler metrics
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

oL d (L
B =50~ dr <a§f) =0
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

oL d (L
B =50~ dr <a§f) =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0

> (D) — (5@ — (5)eieé =0
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

oL d (L
B =50~ dr <a§f) =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0

2 2 ¥ 2 me mi (. dg; k-
> (D = (Fen® —(F)eg® =0 & &n 4267 (258 — gr) ekel =0
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

oL d (L
B =50~ dr <a§f) =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0
2 2 L 2 mo mj dg; P k-
(5~ (Dlewt — (Fleo® =0 B en 4257 (230 — G eel =0

Definition: A spray is a vector field S on TM\0 of the form

Slpe = €0y —2G (x,€)0ei with VA > 0: G'(x, A€) = G/ (x, €).
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

oL d (L
B =50~ dr <a§f) =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0

P2 P2 L F2 g™ . mj gk F) kel
)i = (T — (T )eigd =0 = &"+25- (23711 - %) ¢e=0

Definition: A spray is a vector field S on TM\0 of the form
Slpe = €0y —2G (x,€)0ei with VA > 0: G'(x, A€) = G/ (x, €).

» (Projections of) Integral curves 281 Solutions of & + 2G'(c,¢) = 0.
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs
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Definition: A spray is a vector field S on TM\0 of the form
Slpe = €0y —2G (x,€)0ei with VA > 0: G'(x, A€) = G/ (x, €).
» (Projections of) Integral curves 8! Solutions of &+ 2G'(c,¢) = 0.

> For initial value (x,§) € TM\O there is a unique integral curve c

Finsler metrics with three dimensional projective symmetry algebra

Julius Lang (Friedrich-Schiller Universitat Jena)



Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

_ L d (8L _
B =50~ & <a§i> =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0

P2 P2 L F2 g™ . mj gk F) k-l
b = (e = (Fgat =0 & en 267 (255 - G ) e =0

Definition: A spray is a vector field S on TM\0 of the form
Slpe = €0y —2G (x,€)0ei with VA > 0: G'(x, A€) = G/ (x, €).
» (Projections of) Integral curves 8! Solutions of &+ 2G'(c,¢) = 0.

> For initial value (x,§) € TM\O there is a unique integral curve c
. and the curve for initial value (x, A{) is the curve c(At) for A > 0.
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Euler-Lagrange equations and Finsler Geodesics

Euler-Lagrange equation: For a Lagrangian L : TM — R the extremals of the
functional fol L(¢(t))dt are the solutions c(t) of the ODEs

_ L d (8L _
B =50~ & <a§i> =0

Definition: Geodesics of a Finsler metric F are the solutions of Ei(3F*) =0

P2 P2 L F2 g™ . mj gk F) k-l
b = (e = (Fgat =0 & en 267 (255 - G ) e =0

Definition: A spray is a vector field S on TM\0 of the form
Slpe = €0y —2G (x,€)0ei with VA > 0: G'(x, A€) = G/ (x, €).
» (Projections of) Integral curves 8! Solutions of &+ 2G'(c,¢) = 0.

> For initial value (x,§) € TM\O there is a unique integral curve c
. and the curve for initial value (x, A{) is the curve c(At) for A > 0.

Definition: Geodesic spray G'(x, &) = gTij (2 aaif,k %";ﬁ-’) gke!

» Curves are exactly geodesics of F
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Why don’t we define geodesics as the solutions of Ej(F) = 0?
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Why don’t we define geodesics as the solutions of Ej(F) = 0?

» Main difference: F 1-homogeneous, %2 2-homogeneous (in &)
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Why don’t we define geodesics as the solutions of Ej(F) = 0?
» Main difference: F 1-homogeneous, %2 2-homogeneous (in &)

» Does not define a spray, since the Hessian of F is singular: %(x7 &E =0
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Why don’t we define geodesics as the solutions of Ej(F) = 0?
» Main difference: F 1-homogeneous, %2 2-homogeneous (in &)

» Does not define a spray, since the Hessian of F is singular: %(x7 &E =0

» No distinguished parametrization:
c(t) solution of E;(F) = 0 = c(¢(s)) with ¢’ > 0 is solution of E;(F) =0
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Why don’t we define geodesics as the solutions of Ej(F) = 0?
» Main difference: F 1-homogeneous, %2 2-homogeneous (in &)

» Does not define a spray, since the Hessian of F is singular: %(x7 &E =0

» No distinguished parametrization:
c(t) solution of E;(F) = 0 = c(¢(s)) with ¢’ > 0 is solution of E;(F) =0

However:

» Solutions of E;(3F?) = 0 are exactly the reparametrizations to F-arc length of
solutions of Ej(F) =0
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.
To quotient by this equivalence relation, we go

» from sprays (vector fields on TM)

> to path structures (1-dim. distributions on the unit sphere bundle SM).
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.

To quotient by this equivalence relation, we go
» from sprays (vector fields on TM)
> to path structures (1-dim. distributions on the unit sphere bundle SM).

Consider S;M = (T M\0)/R; with projection 7 : TM\0 — SM.
» (€ 5.M is an oriented direction/ray on M
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.

To quotient by this equivalence relation, we go
» from sprays (vector fields on TM)
> to path structures (1-dim. distributions on the unit sphere bundle SM).

Consider S;M = (T M\0)/R; with projection 7 : TM\0 — SM.
» (€ 5.M is an oriented direction/ray on M
Definition: The path structure P(S) of a spray S is the family ¢ € SM

Pe = {dnee)(Siwe) | (x,€) € 77(0))
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.
To quotient by this equivalence relation, we go

» from sprays (vector fields on TM)

> to path structures (1-dim. distributions on the unit sphere bundle SM).

Consider S;M = (T M\0)/R; with projection 7 : TM\0 — SM.
» (€ 5.M is an oriented direction/ray on M
Definition: The path structure P(S) of a spray S is the family ¢ € SM

Pei= (dmee)(Sime) | (€ €771 (0) € Te(SM).

A path structure is just collection of unparametrized curves on M, s.t. for each point
and direction there is exactly one.
Its curves (whose lift to SM is tangent to P) are oriented reparametr. of curves of S.
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Projectively related sprays and path structures

Definition: Two sprays are projectively related if (the projections to M of) their
curves coincide as oriented point sets.

To quotient by this equivalence relation, we go
» from sprays (vector fields on TM)
> to path structures (1-dim. distributions on the unit sphere bundle SM).

Consider S;M = (T M\0)/R; with projection 7 : TM\0 — SM.
» (€ 5.M is an oriented direction/ray on M
Definition: The path structure P(S) of a spray S is the family ¢ € SM

Pei= (dmee)(Sime) | (€ €771 (0) € Te(SM).

A path structure is just collection of unparametrized curves on M, s.t. for each point
and direction there is exactly one.
Its curves (whose lift to SM is tangent to P) are oriented reparametr. of curves of S.

Lemma: Two sprays S, S are projectively related,
1. if and only if § = § — 2hV, for some h: TM — R and V = 5"65,-

2. if and only if P = P.
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM
Py = {d7(x6)(Sx,e)) | (x,€) € 771(0))

U
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM
Py = (dm(x ) (Spe)) | (x,€) €771(0))  C Ty(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.
We use two charts (x, y, z) for SM:
Us ={[(x,y,u,v)] € SM | u > 0}
U- ={l(x,y,u,v)] € SM | u < 0}
o+ Uy — R3
o U_. =R
(Xv.yv u, V) = (vavf)

“pnl
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM
Py = (dm(x ) (Spe)) | (x,€) €771(0))  C Ty(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.
We use two charts (x, y, z) for SM:
Us ={[(x,y,u,v)] € SM | u > 0}
U- ={l(x,y,u,v)] € SM | u < 0}
o+ Uy — R3
o U_. =R
(Xv.yv u, V) = (vavf)

“pnl

» U; and U_ cover SM up to vertical directions
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM

Py = (dm(x6)(Sx.e)) | (x,€) € 77H(0))  C Tu(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.

We use two charts (x, y, z) for SM: U

“pnl

Up = {[(Xa}/vuv V)] € SM | U>0}

U- ={[(x,y,u,v)] € SM | u< 0}

QD+ZU+—>R3

o U_. =R

(5 y,u,v) = (6 y,5)

» U; and U_ cover SM up to vertical directions

» By continuity knowing P in the two charts is the same as knowing P on SM
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM

Py = (dm(x6)(Sx.e)) | (x,€) € 77H(0))  C Tu(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.

We use two charts (x, y, z) for SM: U

“pnl

Up = {[(Xa}/vuv V)] € SM | U>0}

U- ={[(x,y,u,v)] € SM | u< 0}

QD+ZU+—>R3

o U_. =R

(5 y,u,v) = (6 y,5)

» U; and U_ cover SM up to vertical directions

» By continuity knowing P in the two charts is the same as knowing P on SM

» In Uy coordinates, every path structure P is of the form

Piy,z) = (O« + 20, + f1(x,y,2)0:) .
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM

Py = (dm(x6)(Sx.e)) | (x,€) € 77H(0))  C Tu(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.

We use two charts (x, y, z) for SM:
Us ={[(x,y,u,v)] € SM | u> 0}
U- = {[(x,y,u,v)] € SM | u < 0}

Y+ - U+ — R3
o U_. =R
(5 y,u,v) = (6 y,5)

vYyy

Pixy,2)

v

Julius Lang (Friedrich-Schiller Universitat Jena)

“pnl

Uy and U— cover SM up to vertical directions
By continuity knowing P in the two charts is the same as knowing P on SM
In Uy coordinates, every path structure P is of the form

= (0x + 20, + fi(x,y,2)0:) .

Then the curves with x > 0 of P parametrized by x are given by

y' =f(xy,y")
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Path structures in microlocal coordinates for dim M = 2

Definition: The path structure P(S) of a spray S is the family £ € SM

Py = (dm(x6)(Sx.e)) | (x,€) € 77H(0))  C Tu(SM).

Let dim M = 2 and (x, y) local coordinates on M, (x,y, u,v) on TM.

We use two charts (x, y, z) for SM:
Us ={[(x,y,u,v)] € SM | u> 0}
U- = {[(x,y,u,v)] € SM | u < 0}

Y+ - U+ — R3
o U_. =R
(5 y,u,v) = (6 y,5)

vYyy

Pixy,2)

v

“pnl

Uy and U— cover SM up to vertical directions
By continuity knowing P in the two charts is the same as knowing P on SM
In Uy coordinates, every path structure P is of the form

= (0x + 20, + fi(x,y,2)0:) .

Then the curves with x > 0 of P parametrized by x are given by

y' =f(xy,y")

» Path structure P +— Two ODEs y” = fi(x,y,y’)

Julius Lang (Friedrich-Schiller Universitat Jena)
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
< LxS=0
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
< LxS=0

» X is an projective symmetry if its flow maps unparametrized curves to such.
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
< LxS=0

» X is an projective symmetry if its flow maps unparametrized curves to such.
< LxS=f-V, where V = g"aé,»
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
< LxS=0

» X is an projective symmetry if its flow maps unparametrized curves to such.
< LxS=f-V, where V = g"aé,»
< LxP C P, ie. forall Z e X(SM) with Z, € Py we have LxZ € P:
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Affine/Projective symmetries of a spray

Definition/Lemma: Let S be a spray and X € X(M) a vector field.
» X is an affine symmetry if its flow maps parametrized curves of S to such.
< LxS=0

» X is an projective symmetry if its flow maps unparametrized curves to such.
< LxS=f-V, where V = g"aé,»
< LxP C P, ie. forall Z e X(SM) with Z, € Py we have LxZ € P:

affine
projective

5(S)

Lemma: The set of { o(S)

symmetries forms a Lie algebra {

> Clearly s(S) C p(S).
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Example (Circles of radius 1)

On R? consider the spray Sx.y,u.v) = u0x + vdy + V12 + v2 (vO, — ud,).
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3/2

Example (Circles of radius 1)
On R? consider the spray Sx.y,u.v) = u0x + vdy + V12 + v2 (vO, — ud,).
In microlocal coordinates its path structure P is given by
(U,) y// — ((yI)Q + 1)

" o_

(Ur) ¥y =

\
\

PG L
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Example (Circles of radius 1)
On R? consider the spray Sx.y,u.v) = u0x + vdy + V12 + v2 (vO, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

The general solution is y(x) = F4/1 — (x — a)? + b, i.e. negative oriented circles.

PG L
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Example (Circles of radius 1)
On RR* consider the spray S(x.,,u,v) = t0x + vOy + Vu? + vZ (v, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

F1- (x — a)2 + b, i.e. negative oriented circles.

The general solution is y(x) =

Lo,

Projective symmetry algebra: p = R? + 50(2) = (9, 0y, —yOx + x0,)

> Lift of a vector field to SM in U coordinates

X = adx + b0y, + cd; with ¢ = by + (b, — ax)z — a, 2*
— _(22 + 1)3/2

> In Uy, P=(Z) = (0x + 20y + f(x,y,z)) with f(x,y,z)
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Example (Circles of radius 1)
On RR* consider the spray S(x.,,u,v) = t0x + vOy + Vu? + vZ (v, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

F1- (x — a)2 + b, i.e. negative oriented circles.

The general solution is y(x) =

Lo,

Oy, —y0Ox + x0y)

Projective symmetry algebra: p = R? + 50(2) = (9,

> Lift of a vector field to SM in U coordinates
X = adx + b0y, + cd; with ¢ = by + (b, — ax)z — a, 2*
= —(224+1)3/2

> In Uy, P=(Z) = (0x + 20y + f(x,y,z)) with f(x,y,z)

> Xcpe[X,Z]=X2Z
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Example (Circles of radius 1)
On RR* consider the spray S(x.,,u,v) = t0x + vOy + Vu? + vZ (v, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

F1- (x — a)2 + b, i.e. negative oriented circles.

The general solution is y(x) =

Lo,

Projective symmetry algebra: p = R? + 50(2) = (9, 0y, —yOx + x0,)
> Lift of a vector field to SM in U coordinates
X = adx + b0y, + cd; with ¢ = by + (b, — ax)z — a, 2*
> In Uy, P =(Z) = (8« + 28y + f(x,y,2)) with f(x,y,z) = —(22 + 1)3/2
> Xepe [X,Z]=XZ <& afi+ bfy, + cf, = (¢; — ax — zay )f + cx + z¢,
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Example (Circles of radius 1)
On RR* consider the spray S(x.,,u,v) = t0x + vOy + Vu? + vZ (v, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

F1- (x — a)2 + b, i.e. negative oriented circles.

The general solution is y(x) =

Lo,

Projective symmetry algebra: p = R? + 50(2) = (9, 0y, —yOx + x0,)
> Lift of a vector field to SM in U coordinates
X = adx + b0y, + cd; with ¢ = by + (b, — ax)z — a, 2*
> In Uy, P =(Z) = (8« + 28y + f(x,y,2)) with f(x,y,z) = —(22 + 1)3/2
> Xepe [X,Z]=XZ <& afi+ bfy, + cf, = (¢; — ax — zay )f + cx + z¢,
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Example (Circles of radius 1)
On RR* consider the spray S(x.,,u,v) = t0x + vOy + Vu? + vZ (v, — ud,).

In microlocal coordinates its path structure P is given by
, 3/2 . , 3/2
(U v == (07 +1) () v = () +1)

F1- (x — a)2 + b, i.e. negative oriented circles.

The general solution is y(x) =

Lo,

Oy, —y0Ox + x0y)

Projective symmetry algebra: p = R? + 50(2) = (9,
> Lift of a vector field to SM in U coordinates
X = adx + b0y, + cd; with ¢ = by + (b, — ax)z — a, 2*
> In Uy, P =(Z) = (8« + 28y + f(x,y,2)) with f(x,y,z) = —(22 + 1)3/2
> Xcpe[X,Z]| =22 & afx+ bfy, 4+ cf, = (¢; — ax — zay)f + o + z¢,

Hence this is a path structure with dimp =3
» Is it the geodesic structure of some Finsler function?
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.

affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.

Fact (Cartan/Tresse): If dimp > 3, then dimp = 8 and F is projectively flat.
> i.e. there are local coordinates where all unparametrized geodesics are straight.
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.

Fact (Cartan/Tresse): If dimp > 3, then dimp = 8 and F is projectively flat.
> i.e. there are local coordinates where all unparametrized geodesics are straight.
> Projectively flat metrics were studied a lot, next one should consider dimp = 3

Main theorem: Every (fiber-global, C°°) Finsler metric F on a two dimensional
manifold with dimp = 3 is locally projectively related to




Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.

Fact (Cartan/Tresse): If dimp > 3, then dimp = 8 and F is projectively flat.
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Main theorem: Every (fiber-global, C°°) Finsler metric F on a two dimensional
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.

Fact (Cartan/Tresse): If dimp > 3, then dimp = 8 and F is projectively flat.
> i.e. there are local coordinates where all unparametrized geodesics are straight.
> Projectively flat metrics were studied a lot, next one should consider dimp = 3

» either a Randers metric F = /g + 8 with p(F) = iso(g)
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Projective Finsler Geometry and Lie Problem

Definition: Let F, F be Finsler metrics.
1. Fand F are projectively related, if their geodesic sprays S, Sare ie ifP=P.
affine s(F) . .
2. The { projective symmetry algebra { o(F) is the one of the geodesic spray.
3. X € X(M) is a Killing vector field if LxF = 0.
They form a Lie algebra iso(F).

Problem (Sophus Lie 1882):
Describe (Finsler) metrics F on surfaces with dim p(F) > 2.

Fact (Cartan/Tresse): If dimp > 3, then dimp = 8 and F is projectively flat.
> i.e. there are local coordinates where all unparametrized geodesics are straight.
> Projectively flat metrics were studied a lot, next one should consider dimp = 3

Main theorem: Every (fiber-global, C°°) Finsler metric F on a two dimensional
manifold with dimp = 3 is locally projectively related to

» either a Randers metric F = /g + 8 with p(F) = iso(g)

> or to a Riemannian metric.
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Plan for my talk

1. Introduction to (Projective) Finsler geometry
2. Main theorem and proof

Main theorem: Every (fiber-global, C*°) Finsler metric F on a two dimen-
sional manifold with dimp = 3 is locally projectively related to

> either a Randers metric F = /g + 3 with p(F) = iso(g)

> or to a Riemannian metric.

3. What | want to do next
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Idea of the proof

F Finsler metric
¢
S(F) geodesic spray
For a Finsler metric F we have 1
P(F) geodesic (path) structure
+
p(F)  projective symmetry algebra
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Idea of the proof

F Finsler metric
¢
S(F) geodesic spray
For a Finsler metric F we have 1
P(F) geodesic (path) structure
+
p(F)  projective symmetry algebra

To proof the theorem, we go backwards. In R?, locally, up to coordinate change...

Step 1. Find all possible 3-dimensional algebras of vector fields.
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Idea of the proof

F Finsler metric
¢
S(F) geodesic spray
For a Finsler metric F we have 1
P(F) geodesic (path) structure
+
p(F)  projective symmetry algebra

To proof the theorem, we go backwards. In R?, locally, up to coordinate change...
Step 1. Find all possible 3-dimensional algebras of vector fields.

Step 2. Find for them all possible path structures.

Julius Lang (Friedrich-Schiller Universitat Jena) Finsler metrics with three dimensional projective symmetry algebra



Idea of the proof

F Finsler metric
¢
S(F) geodesic spray
For a Finsler metric F we have 1
P(F) geodesic (path) structure
+
p(F)  projective symmetry algebra

To proof the theorem, we go backwards. In R?, locally, up to coordinate change...
Step 1. Find all possible 3-dimensional algebras of vector fields.
Step 2. Find for them all possible path structures.

Step 3. For each path structure, find a Finsler metric.
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Idea of the proof

F Finsler metric
¢
S(F) geodesic spray
For a Finsler metric F we have 1
P(F) geodesic (path) structure
+
p(F)  projective symmetry algebra

To proof the theorem, we go backwards. In R?, locally, up to coordinate change...
Step 1. Find all possible 3-dimensional algebras of vector fields.
Step 2. Find for them all possible path structures.

Step 3. For each path structure, find a Finsler metric.

Then if F is Finsler metric with dimp = 3, there are coordinates where
» pisasin Step 1
» hence P is as in Step 2

> hence F is projectively related to a metric from Step 3.
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.

Fact: Suppose g, § are transitive at 0. Then g and § differ by a coordinate change
around O if and only if there is a Lie algebra isomorphism g — § mapping go to go.
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.

Fact: Suppose g, § are transitive at 0. Then g and § differ by a coordinate change
around O if and only if there is a Lie algebra isomorphism g — § mapping go to go.

> Make a list of pairs (g, ) of three dimensional Lie algebras g with one
dimensional subalgebra b.

> 16 non-isomorphic pairs (two with parameter)
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.

Fact: Suppose g, § are transitive at 0. Then g and § differ by a coordinate change
around O if and only if there is a Lie algebra isomorphism g — § mapping go to go.

> Make a list of pairs (g, ) of three dimensional Lie algebras g with one
dimensional subalgebra b.

> 16 non-isomorphic pairs (two with parameter)

> If [g,h] C b, the pair (g,h) can not be realized as a vector field algebra.
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.

Fact: Suppose g, § are transitive at 0. Then g and § differ by a coordinate change
around O if and only if there is a Lie algebra isomorphism g — § mapping go to go.

> Make a list of pairs (g, ) of three dimensional Lie algebras g with one
dimensional subalgebra b.
> 16 non-isomorphic pairs (two with parameter)
> If [g,h] C b, the pair (g,h) can not be realized as a vector field algebra.

> Realize the remaining pairs.
> 10 algebras of vector fields (two with parameter)
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Step 1: List of 3-dimensional algebras of vector fields.

Let g, § be Lie algebras of vector fields on R".
The isotropy subalgebra in a point p € R" is g, = {X € g | X, = 0}.
We call g transitive at p, if {X, | X € g} has full dimension n.

Fact: Suppose g, § are transitive at 0. Then g and § differ by a coordinate change
around O if and only if there is a Lie algebra isomorphism g — § mapping go to go.

> Make a list of pairs (g, ) of three dimensional Lie algebras g with one

dimensional subalgebra b.
> 16 non-isomorphic pairs (two with parameter)

> If [g,h] C b, the pair (g,h) can not be realized as a vector field algebra.

> Realize the remaining pairs.
> 10 algebras of vector fields (two with parameter)

Result: For every vector field algebra g around a transitive point there are coordinates
where g is as in one of the 10 cases.
> One example case: g = (Ox, 0y, —yOx + x0y), go = (—yOx + x0,)
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Step 2: List of path structures with dimp = 3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.
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Step 2: List of path structures with dimp = 3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.
» Microlocal PDEs in Uy on P = (Z) = (0« + 20, + f(x,y, z))
> Lifts to SM X; = a,0x + b;d, + ¢;0;
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Step 2: List of path structures with dimp = 3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.
» Microlocal PDEs in Uy on P = (Z) = (0« + 20, + f(x,y, z))
> Lifts to SM X; = a,0x + b;d, + ¢;0;
» Xepe X, Z]=2Z
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Step 2: List of path structures with dimp = 3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.
» Microlocal PDEs in Uy on P = (Z) = (0« + 20, + f(x,y, z))
> Lifts to SM X; = a,0x + b;d, + ¢;0;
» Xepa[X,Z] =72 & afi+ bfy + cf, = (c; — ax — zay)f + cx + z¢,
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Step 2: List of path structures with dimp = 3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.

» Microlocal PDEs in Uy on P = (Z) = (0« + z0, + f(x,y, z))
> Lifts to SM X; = a,0x + b;d, + ¢;0;
» Xepe[X,Z]=XZ & afi+bfy +cf; = (c; — ax — zay)f + o + z¢y
al b1 Cc1
> If [ax bx < | isregular, f and P are determined by a initial value f(xo, Yo, 20)-
a3 b3 c
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Step 2: List of path structures with dimp =3

» Assume P with dimp = 3. If p is transitive in a point x € M, we can assume
that p = (X1, X2, X3) is from the constructed list by a coordinate change.

» Microlocal PDEs in Uy on P = (Z) = (0« + 20, + f(x,y, z))
> Lifts to SM X; = a,0x + b;d, + ¢;0;
» Xepa[X,Z]=2Z & afi+ bfy + cf, = (c; — ax — zay)f + cx + z¢,

al b1 (o]
> If (az by cz> is regular, f and P are determined by a initial value f(xo, yo, 20)-
a3 b3 o3

> Sort out cases with dimp = 8 and not fiber global extandable.

» Five cases remain, two with parameter:

Theorem: If P is a fiber global path structure with dimp = 3, then there are
local coordinates where P is one of the following:

(P1)  Circles of radius 1 in R? p =R?+50(2)
(P2) Circles’ of radius R in S? p =s50(3)
will be explained later
(P3) 'Circles’ of radius R in H? p =sl(2)
(P4)  Origin centered ellipses with area 1 in R? p =sl(2)

(P5)  Origin centered hyperbolas with 'fixed area’ in R*> p = sl(2)
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.

In dim M = 2, it is not clear weither every path structure is locally metrizable.
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.

In dim M = 2, it is not clear weither every path structure is locally metrizable.

» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.
In dim M = 2, it is not clear weither every path structure is locally metrizable.
» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)

» Every path structure is microlocally metrizable. (Sonin/Darboux/Matsumoto)
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.

In dim M = 2, it is not clear weither every path structure is locally metrizable.
» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)
» Every path structure is microlocally metrizable. (Sonin/Darboux/Matsumoto)

» If dimp > 3, then P is projectively flat and locally metrizable.
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.
In dim M = 2, it is not clear weither every path structure is locally metrizable.
» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)

» Every path structure is microlocally metrizable. (Sonin/Darboux/Matsumoto)

v

If dimp > 3, then P is projectively flat and locally metrizable.

v

If dimp = 3, then P is locally metrizable (Main theorem).
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.
In dim M = 2, it is not clear weither every path structure is locally metrizable.
» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)

» Every path structure is microlocally metrizable. (Sonin/Darboux/Matsumoto)

v

If dimp > 3, then P is projectively flat and locally metrizable.

v

If dimp = 3, then P is locally metrizable (Main theorem).

» Expectation: In dimension two, every path structure is locally metrizable.
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Finsler Metrization of Path Structures

General question (Projective Finsler Metrization):
Given a path structure P,

> is there a Finsler metric whose geodesic structure is P?

» how can one describe all such Finsler metrics?

In dim M > 3 exist path structures that are not even microlocally metrizable.
In dim M = 2, it is not clear weither every path structure is locally metrizable.
» Every reversible path structure is locally metrizable. (Alvarez-Pavia/Berck)

» Every path structure is microlocally metrizable. (Sonin/Darboux/Matsumoto)

v

If dimp > 3, then P is projectively flat and locally metrizable.

v

If dimp = 3, then P is locally metrizable (Main theorem).

v

Expectation: In dimension two, every path structure is locally metrizable.

\4

We will see that the circle example is not globally metrizable.
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Step 3: Metrization of the path structures (P4) and (P5)

(P4)  Origin centered ellipses with area 1 in R? p =sl(2)
(P5)  Origin centered hyperbolas with 'fixed area’ in R?>  p = s[(2)

(P4) and (P5) are reversible and the not vertical curves are given by
(PO Yy =0 =y (P5)y"=—(x ~y)

Hence they could be Riemannian.
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Step 3: Metrization of the path structures (P4) and (P5)

(P4)  Origin centered ellipses with area 1 in R? p =sl(2)
(P5)  Origin centered hyperbolas with 'fixed area’ in R?>  p = s[(2)

(P4) and (P5) are reversible and the not vertical curves are given by
(PO Yy =0 =y (P5)y"=—(x ~y)

Hence they could be Riemannian. Indeed, with techniques from

» R. Bryant, G. Manno, V. Matveev, A solution of a problem of Sophus Lie:
normal forms of two-dimensional metrics admitting two projective vector fields

one can find Riemannian metrics for both cases.

After a coordinate change, the following metrics have this path structures:

edy

1
3x 2 X 2 2 2
(F4) v/ e¥>dx? 4 exdy (F5) \/1 — eiydx + - ey)2dy
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).
» The magnetic geodesics are the solutions of V¢ © J(¢).

> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.
» Choose a 1-form 8 s.t. df = Q.
» Then Ej(g +28) = 0 is equivalent to equation ().
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).
» The magnetic geodesics are the solutions of V¢ © J(¢).

> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.
» Choose a 1-form 8 s.t. df = Q.

» Then Ej(g +28) = 0 is equivalent to equation ().
> Now consider the Randers metric F = /g + 3.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.
» Choose a 1-form 8 s.t. df = Q.
» Then Ej(g +28) = 0 is equivalent to equation ().
> Now consider the Randers metric F = /g + 3.

> Every solution of () with g(¢&, ¢) =1 is a solution of E;(F) = 0. Hence every such
curve is a geodesic of F = /g + 3 after reparametrization to F-arc length.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.

» Choose a 1-form 8 s.t. df = Q.
» Then Ej(g +28) = 0 is equivalent to equation ().
> Now consider the Randers metric F = /g + 3.

> Every solution of () with g(¢&, ¢) =1 is a solution of E;(F) = 0. Hence every such
curve is a geodesic of F = /g + 3 after reparametrization to F-arc length.
> In coordinates 8 = Bidx'. If g’jﬂ,ﬂj < 1, then F is a Finsler metric.
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Step 3: Metrize (P1),(P2),(P3) / Magnetic geodesics

» Take Riemannian metric g and a volume form €.
» The Lorentz force is the bundle map J: TM — TM with Q(u, v) = g(u, Jv).

» The magnetic geodesics are the solutions of V¢ © J(¢).
> Magnetic geodesics are parametrized by g-arc length.

> In local coordinates Q = k+/det g (_01 (1)) and J =g~ 1Q.

Construct a Finsler metric, whose geodesics are the magnetic geodesics with g = 1.

» Choose a 1-form 8 s.t. df = Q.
» Then Ej(g +28) = 0 is equivalent to equation ().
> Now consider the Randers metric F = /g + 3.
> Every solution of () with g(¢&, ¢) =1 is a solution of E;(F) = 0. Hence every such
curve is a geodesic of F = /g + 3 after reparametrization to F-arc length.
> In coordinates 8 = Bidx'. If g’jﬂ,ﬂj < 1, then F is a Finsler metric.
> Every Killing vector field of g is a projective symmetry of F.
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.
(P1) R? with iso = R? + s50(2)
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.
(P1) R? with iso = R? + s50(2)
(P2) S? with iso = 50(3)
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.
(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s50(2)

(P2) S? with iso = 50(3)
(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3).
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).

Example R2: g =1d,Q = 0 k , B = adx + bdy
—k 0
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).

Example R2: g =1d,Q = 0 k , B = adx + bdy
—k 0

> Magnetic geodesics (;) ) k (_yx) are for k = 1 negative oriented circles of all radii
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).

Example R2: g =1d,Q = (_Ok g) , B = adx + bdy

) k (_yx) are for k = 1 negative oriented circles of all radii

> Magnetic geodesics (;)

> df = (bx —ay)dx Ady 2 kdx A dy, for example 8 = —ky dx

s

Finsler metrics with three dimensional projective symmetry algebra

Julius Lang (Friedrich-Schiller Universitat Jena)



Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).

Example R2: g =1d,Q = (_Ok g) , B = adx + bdy

> Magnetic geodesics (;) (;) k

(_yx) are for k = 1 negative oriented circles of all radii

> df = (bx —ay)dx Ady L kdx A dy, for example 8 = —ky dx
N !
> g¥BiB8; = k?y? < 1, hence F is a Finsler metric for |y| < ﬁ
> Finsler metric F = \/dx? + dy? — y - dx gives path structure (P1)

s
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Step 3: Metrize (P1),(P2),(P3) / Construction of metrizations

Choose a Riemannian metric with dimiso(g) = 3. Then dimp(F) > 3.

(P1) R? with iso = R? + s0(2)

(P2) S? with iso = 50(3)

(P3) H? with iso = s1(2)

This gives exactly the path structures (P1), (P2), (P3). = dimp =3 = p = iso(g).

Example R2: g =1d,Q = (_Ok g) , B = adx + bdy

> Magnetic geodesics (;) (;) k

(_yx) are for k = 1 negative oriented circles of all radii

dB = (bx — ay)dx A dy L kdx A dy, for example 8 = —ky dx

v

n !
g¥BiB; = k?y? < 1, hence F is a Finsler metric for |y| < ﬁ
Finsler metric F = \/dx2 + dy? — y - dx gives path structure (P1)

v

>

s

_____ SN I

-1

> (P1) is locally Finsler metrizable, but not globally ([Shen],Hopf-Rinow)
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Summing up/End of the proof

> Let F be Finsler metric, P the geodesic structure, dimp = 3 and x € M.
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Summing up/End of the proof

> Let F be Finsler metric, P the geodesic structure, dimp = 3 and x € M.
> Then (p, px) is isomorphic to a pair from Step 1.
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Summing up/End of the proof

> Let F be Finsler metric, P the geodesic structure, dimp = 3 and x € M.
> Then (p, px) is isomorphic to a pair from Step 1.
> Hence in some local coordinates p is as in Step 1 and P one of (P1)-(P5).
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Summing up/End of the proof

Let F be Finsler metric, P the geodesic structure, dimp = 3 and x € M.
Then (p, px) is isomorphic to a pair from Step 1.

Hence in some local coordinates p is as in Step 1 and P one of (P1)-(P5).
Thus F is projectively related to one of the constructed metrics (F1)-(F5):

vV v vYy
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Summing up/End of the proof

Let F be Finsler metric, P the geodesic structure, dimp = 3 and x € M.
Then (p, px) is isomorphic to a pair from Step 1.

Hence in some local coordinates p is as in Step 1 and P one of (P1)-(P5).
Thus F is projectively related to one of the constructed metrics (F1)-(F5):

vV v vYy

Main theorem: Every (fiber-global, C*) Finsler metric F on a two dimensional
manifold with dimp = 3 is locally projectively related to

> either a Randers metric F = /g + § with p(F) = iso(g)
> or to a Riemannian metric.

In some local coordinates F is projectively related to one of:

(F1) v/dx2+ dy? — ky dx
arctan(—%—=)
dx?4dy? c x &
() [ 1 € ((yzﬂ)(xw) =2 ) dy, where C € Ry
(F3) Lz(dXz +dy?) — Cy%dy, where C € R

(F4) /e¥*dx? + exdy?

(F5) /i + oo dy?
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Plan for my talk

1. Introduction to (Projective) Finsler geometry
2. Main theorem and proof
3. What | want to do next
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What | want to do next:

> Describe all Finsler metrics with dimp = 3 up to coordinate change.
> One must find all Finsler metrics, that induce the path structures (P1)-(P5).

(P1)  Circles of radius 1 in R? p =R? +50(2)
(P2)  'Circles’ of radius R in S? p =s50(3)
(P3) 'Circles’ of radius R in H? p = sl(2)
(P4)  Origin centered ellipses with area 1 in R? p =sl(2)
(P5)  Origin centered hyperbolas with 'fixed area’ in R>  p = sl(2)

» Consider the case dimp = 2.
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How to find all Finsler metrics that induce a given path structure?

» Trivial freedom of adding a total derivative:
Let g : M — R with total derivative dg = gxdx + g, dy.
= Ei(dg) =0 = F and F 4 dg have the same path structure

F 4+ dg might not be a Finsler metric!
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How to find all Finsler metrics that induce a given path structure?

» Trivial freedom of adding a total derivative:
Let g : M — R with total derivative dg = gxdx + g, dy.
= Ei(dg) =0 = F and F 4 dg have the same path structure

» Convex cone property: Let F, F be Finsler metrics with path structure P.
=V, u > 0:AF + pF is a Finsler metric with path structure P.

F 4+ dg might not be a Finsler metric!
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How to find all Finsler metrics that induce a given path structure?

» Trivial freedom of adding a total derivative:
Let g : M — R with total derivative dg = gxdx + g, dy.
= Ei(dg) =0 = F and F 4 dg have the same path structure

» Convex cone property: Let F, F be Finsler metrics with path structure P.
=V, u > 0:AF + pF is a Finsler metric with path structure P.

» We can describe all Randers metrics F = /g + 8 with dimp = 3:

Fact (Shen/Yu/Matveev): Two Randers metrics F = \/g + /3 and F =

VZ + B with 8 not closed are projectively related if and only if there is A > 0
with g = A% and 3 — Af is closed.

F 4+ dg might not be a Finsler metric!
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How to find all Finsler metrics that induce a given path structure?

» Trivial freedom of adding a total derivative:
Let g : M — R with total derivative dg = gxdx + g, dy.
= Ei(dg) =0 = F and F 4 dg have the same path structure

» Convex cone property: Let F, F be Finsler metrics with path structure P.
=V, u > 0:AF + pF is a Finsler metric with path structure P.

» We can describe all Randers metrics F = /g + 8 with dimp = 3:

Fact (Shen/Yu/Matveev): Two Randers metrics F = \/g + /3 and F =
VZ + B with 8 not closed are projectively related if and only if there is A > 0
with g = A% and 3 — Af is closed.

> For each of (P1-3) we have a Randers metrization Fy = /g + 8 with 3 not closed.
= Every other Randers metrization is of the form \Fy + dg.

F 4+ dg might not be a Finsler metric!
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How to find all Finsler metrics that induce a given path structure?

» Trivial freedom of adding a total derivative:
Let g : M — R with total derivative dg = gxdx + g, dy.
= Ei(dg) =0 = F and F 4 dg have the same path structure

» Convex cone property: Let F, F be Finsler metrics with path structure P.
=V, u > 0:AF + pF is a Finsler metric with path structure P.

» We can describe all Randers metrics F = /g + 8 with dimp = 3:

Fact (Shen/Yu/Matveev): Two Randers metrics F = \/g + /3 and F =
VZ + B with 8 not closed are projectively related if and only if there is A > 0
with g = A% and 3 — Af is closed.

> For each of (P1-3) we have a Randers metrization Fy = /g + 8 with 3 not closed.
= Every other Randers metrization is of the form \Fy + dg.

> For (P4,P5) we can describe all Riemannian metrizations. If \/g + /3 is a Randers
metrization, then [ is closed and g a Riemannian metrization.

F 4+ dg might not be a Finsler metric!
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How to find all Finsler metrics that induce a given path structure?

» Classical approach (Sonin/Darboux/Matsumoto) to microlocal metrization:
> In U coordinates, P is given as (Ox + z0y + f(x,y,2)0;) <> y" = f(x,y,y’).
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How to find all Finsler metrics that induce a given path structure?

» Classical approach (Sonin/Darboux/Matsumoto) to microlocal metrization:
> In Ui coordinates, P is given as (Ox + z0y + f(x,y,2)0;) <> y" = f(x,y,y’).
> By comparing Euler-Lagrange equations, L(x,y,z) := F(x,y,1, z) fulfills the PDE

—Ly+sz+ZLyz+f'Lzz:0 (*)
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How to find all Finsler metrics that induce a given path structure?

» Classical approach (Sonin/Darboux/Matsumoto) to microlocal metrization:
> In Ui coordinates, P is given as (Ox + z0y + f(x,y,2)0;) <> y" = f(x,y,y’).
> By comparing Euler-Lagrange equations, L(x,y,z) := F(x,y,1, z) fulfills the PDE

—Ly+ L+ zLy, +f-L;; =0 (%)
> Differentiate by z.
Then R(x,y,z) = %(X,y,z) must fulfill the linear first order PDE
Rc+z Ry +f R +f-R=0. (%)

> (#*) can be solved microlocally and general solution for () can be given implicitly.

Julius Lang (Friedrich-Schiller Universitat Jena) Finsler metrics with three dimensional projective symmetry algebra



How to find all Finsler metrics that induce a given path structure?

» Classical approach (Sonin/Darboux/Matsumoto) to microlocal metrization:
> In Ui coordinates, P is given as (Ox + z0y + f(x,y,2)0;) <> y" = f(x,y,y’).
> By comparing Euler-Lagrange equations, L(x,y,z) := F(x,y,1, z) fulfills the PDE

—Ly+ L+ zLy, +f-L;; =0 (%)

> Differentiate by z.
Then R(x,y,z) = %(X,y,z) must fulfill the linear first order PDE

Rc+z Ry +f R +f-R=0. (%)

> (#*) can be solved microlocally and general solution for () can be given implicitly.
> General F must be combination of this L and similar function for U—
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How to find all Finsler metrics that induce a given path structure?

» Classical approach (Sonin/Darboux/Matsumoto) to microlocal metrization:
> In Ui coordinates, P is given as (Ox + z0y + f(x,y,2)0;) <> y" = f(x,y,y’).
> By comparing Euler-Lagrange equations, L(x,y,z) := F(x,y,1, z) fulfills the PDE

—Ly+ L+ zLy, +f-L;; =0 (%)

> Differentiate by z.
Then R(x,y,z) = %(X,y, z) must fulfill the linear first order PDE

Rc+z Ry +f R +f-R=0. (%)

> (#*) can be solved microlocally and general solution for () can be given implicitly.
> General F must be combination of this L and similar function for U—

» Description of all Lagragians with circle path structure (P1):

> S. Tabachnikov, Remarks on magnetic flows and magnetic billiards, Finsler metrics
and a magnetic analog of Hilbert's fourth problem

a+m/2
L(x,y.ra) = K /0 cos(or — $)g(x + cosé, y + sin $)db

+ a(x,y)cosa + b(x, y)sina)

where g, a, b fullfil some additional property
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Finsler metrics with dimp = 2

» Because there are just two two dimensional Lie algebras, we can assume that

(A) p=(0x,0y) or (NA) p = (9y,x0x + y0y)
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Finsler metrics with dimp = 2

» Because there are just two two dimensional Lie algebras, we can assume that

(A) p=(00,) or  (NA) p=(dy,x0x+ydy)

> Any path strcture with that projective algebra is in U, coordinates

(A) (0x + 20, + f(2)8:)  or  (NA) (d + 29, + () d.)

(A)y"=f(y') o (NA)y"=—=220,)
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Finsler metrics with dimp = 2

» Because there are just two two dimensional Lie algebras, we can assume that

(A) p=(00,) or  (NA) p=(dy,x0x+ydy)

> Any path strcture with that projective algebra is in U, coordinates

(A) (0x + 20, + f(2)8:)  or  (NA) (d + 29, + () d.)

(A)y"=f(y') o (NA)y"=—=220,)

» Given f (h) on U; and U—, how can we construct at least one (fiber global) F
with this path structure?
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Finsler metrics with dimp = 2

Because there are just two two dimensional Lie algebras, we can assume that

v

(A) p=(00,) or  (NA) p=(dy,x0x+ydy)

v

Any path strcture with that projective algebra is in Uy coordinates

(A) (0x + 20, + f(2)8:)  or  (NA) (d + 29, + () d.)

Ay =) o (a)y =0,

v

Given f (h) on Uy and U—, how can we construct at least one (fiber global) F
with this path structure?

v

Can we find a path structure, that is not fiber global metrizable?
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Thank you for the attention!

Related literature:
Classification of 2nd order ODEs y’’ = f(x,y, y’) (essential for Step 1 & 2):

@ A. Tresse, Sur les invariants différentiels des groupes continus de transformations

@ B. Doubrov, B. Komrakov, The geometry of second-order ordinary differential equations
Magnetic Geodesics (used to metrize (P1)-(P3))

@ K. Burns, V. Matveev, On the rigidity of magnetic systems with the same magnetic geodesics
General Spray and Finsler geometry

@ Z. Shen, Differential geometry of spray and Finsler spaces

@ D. Bao, S.-S. Chern, Z. Shen, An Introduction to Riemann-Finsler Geometry

Solution of the Pseudo-Riemannian version of the Lie problem (Metrization of (P4),(P5))

@ R. Bryant, G. Manno, V. Matveev, A solution of a problem of Sophus Lie: normal forms of
two-dimensional metrics admitting two projective vector fields

@ V. Matveev, Two-dimensional metrics admitting precisely one projective vector field
Finsler Metrization of Path Structures = Projective Finsler Metrization of Sprays

@ J.C. Alvarez-Paiva, G. Berck Finsler surfaces with prescribed geodesics, arXiv:1002.0243

@ N.J. Sonin, About determining maximal and minimal properties, 1886, translation by R. Ya. Matsyuk
(Lepage Research Institute, Czech Republic)

|. Bucataru, Z. Muzsnay Projective metrizability and formal integrability
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