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Introduction

Records are commonly used in different areas such as sport,
finance, reliability, hydrology and others.

The first paper of Chandler (1952) attracted the attention of
many researchers and inspired many new publications.

The mathematical theory of records is amply discussed in the
books of Arnold et al. (1998), Nevzorov (2001) and Ahsanullah
and Nevzorov (2015); see also the references therein.

Some examples after definitions.



Introduction

Let X1, Xo, ... be a sequence of random variables (rv's). The
sequences of (upper) record times L(n) (n > 1) and record
values X(n) (n > 1) are defined as follows:

L(1)=1, X(1)= X,
L(n) =min{j,j > L(n—1); X; > X, (h—1)} (n=2,3,...), (1.1)
X(n) = XL(n) (n: 1,2,)
Let also M, = max{Xj,..., X}



Introduction

If in (1.1) we replace the second sign > with sign <, then we
obtain the sequences of lower record times /(n) and values
x(n).

Let X1, X, ... be a sequence of iid rv’s with continuous F. Then
—Xi1,—Xo, ... is a sequence of iid rv’s with continuous
G(x)=1—-F(—x). lfsome X;, < Xj, <... (f <k <...)are
upper records in the sequence Xi, X», ... with F, then

—Xj, > =X, > ... are lower records in — X7, —Xo, ... with G. So
results for x(n) follow from results for X(n).



Introduction

Examples:

(1) Construction of dams M,, X(k) < hfor large n, k.

(2) Insurance. Near maximum, near record observations:

Xi € [Mp— a,Mp], X; € [X(n)— a, X(n)]. Theirsum S=>_ X..
Sums of 10 percent of large claims can cause 90 percent of
insurance payments.

(3) Low records, mimima in survival analysis.

(4) Sport records.



Distributional Results in Continuous Case
[ Jelele]

Distributional Results for Record Times

Let X1, X, ... be iid rv’s with continuous F. Let us introduce
record indicators &, (n > 1):

€= 1, if X, is arecord value,
"1 0, otherwise.

Lemma 2.1 (Rényi 1976) The variables &1, &5, ... are
independent and

P(n=1)=1/n (nz=1).



Distributional Results in Continuous Case

[e] lele)

Distributional Results for Record Times

The distribution of L(2) can be found as

P(L2)=k) = P({=1,£=0,...,61=0,&=1)
1
(k—1)k’

The sequence L(n) (n > 1) forms a Markov chain and

P(L(n):kL(n—1):j):(k_j1)k (n>2, n—1<j<Kk).



Distributional Results in Continuous Case

[e]e] o)

Distributional Results for Record Times

It follows that

One can show that

where Sy — are the Stirling numbers of the first kind defined by

k
X(x=1)..(x—k+1)=> " 5"
n=0

When n = 2 we have

P(L(2) =k) = (k> 2).

k(k—1)



Distributional Results in Continuous Case

[e]e]e] )

Distributional Results for Record Times

Relations between L(n) and &p,.
P(L(n) >m)=P(& +&+...+E&m < n)

Let us denote N(n) = &1 + & + ... + &x. Then N(n) is the
number of records in Xi, Xo, ..., X,. We have

EN(n) = E&+ES+.. +4&n
= 14+41/24+...+1/n=logn.

At average, in a sample Xi, Xo, ..., Xi00, We have
log100 ~ 4.6

and in a sample Xi, X, ..., Xig00, We have
log 1000 ~ 6.9

record values.



Distributional Results in Continuous Case

@00

Distributional Results for Record Values

Let X1, X5, ... beiid rv’'s with F(x) =1 — e * (x > 0).
Theorem 2.1 (Tata 1969) The variables

Yi=X(1), Yo = X(2) — X(1), Y3 = X(3) — X(2),...
are iid with F(x) =1 — e * (x > 0).

So X(n) g Yi+ ...+ Yn~ Gamma(n) and

P(X(n) < x) = (,7_11)1 /OX e Yu"du.



Distributional Results in Continuous Case

oeo

Distributional Results for Record Values

Let X1, Xz, ... be iid rv’s with arbitrary continuous F(x). Then
Ey = —log(1 — F(X1)), E2 = —log(1 — F(X2)),. ..

are iid rv’s with 1 — e=*. If X; is a record value among
X1, Xa,. .., then E; is a record value among Ey, Ep, ... Theniif F
is an arbitrary continuous distribution, then

1 —log(1-F(x))
P(X(n) S X) - (f'l—‘l)l/o e_uun_1 du.



Distributional Results in Continuous Case
[efe] ]

Distributional Results for Record Values

Let Xi, Xz, ... beiid rv’s with absolutely continuous F(x) and
f(x). Then

X(1),..X(n—1),X(n) (X1, - Xn—1, Xn)

_ f(x1) f(Xn—1)
= - _F1(X1) . _F(XL_1)f(xn).

It follows that the sequence X(1), X(2), ... forms a Markov
chain and

P(X(n+1) <y | X(n) =x)= w (x <)



Limit Results in Continuous Case

Let Xi, Xz, ... beiid rv’s with arbitrary continuous F(x). We

know that
P(L(n) > m) = P(N(m) < n),

where N(n) =&+ & +...+&rand P(§,=1) =1/n. Then

N(n) —logn ﬂ>Z,

— =1 and ——F———
Iogn_> v/logn



Limit Results in Continuous Case

Let Xi, Xz, ... beiid rv’'s with F(x) =1 — e * (x > 0). By Tata’s
representation,
XN EYi+... 1Y,

where Y; are iid standard exponential rv’s. Let now X, X, . ..
be iid rv’s with arbitrary continuous F. Then
—log(1 — F(X(n)) p —log(1 — F(X(n)) —n q

=1 and
n Vn

Z.




Discrete Records
[ eJele]

Distributional and Limit Results for Discrete Records

Assume that X, Xi, X5, ... are iid rv’s with support on
non-negative integers and F(n) = P(X < n) < 1foralln> 0.
Let p, = P(X = n) and g, = P(X > n) be the distribution tail.

The joint pmf of the first n discrete record values is

PIX(1) = ki, .. X(n) = ky)
n—1
— pi, [] 2

(0 < ki <...<Kkp).
i—1 qk/+1



Discrete Records
[e] Jele]

Distributional and Limit Results for Discrete Records

It follows that the sequence X(n) (n > 1) forms a Markov chain

and
= BT P ()
k1 iy Gkt -
P(X(n+m)=knrm | X(n)=kn)
kn m— 1 kn m71
_ pkn+m " z:m+ p/1 i: p/m—1
Qott Sy Wt S Q141
where n—1 < ky < knom—m, m>1, TTiL 4 qf1 1 and



Discrete Records
[e]e] o]

Distributional and Limit Results for Discrete Records

the sum . 1 -
n+m—Mm+ n+m—
R DI
hkert Tt S gy T
. . k,7+271 Pl1 o
is equal to 1 when m =1 andto >, 7, , o when m = 2.

Define random indicators &; (= 0,1; i =0,1,...): { = 1 if there
is a record value X(n) such that X(n) = i.

Lemma 4.1 (Shorrock 1972)The rvis¢; (i =0,1,...) are
independent and

Pl=1)= o

Representation 4.1 Under the conditions of Lemma 4.1,

PX(n)>m)=P(&+& +--+&m<n) (n>1).



Discrete Records
[e]e]e] ]

Distributional and Limit Results for Discrete Records

Theorem 4.1 Assume that Xy, Xo, . .. are iid rv’s with support
on non-negative integers and F(n) = P(X < n) < 1 for all

n>0. Then

X(n) p;
2ic0o q 239 (n— ).

Theorem 4.2 Assume that Xy, Xo, . .. are iid rv's with support
on non-negative integers and F(n) = P(X < n) < 1 for all
n>0 andlim,,_m% =a< 1. Then

X(n) p;
Yico g~ Mg

(1—a)n



Discrete Records

@000

Weak Records

The concept of weak records is introduced in Vervaat (1973).
Weak records were discussed in Stepanov (1992, 1993) and
others.

Let X1, X, ... be a sequence of iid rv’s with support
{1,2,...,N}, N < oo. The sequences of weak record times
L"(n) and weak record values X"(n) are defined as follows:

L"()y=1, L"(n+1)=min{j:j>L"(n), X; > Xwn)},

XW(n) = XLW(n)7 n> 1.



Discrete Records

[e] Te]e]
Weak Records

The joint probability mass function

PX"(1) = ky,..., X"(n) = )pkn T Pe
l1qk

forany 1 < ky <... <k, < N (if N = oo the last inequality is,
obviously, sharp). Deflne weak record indicators £, i =1,2,...
as follows

& = k
if there are exactly k weak record values that are equal to /.



Discrete Records
[e]e] o]

Weak Records

Lemma 4.3 (Stepanov 1992) The rvs(/,i=1,2,... are
independent and

P& = k) = 51 <1— ’q*) , k=0,1,....,i=1,2,...N-1,
i i

where P({y = o0) =1 ifN < oo and P({nyj=0) =1, j>1.
Representation 4.2 Under the conditions of Lemma 4.3,

P(X"(n)>m)=P(& + &7 +...+&m<n) (n>1).



Discrete Records

[e]e]e] )
Weak Records

Let X1, Xo, ... be a sequence of iid rv’s with F(n) < 1 for any
n> 0.

Theorem 4.3 Let
a=suppgh<1.

n>0
Then
X p
||m i=0 Qi+1 a~:S-
n—oo n ’

Theorem 4.4 Let a = sup,>( 6n < 1 and
Yo

=l —ee[1—aal Then
i=0

7,2
X

. -n
=0 Qi1 d
Ve %z
Vvn




Generation of Contin

If F~1(x) can be found analytically,
Inverse-Transform Method By this method, we can obtain
X =xas

x=F~'(u),

where U = u is the generation of a random number.

The method works only for "simple® distributions. When the
inverse F~' can be found only numerically, we can use the
inverse-transform method along with a numerical method for
F~1. An alternative method of generation in the case when F~'
cannot be found analytically — the rejection method.



Generation of Contin

Rejection Method Suppose we can generate a rv X having
density function g by the inverse-transform method. Suppose X
with density function h cannot be generated by the
inverse-transform method and X and X have the same support.
Then, we should find a constant ¢ > 1 such that ¢ = sup, Z(f(g
Algorithm

Step 1: Generate X = X (with density function g) and a random
number U = u;

Step2: Ifu < ((X)), set X = . Otherwise, return to Step 1.

The choice of X is determined by the fact that ¢ > 1 should get
the smallest possible value. The number of iterations in this
method for obtaining X is a geometric rv with mean c.



Generation of Contin

The direct algorithm of record generation The value

X(1) = X is generated and kept. For n > 1, one can apply the
recursive approach, which assumes that X(n) is already
obtained. One then generates variables X; till one of them, say
X;, is greater than X(n). Then X(n+ 1) = X; becomes the next
record value, which is also kept.



Generation of Contin

Sequences of records form Markov chains and

P(X(n+1) < Xny1 [ X(n) = xn) = F(X1mj )F_(XI:)(Xn) (Xn+1 > Xn).

Let Z; (i > 1) be iid with standard normal distribution ¢ and
Z(n) (n > 1) be the corresponding records. The conditional
density of Z(n+ 1) given Z(n) = Z,

z
fz(ni1)12(n)(Zn41 | 2n) = % (Zny1 > Zn).



Generation of Contin

Let /Bn = &t 22n+4

Algorithm (Pakhteev, Stepanov 2019) The sequence
Z(n) (n > 1) can be generated as follows.

STEP 1: Generate Z(1) = Z1,2(2),...,Z(i) (i > 1) by the

direct algorithm of record generation till Z(i) > 0.

For n > i, apply the rejection method and the recursive

approach. Assume that Z(n) = z, is already obtained.

STEP 2: Generate random numbers Uy = uy, U = U».

STEP 3: If

—2log up > (2, —log uy /85 — B%)?
setZ(n+1) =z, —log uy/3;. Otherwise, return to STEP 2.



Generation of Contin

We have to generate negative normal records by the direct
algorithm. We compare fz(n1)z(n)(Zn+1 | Zn) With

9(Zni1 | Zn, Bn) = Bne Prlznei=20)  (z,. 4 > z,), where B, > 0 is
such that g approximates f in the "best” way. For positive z, the
forms of the curves fZ(n+1)|Z(n)(Zn+1 | Zn) and g(Zn+1 | Zn,ﬂn)
are similar. The forms of g and f when z, is negative are
different and f cannot be approximated by g for any choice of
Bn. LetT=1,2,...bearvsuchthatZ; <0,...,Z,_4 <0and
Z. > 0. Observe that 7 is a geometricrvand Er =2. Ina
simulation experiment the number of first negative normal
records is insufficient.



Generation of Contin

In Algorithm 4.1 ¢*(z5) = suUp,, >, fz(";&‘ni(: fgf]/;)lzn)' One can
prove that ¢*(z,) — 1 as z, — .

It is known that Z(n) 2% x. Algorithm 4.1, which is based on
the rejection method, eventually works as an algorithm based
on the inverse-transform method. With time almost every
generation in a generation experiment is accepted and
becomes a new record.



Generation of Contin

If one generates directly standard normal rv one cannot obtain
(with nowadays best computer software) a standard normal
generation which exceeds, say, value 50. We generated in
MatLab (by the computer AMD FX(tm)-8350 Eight-Core
Processor 4.00GHZ 16 Gb.) a single sequence of normal
records and obtained:
X(10%) = 43.7085
X(10%) = 140.4020
X(10°) = 447.2026
X(108) = 1414.59097
X(107) = 4472.6570
X(10%) = 14142.3753
X(10°%) = 44721.3003
X(2%10%) = 63251.0830.



Generation of Contin

We made another simulation experiment. Making use of
numerical integration, we computed in the standard normal
case the means of 110 normal records. Then we generated by
Algorithm 4.1 one million times 110 first records and found the
corresponding sample means.

EX(30) = 7.3226, X (30) = 7.3234,
EX(50) = 9.6483, X(50) = 9.6491,

EX(70) = 115214, X(70) = 11.5219,
EX(90) = 13.1335, X(90) = 13.1337,
EX(110) = 145705 X(110) = 14.5708.




Using records for testing some statistical hypotheses: tests for
randomness, for homoscedasticity, for trend against natural
alternatives.

Foster and Stuart (1954), Foster and Teichroew (1954) and
others.

Test for trend Let

S(n) = Ny(n) — Na(n),

be the difference between the number of upper and lower
records in the sample Xj, ..., X,. Let

Xk = Yi + 0k (k:1,...,n)

where Y are iid rv’s and ¢ is a nonstochastic constant.



If 6 > 0, then the number of upper records is stochastically
larger and the number of lower records. If 6 = 0,

S(n)=vi+...4+vp,

where v, = 1 if Xi is an upper record, v, = —1 if Xy is a lower
record and v, = 0 otherwise. We have

ES(n)=0, Var S(n Z ~2logn

and —2)_ js asymptotically normal.

J2logn



Ho : 6 =0 against H; : 0 #0.

reject if

S(n) > z,2v/2logn or S(n) < —2z,/2v/2logn,

where a =1 — d(z,).



Let X1, Xo,...and Yi, Yo, ... two iid samples with Fx and Fy,
respectively. A problem of the comparison of Fx and Fy. It
appears, for example, when we wish to test whether a new
manufacturing process or a new medical treatment is better
than the existing one. Thus we are interesting in testing the null

hypothesis

Ho: Fx = Fy
against

H1 : FX > Fy
or

H, : Fx < Fy.



A known procedure for testing Hy is the Wilcoxon rank-sum test
with the test statistic

n
Wayn, = > Rank(Yj),
i=1

where Rank(Y;) is the rank of Y; in the ordered sample
consisting of Yy, -, Yp,, X1, -+, Xp,. The null hypothesis Hy is
rejected in favor of H; if a large value of Wy, , is observed.



Let
R=#{je{1,2,...}: Y(i—1) < X(j) < Y(D},
where Y(0) = —oco and X(i), Y(i)i=1,2,...

Theorem 6.1 Shorrock (1972) Let

ny = #U € {1,2,...} : X(j) € (a b}. Then random
variables ., taken for different non-overlapping intervals, are
independent and

—A i
e M,

P(M(X»Y):i):f’ (i >0),

where Ay, = —log (tﬁ%) .



Theorem 4.2 Balakrishnan, Dembinska, Stepanov, (2008)
UnderH, : Fx = Fy, therv’s Ry, R», ... are iid and

1 k+1
P(R,-:k|Ho):<2> L i=1,2,..., k=0,1,...

Let Rank(Y(i)), i=1,2,... be the rank of Y(i) in an ordered
sequence consisting of X- and Y-records. For example, if we
have X(1) < X(2) < Y(1) < X(3) < Y(2) < X(4) ..., then
Rank(Y(1)) =3 and Rank(Y(2)) = 5.



Then .
RW(ry = Rank(Y(i)).
i=1

Since Rank(Y(1)) = RM; + 1 and
Rank(Y(i)) — Rank(Y(i—1))=RM;+1,i=2,3,...,
Theorem 4.2 enables us to establish the null distribution of
RW, as
P(RW(,») < 8|Hy: Fx = Fy) =
> P(Rank(Y(1)) =1, ..., Rank(Y(r)) = i | Ho)
A (8)
= Z P(Rank(Y(1)) = i1, Rank(Y(2)) — Rank(Y(1)) = i — i1 -
A(r)(8)
Rank(Y(r)) — Rank(Y(r —1)) =ir—ir—1 — 1| Hp)

= > (/2"

A (s)



where

Ay (8) = {(i1,d2, ..., 0r) : 0 < iy < ... <irand iy+i+...+ir < 8.
Large values of RW,) lead to the rejection of Hj in favor of H;.
Therefore, for a specified value of significance «, the critical
region will be {sw, sw + 1, - }, where the critical value sy,
(corresponding to an exact level & closest to « but not
exceeding «) is the largest integer s satisfying

P(RW) > slHy: Fx=Fy)=1- Y (1/2f =a<a.
A(r)(s)



LetZ=(X,Y),Z; =(Xi, Y1), 2 = (Xo, Y2),... be iid random
vectors with a continuous F(x,y) = P(X < x, Y < y), survival
function F(x,y) = P(X > x, Y > y), marginal distributions
H(x) = P(X < x), G(y) = P(Y < y), marginal survival
functions H(x) = P(X > x), G(y) = P(Y > y) and densities
f(x, ), h(x) and g(y).

There are many definitions of bivariate records; on page 266 of
Arnold et al. (1998), four different definitions of bivariate
records have been introduced.



The third definition of bivariate records states "A new bivariate
record occurs at time / if X; exceeds the current X record and
Y; exceeds the current Y record." We call such records
north-east (ne) bivariate records. Let us first set L™(1) =1 and

Z7e = (X"(1), Y™ (1)) = (X(1), Y(1)) = (X4, Y1).
Next, we set
L"e(n+1) = min {j > L”e(n) : )(/ > XLne(n) & \// > YLne(n)} (n > 1),

Z;° = (X"(n), Y"™®(n)) = (Xioe(ny, Yire(n)) (n>2).



Let us consider S = {Z;, ..., Zjre(p)}. Thereisno S
observation located in the quarter-plane

QP = (X"®(n), o) x (Y™(n), o).

If we consider now the sample T = {Zre(py41, ZLre(ny425 - - - }»
then the first T observation, that falls in QP, becomes the next

north-east bivariate record Z;?, = (X"(n+1), Y™(n +1)).



The probability mass function of L"¢(2)

PL™(2) = k) = | (1 = Fly)) 2F(xy) dF(xy) (k> 2)
It follows that

PUL™(@) > )= [ (1= H)) 2 dF(ey) = 2 (k=2)

It is easily seen that

@)1y [ T [ OFy) [ aH

R2 F(x y) — Jre H(x) r H(x)

For univariate records that if H(x) is continuous, then
P(L(2,x) > k) = 15 (k > 2) and EL(2,x) =



The joint density of Z¢, ..., Z"¢. Z]€is

n—1>

..... ze  zee(X1, Y15 <o Xn—1,Yn—1, Xn, Yn)
fxasy) 1, Ynt) f(
F(x1,y1)  F(Xn-1,¥n-1)

Sequences of north-east bivariate record times and record
vectors form Markov chains, and

Xn7yn)~

f(Xnt1, Ynt1)

i > X, > vn),
F (X ) (Xnt1 > Xn, Ynt1 > Yn)

fzre | zpe (X1, Yot | Xn, Yn) =

P(L"(n+1) IL”e( n)=i)=

/ FO )K= E (X, y) dFzpe(x, ).



Consider

1 e—Xx(y+1)
+
y+1 y+1

Fix,y)=1—-e%— (x,y >0)

with the survival function F(x, y) = % the marginal
distributions

H(X)=1—e* (x > 0), qm:1—yl1w>ox

and the conditional distributions Y | X = x
Gyx(y [ x)=1-¢e" (x,y >0) and

Hxre(ni1)zg (Xnt1 | Xn, ¥n) = 1 — @~ Wt D0 =xm),



We can generate the consecutive north-east X record values
by the inverse-transform method as

—log up
Yre(n)+1’
where U, = up is the generation of a random number. Then

X"™(n+1)=X"(n)+

+1 _
Gyre(ni1)zre(Yni1 | Xn, Yn) = 1= I gxnlynir=yn) (Vni1 > Yn)-
Y1 +1

From the form of Gyre(ni1yzre(Vn+1 | Xn, ¥n), We Observe that
the inverse-transform method is not useful here, and so we
apply the rejection method. Let us take

q(Yni1 | Xn, ¥n) = Xn€ XUne1=00) (X, € R, yny1 > yn) asa
dominated density function for

9yre(ng-1)jzoe(Yni1 | Xny Yn) = G/Yne(n+1)|zge(}/n+1 | Xn, ¥n)
(1 + Xn(yn+1 + 1) (yn + 1) —Xn(Yns1—Yn)

= e .
(Vnp1 +1)?




We then find that

9vre(ni1yzee (Yot | Xn, ¥n) (1 + Xn(Yn + 1))
1 < ¢(xp, = su = .
( ! yn) Yn+1£yn q(yn+1 | Xf77yf7) (yn + 1)Xn

Observe that the choice of the dominated density function q is

a good one here since c(xp, yn) =1+ m —1as xp = oo

or yn — oo. In the algorithm, we should compare

9yre(n1yzre(Ynit | Xn, Yn)
c(Xn, ¥n)Q(¥Yni1 | Xn, ¥n)

with random number U, i.e., using previously obtained
X"(n) = x, and Y"¢(n) = y,, we should compare

(yn+1 )21+Xn(yn+1+1)
Yo+t + 1 1+ Xn(yn +1)

with U = wu.



Algorithm 7.1 Step 1: First, generate

(X™(1), Y™(1)) = (x1, y1). For this purpose, generate random
numbers Uy = uq, V4 = v4, and set

—log v
x1=—loguy, y1= :
X4

For n > 2, apply the following recursive approach. Assume that
(X"€(n), Y"™(n)) = (xn, yn) is already obtained.



. Step 2: 2.1: Generate random number U, = up,. Set

—log up
Xne 1 — — .
(n+ ) Xn+1 Xn + yn+1 '
2.2: Generate random numbers Vi, = vy, Tp = tp;
2.3: Set |
- —log v,
Jn=Yn+ XS =

If

t<<yn+1>21+xn(yn+1)
n Vn+1) 1+ x:(yn+1)

set Y™ (n+1) = ynr1 = yn. Otherwise, return to 2.2.



By using Algorithm 7.1, we generated 10000 times the first ten
X and Y north-east record values. Then, for every n, we found

mean values of X"¢(n), Y"(n) (n=1,...,10).
Table 7.1
n= 1 2 3 4 5 6

):(”e(n) 1.0051 1.4946 1.7680 1.9755  2.1511 2.2962
Y™(n) 8.0807 27.2174 36.0187 43.5699 49.6565 56.0334 €
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