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Inhomogeneous Cauchy—Riemann equation in C

of
9 g,
general solution:
f=T[g] + h,

where h € Hol(Q,C) and
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with unknown functions f;; and a known ones g, which belong to
cl(Q,c)nc%Qur,C), m=1,2,3 and n=10,1,2,3.




inhomogeneous div-rot system: 6 = 0,
fii+ bj + K < fi + fj+ bk
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divf = go,
rotf = g,

where f := fii + hj + Kk




particular case of the inhomogeneous Cimmino system:
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Riesz system: 0 = «; fii + hj+ KK < hi + hj + fik as well as
(X1, X2, X3) <> (X0, X1, X2)-

f: (X0, X1, %) € R® — spang {1,i, j}
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divf = 0,
rotf = 0,

where f := fy — fii — fj.




time-harmonic relativistic Dirac bispinors theory: 6 = 37”
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Problems

@ How to have general solution of inhomogeneous

Cauchy-Riemann type systems in an appropriate quaternionic
setting ?

@ How to define Hilbert formulas ?




Elements of quaternionic analysis

Let H := H(RR) and H(C) denote the sets of real and complex
quaternions respectively.

An element in the H (or H(C)) will be denoted by
ao + ayi + aoj + ask,

where i° = j> = k?® = —1 and satisfy the following multiplication
rulesi-j=—j-i=k;j-k=-k-j=i;k-i=—-i-k=].

The coefficients {ax} C Rif a € Hand {ac} C Cif a € H(C).

Denote the complex imaginary unit in C by / as usual. By definition, /
commutes with all the quaternionic imaginary units i, j, K.




For a € H (or a € H(C))
a:= aii + asj + ask
or we can write
a=ay+ a,
Sc(a) := ag will be called the scalar part and Vec(a) := & the vector
part of the quaternion. Also, if a € H(C), then

2)

a=ag+aji+ aj+ ask = al") + ia® = a(" 1 54,

where {a(!), a®)} c H,



Elements of quaternionic analysis

For any a, b € H(C):

ab:= aobo—<§,B>+305+b0§+[§’5]7

where
. 3 i j k
(@b):=>Y acby, [Eb:=|a a a
k=1 b1 b2 b3

If ag = by = O then ab := —(&, b) + [&, b].
Define:

a:=ag— ayi — aj — azk.
If {a,b} CH,thena-b=b-a.




Elements of quaternionic analysis

Note that for a € H(C):
2= 2= 5t = |40 |4 < (a0 + 92
= ‘3(1)‘ _— ’a(z ‘ +2i<a(1),a(‘2)>]R4 e,

where (-, -)p4 is the usual scalar product.




Elements of quaternionic analysis

Denote by & the set of zero divisors from H(C) and by GH/(C) the
subset of invertible elements from H(C). If a ¢ & U {0} then
al.= ( a""é) is the inverse of the complex quaternion a. Note that

GH(C) = H(C) \ (& U {0}).




Elements of quaternionic analysis

Q C R3;T = 9Q. We will consider H(C)-valued functions defined
on {2
f:Q — H(C).

for them we have the following representations:
I) = fo+f1i—|— f2]+ f3k,

where f, : Q — C;
i) f = f) 4 £,

where fU) : Q —s H; .
i) f=1fy+f,

where fy takes values on C and f is a C3—valued function.




Elements of quaternionic analysis

On C'(Q, H(C)) an operator ¥ D by the formula

‘D —w+ w+fw3

X4 0X3

where ¢ := {1)", 42,43}, ¥k € HL. Denote by ¢ := {i', 42, §3}.
On C?(Q,H(C)) the following equalities

YD¥D = ¥D¥D = A,
hold if and only if
P47 = 2
for any n, m € Ng; A[f] := Ags[fo] + Aga[fi] + Aga[f] + Ags[f3].




y-Hyperholomorphic functions

Definition

Any solution to the homogeneous equation ¥ D[f](¢) = 0 for
each £ € Q is called a (left) 1)-hyperholomorphic function in Q.

Any solution to the homogeneous equation [g]¥ D(¢) = 0 for
each ¢ € Q is called a right v-hyperholomorphic function in €.

Notaition |
Y M(Q,H(C)) := {f € C'(Q,H(C)) : ¥D[f] =0}
M¥(9,H(C)) == {g € C'(Q,H(C)) : [g]*D = 0}.




Definition

If the function f := fy + fisa -hyperholomorphic function then

—.

the pair (fy, f) is called a pair of conjugate harmonic functions.




Quaternionic Stokes formula

/Q §)dle = /([9]7‘ D(&)- (&) +9(&) - DIFI(8)) d§

ng = My + my? + ngp3, (g, no, n3) € RS,




Definition of Cauchy kernel:

We will call the expression

8
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the Cauchy kernel.

The convolution integral operator

TIA(q) /m g€ f(¢) dVe, qe R,

such that
YDIYTfI(q) = f(q), g € Q.



y-Hyperholomorphic functions

Cauchy type integral:

UKIQ) =~ [ Ku(e = a) nu(€) - 1(€) dTe, g€ RO\,




y-Hyperholomorphic functions

Borel-Pompeiu (= Cauchy-Green) formula

YKIfl(q) + T [*DIfl] () = f(9), g

The Borel-Pompeiu formula solves the inhomogeneous
equation
YD[f] = g,

in the standard way and the general solution is given by
f="Tlg] + h,

where h € ¥ M(Q, H(C)).




Let o = 1y := {i, "], €¥j}, for 0 < 0 < 27.

Then
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Define the following partial differential operators for
fe CY(Q,H(C)):
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rot[f] : ( 9% 8X3> e’ + ( 6X3|e o, ) j+

O Oh . jo
+ <8x1 alee k.



The operator V7D

Yo D[f] = —Yodiv[f] + **grad[fy] + “rot[f],

The operator ¥°D = 0

—Yodiv[f] + Y¢ grad[fy] + “rot[f] = 0.




In particular, if f is a solution to the homogeneous system

_2)2+ ((?)’:22—3)’;33>sin9— <$+;Z>cosezgo,
(3)’2‘3@ cosf — (gngg)z) sinf = gi,
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_g)'lJr(g)'z_gg)sine— <£+$)cos@_0,
(i-?)’i) cosf — <§2+3;23> sind =0,
_gf;Jrngineng)’;cosH:O,
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.

then (0, f) is a pair of conjugate harmonic functions.



Integral Operators and Formulas: Analogue of the Cauchy-type
integral

For a vector field f = 1, i.e., fo =0:

(WK[f](q)) 417T / {<[w‘9grad‘§1q|,n¢9(f)} f(£)>}drf,

Vec (%K[f](q)) = 417 /r {<Wgrad|£1q|,n¢9(£)> f(e)-

- [[rema L) )| e

1
& —ql’



Integral Operators and Formulas

Cauchy integral formula

If fis a 1p-hyperholomorphic function, then the Cauchy integral
formula holds:

f(q) = " K[fl(q) forqe Q.

If f = f and fo = 0 is a solution to the homogeneous system, it
implies that

o- L [{([om ] ) e ane).

iNR3\T.




Cauchy integral in the theory of solutions to the
homogeneous system

L) 79| } e




Introduce a notion of the Cauchy-type integral (Cauchy
transform) for the theory of solutions to the homogeneous
systemas follows: if f € C(I', C?) satisfies for g € R3\ T the
identity

417 r{<[¢9grad|£ 1 = n%(f)] ,?(5)>}df5:0,

then for such vector fields the Cauchy-type integral is defined by

R = g [ { (et n©) T~



Set
(T, cs) =
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Borel-Pompeiu formula

Letf="fe 20(I", C3) be a continuously differentiable vector field.
Then

1 {<¢9grad|§1q|, Ny, (§)> f(6)—

iy

H%gradgim’ ”we(f)} : ?(5)} } dre

% ora . o div[f](€) — “*rot[f]
+ [ vrra o (avlf(E) - o) ove

-

=1f(q), ge




Cauchy integral formula

Letf="fec 20(T", C3) be a vector field solution to the homogeneous
system. Then for g € Q

1 ) 1
4 ) {<w gradg—cn’n'”"(g)> f(&)—

- || @) o) | are=Tta),




Colombo, F,, Luna-Elizarraras, M. E., Sabadini, I., Shapiro, M.
and Struppa, D. C. (2012): A quaternionic treatment of the
inhomogeneous div-rot system. Moscow Math. J, 12(1), 37-48

YT for the case ¢ = 1y, can be explicitly described in terms of three
integral operators:

" Tialdlle) = - [ <Wgraw1|E Ld©) ave

¥ Ty [00)(q) - /Q Yo grad

dV,

“Taldl(@) = | [Wgradg ! q|,g(f)} v,




so that
YTy, C(Q,C3) — C'(Q,0),
Yo Ty : C(Q,C) — C'(Q,C3),
YoTy : C(Q,C3) - C'(Q,C3).




General solution of the inhomogeneous system

ofy of,  0f3\ . ofz  0f _

B 8x1 + <3X2 B 3X3) siné - <8X2 + 8X3> cos 6 = o-
ofs o o ob\ . .
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Let g = go + g € C(Q,H(C)). The inhomogeneous system (1)
has a solution if and only if for the scalar field

po :=** T12[d], ()




General solution of the inhomogeneous system

Theorem Cont.

(A) either is identically zero;
(B) or has a hyper—conjugate harmonic function.
If it is true, then each solution f of (1) has the form:
(A*) either
F= " Tarlgo] + ¥ Tealg] + P,
(B*) or .
f =" To1[go] + ¥* Taalg] + A" + A,

where h” is a harmonic hyper—conjugate of —py, and l:‘; is an
arbitrary hyperholomorphic vector field.




General solution of the inhomogeneous system

It is important to take into account the following remarks:

oh ok 0k _
8X1 8X2 8X3 = %
o o ok of Ok Of
8X3 0Xo =9 0Xq 8X3 =% 0Xo 0Xq =%
or .
divf = 9o,
rotf = g,

is called sometimes the problem of reconstruction of the vector field
by its divergence and rotation, or inverse problem of vector analysis.



General solution of the inhomogeneous system

Provide a necessary and sufficient condition for the solvability
of the system and is described the general solution, they also
show how the same problem could be studied using algebraic
analysis and use it to obtain some additional results.

[Colombo, F., Luna-Elizarraras, M. E., Sabadini, ., Shapiro, M.
and Struppa, D. C.]



General solution of the inhomogeneous system

divf = go,
rotf = g,
can be obtained from

Yo D[f] = —Yodiv[f] + “* grad[fy] + “*rot[f],

0 = 0 with fy = 0, and by assuming the correspondence on the values
of the functions fi + hj + f:k <> fii + fj + HK. The results from

[Colombo, F., Luna-Elizarraras, M. E., Sabadini, I., Shapiro, M. and
Struppa, D. C.] can be directly achieved.




General solution of the inhomogeneous system

Cimmino system

Let Q be a domain in R* = C? and f;, / = 0,1, 2, 3 be continuously
differentiable R-valued functions in Q. The homogeneous Cimmino
system may be written in the following way:

o O Oh  Of
0Xo OXo X4 0X3
ofy 0fi 0h 0K
87)(1 0Xo 0X3 OXo
o O O Ob
({97)(2 X4 0X3 dXo
ofy 0Ofi 0h 0K

37)(3+87X2+37X1+87X0:0

G. Cimmino (12 March 1908 — 30 May 1989)



General solution of the inhomogeneous system

@ G. Cimmino (1941): Su alcuni sistemi lineari omegeni di
equazioni alle derivate parziali del primo ordine. Rend. Sem.
Mat. Univ. Padova 12, 89—113 (Italian).

@ S. Dragomir and E. Lanconelli (2006): On first order linear PDE
systems all of whose solutions are harmonic functions. Tsukuba
J. Math. 30(1), 149-170.




General solution of the inhomogeneous system

Letusdenote z; = xp +ix1,20 = Xo +ixz, u=fo+ify and v =6 + ifs.

In this way, CS may be rewritten as:

0z,U+ 05,V =0,
Oz,U — 05,V =0,
where

E 8X2
1/0 .0 1/ 0
% =3 (5 %) % = 2 (%

(3)




If (u, v) of continuously differentiable C-valued functions give a
solution of (3) then

Agal = Aot = 2(82 5 + 05222) u=0.

Zq 21




General solution of the inhomogeneous system

oh _oh _0f
O0Xo 0Xq 0X3 = %,

b ofy o Ofi of  of
Toxs o 9 Tox o 92 oxp ok 9

can be considered as a particular case of the inhomogeneous
Cimmino system when one looks for a solution (f;, f, f3), i.e. f =0,
where each f,,, m= 1,2, 3 does not depend on Xxg.

This system is obtained from

Yo D[f] = —Yodiv[f] + Yo grad[fy] + Yerot[f],

foro = 3.



S. Dragomir, E. Lanconelli (Universida di Bologna): Q c C2:

s+ 85V = f,
(‘)Zgu_ 0210

g, in Q,
u=¢, v=1onl where F = (u,v):Q— C?




S. Dragomir, E. Lanconelli (Universida di Bologna): Q c C2:

s+ 85V = f,
(‘)Zgu_ 0210

g, in Q,
u=¢, v=1onl where F = (u,v):Q— C?

Only necessary solvability conditions are obtained!




Analogue of a Cauchy type integral in theory of the Cimmino
system

YKu+vil(z1, 22) = Kqlu, vI(Z1, 22)+Kzlu, VI(21, 22)), (21,22) €T

YSlutvj](21, 22) = Stlu, vl(21, 22)+So[u, V](21, 22)j, (21,22) €T,

Kilu, vl = Ki[u] — Ko[v], Ka[u, v] = Ki[v] + K[u],
Silu, v] = Si[u] — So[v], Salu, v] = Siv] + Se[d],




Analogue of a Cauchy type integral in theory of the Cimmino
system

Ki[w](zy, z2)=

_ / [(C1 — 21)(no + inq) + (G2 — Zo) (Mo + in3)]
J 2m2(|¢1 — z1[2 + G2 — 22[2)?

w(Cr, 2)dT¢, ¢,

Ko[w](21, 22)=

[ (&~ 2Zo)(no + i) — (&t — 21)(n2 + ing)]
N / 27T2(|<1 *21‘2+ |C2 *22‘2)2 w(Cy, C2) drChsz




Analogue of a Cauchy type integral in theory of the Cimmino
system

Si[wl(z1, 2z2) = 2Ki[W](21, 22), Sa2[w](21,22) = 2Ko[W](Z1, 22).

Cauchy-Cimmino type integrals

(KCy, Kp); for (24, 20) € C2.




Analogue of a Cauchy type integral in theory of the Cimmino
system

Si[wl(z1, 2z2) = 2Ki[W](21, 22), Sa2[w](21,22) = 2Ko[W](Z1, 22).

Cauchy-Cimmino type integrals
(KCy, Kp); for (24, 20) € C2.

singular Cauchy-Cimmino integral operators

(S1,82).




The Teodorescu Cimmino type transforms

(z1,20) € C?

Tilu, vi(z1, 22) = Th[ul(z1, 22) — T2[V](Z1, 22)

Tolu, VI(z1, 22) = Th[VI(z1, 22) + T2[U](21, 22),

Tiwl(z1, 22) = / 2m2(|G — ZZ11|2_+C1C2 — 7p?)? Wit &) 8,
Q
5z
Tlwl(21,22) = / 2m2(|¢1 — 212|2 szz — 2[?)? W, ¢2) ;.
J \ ‘




Cimmino operators

VKU + vj] = Ki[u, V] + s [v, —ulj,

PS[u+ vl = Silu, V] + Silv, —ulj,
UTlu+ vi] = Tilu, v] + Tav, —ulj.




Cimmino operators

Theorem (Stokes). u, v, g1,92 € C'(Q,C)N CO(QuUT,C):

/. {[Q1(no +im) + go(nz + ing)]u — [g2(no + iny) — g1 (N2 + ins)]V} ar =

=2 / [(021 g1 +82292)['14»(‘()2291 7621 gZ)V+g1 (821 U+822 V)+g2(022 U*f)21 V)] aQ,
JQ

/‘ {[91(no +im) + go(nz + ing)]v + [g2(no + iny) — g1 (N2 + ins)]D} ar =
JI

= 2/ [(0z,91+02,92)V—(02,01 — 0z G2 ) U+Go(0z U+03,V)—g1(0z,U—0z, V)] dQ.
Q



Cimmino operators

Stokes-Cimmino Theorem

u,veCl(Q,C)nCo%QurT,QC):

/r{[(no i) + (o 4 in)|u — [(7o & i) — (72 + ims)] 7} o =

- / (05, U+ 0, 7) + (95, U — B, V)] A2
JQ




Cimmino operators

Borel-Pompeiu Theorem
u,ve C'(QC)NCQUT,C); (21, 2) € Q:

u(z1,25) = K1[u, V](z1, 22) + 275 [az U+ 8,7, (05U — B, V)} (21, 20),

V(z1,22) = Kolu, v](21, 22) + 272 [021 U+ 02V, —(0z,U — 0z V)} (21, 22).

y




Some properties of the Cauchy-Cimmino integrals

Theorem (Sokhotski-Plemelj formulas)

(u,v) € CO(I',R?) x CO¥(I,R?):

lim KA Tu. vI(z1. 20). KCo[u. VI(z1. 20)) =
Q:B(ZW,ZQ)%(Q_CZ)EF( 1[u, v](z1, 22), Ko 1(z1, 22))

=(K5 [, V(&1 ), K5 [u, VI(Gr, G2)),s

(KF[u, VG, G2), K3 [, V(G G2))=

[(31 [u, V](¢1, €2), Selu, v](Ct, ¢2)) = (u(Cq, C2), v(Cr, €2))]s

2
V(¢1,¢2) €




Plemelj-Privalov type theorem for the Cimmino system

(u,v) € CO(I',R?) x CO(I',R?) =

= (S1[u, v], S2[u, v]) € CO(I',R?) x CO¥ (I, R?),

for0 < v < 1.




Extension of a given pair of complex-valued Holder continuous
function on I up to a solution of the Cimmino system

@ (u,v) e CO(I',R?) x C%¥(I',R?) be a boundary value of a
solution of Cimmino system (U, V) into Q"<

(u(C1,¢2), v(Gr, ¢2)) = (S, vI(Ct, C2), Solu, VI(¢H, €2))s

(C'I ’ <2) er.

Q (u,v) e CO(I',R?) x C%¥(I',R?) be a boundary value of a
solution of Cimmino system (U, V) into Q—, and vanishes at
infinity <—

(u(G1,¢2), v(Gr, C2)) = (=S1[u, vI(Cr, C2), —=S2[u, VI(Ct, C2)),
(¢1,¢) eT.



On the square of the singular Cauchy-Cimmino operators

(u,v) € CO¥(I',R?) x CO¥(I',R?):

812[["7 V] _ 522[U7 V] =Uu,

Silu, v]Salu, v] + Solu, V]St [u, v] = —v.




Boundary value problems

K. Gurlebeck, W. Spréssig (1997): over Sobolev-Slobodetzkij
spaces the following properties hold:

@ VT : Lp(Q,H) — W}(QH),
1
@ YK: WZ(I,H) — W}(Q, H).




Boundary value problems

K. Gurlebeck, W. Spréssig (1997): over Sobolev-Slobodetzkij
spaces the following properties hold:

@ VT : Lp(Q,H) — W}(QH),
1
@ YK: WZ(I,H) — W}(Q, H).

Abbreviation:
@ /mA: the range of operator A.




Boundary value problems

K. Gurlebeck, W. Spréssig (1997): over Sobolev-Slobodetzkij
spaces the following properties hold:

@ VT : Lp(Q,H) — W}(QH),
1
@ YK: WZ(I,H) — W}(Q, H).

Abbreviation:
@ /mA: the range of operator A.

@ trf: restriction of a H-valued function f of a Sobolev space
in Q to one the boundary T.




Boundary value problems

K. Gurlebeck, W. Spréssig (1997): over Sobolev-Slobodetzkij
spaces the following properties hold:

@ VT : Lp(Q,H) — W}(QH),
1
@ YK: WZ(I,H) — W}(Q, H).

Abbreviation:
@ /mA: the range of operator A.

@ trf: restriction of a H-valued function f of a Sobolev space
in Q to one the boundary T.

Introduce the projection operators:

P[f] == (f+ 'SIfl), “alfl = 5 (f — *SIH).

\V) \




ur T[f] € im* Q.




BVP in the quaternionic framework

Theorem. F € L»(Q2,H), G € Lo(T, H).

YD[fl = F, in Q, (4)

f=@G,onT, (5)

has solution f € C'(Q, H) N C°(Q U T, H), then F, G satisfy the
relation

/ig(f)nu(f)G(f) dre — / E)F(€) d% =0,
r Q

for any function g € M¥(Q,H) N C°(QU I, H).




Boundary value problems

1
Theorem. Let F € L,(Q,H), G € WZ(T,H). Then the bvp
(4)-(5) has solution if and only if

YQ[G] = ur Y TIF]

is fulfilled. The only solution f € W} (. H) admits the
representation | |
f="K[G] + Y T[F].




Boundary value problems for Cimmino system

We are looking for the following boundary value problem
associated to the Cimmino system:

O3,U+ 05,V = Fy, Os,U— 05V =Fa, inQ (6)

u=Gy, v=GoonT, (7)

1
where F1,F2 € LZ(QuC)! G17 GZ € W22(|_,(C).




Boundary value problems for Cimmino system

Theorem. Let Fy, Fo € Lo(2,C) and Gy, Gy € Lo(I, C). If there
exist u, v € C'(Q,C) N C°(QUT,C) solutions of (6)-(7), then
the following relations

2/(g1F1+ggF2)dQ:
JQ

[ {tg1(0 + imn) + e+ )1y — [P+ ) — g1{ra + i) | G} .

2/ (92/?1 — g-]lfg) dQ) =
JQ

/r‘ {[91('70 +iny) + go(n2 + ing)] G + {92(”0 +iny) — g1(n2 + f”s)] Gi } ar,

holds for every gi, 9> € C'(Q,C) N C°(QUT,C) solutions of the
system

021 g1 + agzgg =0, 0;2{;1 — 021 0> =0, in Q. (8)



Boundary value problems for Cimmino system

1
Theorem. Let 1, F» € Lx(Q2,C) and Gy, Go € WS (I',C). The

boundary value problem (6)-(7) has solutions u, v € W21 (Q,C) if
and only if F1, Fo, Gy, Go satisfy the following relations

2T1 [F1,—F2] = %61 — K4[Gy, Go] fora.e.on T,

2Tz [F1,—F2] = %Gg — K2[Gy, Gy] fora.e.on T.

Moreover, -
u= K4 [G1, GQ] + 275 {Fh*/:g} in Q,

vV = ,CQ[G1 , Gz] + 275 [F1 , 7/7:2} in Q.



General solution of the inhomogeneous system

The Riesz system

For f : (X0, X1, X2) € R® — spang{1,1,]j}

Oh _Oh _0f _,
on 0Xq O0Xo ’
oy of _ of ok Of Ofh
o1 Oxo | e X | Ok Oxi

which is equivalent to the system

divf = 0,
rotf = 0.




General solution of the inhomogeneous system

The Riesz system

This system can be obtained from

Yo D[f] = —Yodiv[f] + ¥ grad[fy] + “*rot[f],

for 8 = 7w with f = 0, by assuming the correspondence on the values
of the functions fii + fj + ik < fhi + fj + fik as well as on the
variables (x1, X2, X3) < (X0, X1, X2).




General solution of the inhomogeneous system

_Oh Ok O
6X1 6x2 6X3 -
o,  0fy ofy  0f ofy ol
—_— _— = O —_—_— = —_——— _—=
8X3 O0Xo ’ 0Xq 8X3 O’ O0Xo + 0Xq 0’

is a particular case of the version of the a-hyperholomorphic function
theory that is in a deep relation with the time-harmonic solutions of
the relativistic Dirac equation.

The system (Dirac) can be obtained from
Yo D[f] = —Yodiv[f] + V¢ grad[fy] + Yerot[f],

for 6 = 3 with f, = 0.



Now, let S? = S?(0; 1) be the unit sphere in R3 which is the
boundary of the unit ball B2 = B2(0; 1), the following formulas
define linear bounded operators on both spaces of our interest
which are C%¢(S2,C3), 0 < € < 1, and Ly(S?,C3), 1 < p < oo

MEINW) = 5= [ g €T

HLA) = 5 [, P2 (o,

1 (X2y1 — X1y2)c0S 0 + (Xzy1 — X1y¥3)siné
M0 = 5= | s f(€)dre,

1 — 0 — ind
HE[1(x) = 27r/ (X1y3 X3Y1)CO‘SX:L£(’§2Y1 X1Y2) sin F(€)dre.




1

0:47T/r{<[wegrad|§1 il nw(g)] ,F(g)>}dr§, xel, (9)

where the integral is understood in the sense of Cauchy’s

principal value. Also, one can consider fe Lp(T, C3) with
1< p<oo.

Consider the following real linear spaces:

CO<(r,C3) := {f € C¥(I',C®), 0 < e < 1; (9) is valid}.

Ly(r,c®) := {76 Lp(T,C3), 1 < p < oo; (9) is valid}.




Definition

$1(B?(0; 1); CO<(S?,C?)), 0 < ¢ < 1, denotes the class of vector
fields F such that
1) F is a solution to the homogeneous system in B2(0; 1);

2) there exists everywhere on S? the limit

lim F —: f(x) generating the vector field f in
B2(0;1)2g—x€S? (q) ( )g g

CO<(s?,C8).




Integral Hilbert formulas

A vector field f = if; + jf, + kfs is the limit function of

F € {(B?(0; 1); CO<(S2,C®)) or F € Li(B2(0; 1); Lp(S?, C2)) if

and only if the following relations between its components hold:
fi = Mg [f] + HE[h] — H[f],
fo = M%[R] + H (] — Hialf], (10)
fy = M3 [f3] + Hi (o] — HE (1]

On ker M2, formulas (10) become

fi = Haa[f] — H (],
fo = H[f] — Hi(f],
fs = Hiplfo] — HE[A].




Thank you for listening!



