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Octonion matrix algebras

S+(Mn(O), J) = {A ∈ Mn(O) | J(A) = A} Hermitian

S−(Mn(O), J) = {A ∈ Mn(O) | J(A) = −A} skew-Hermitian

J : (aij) 7→ (aji ) an involution
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Why bother?

S+(Mn(O), J):

n = 1: the ground field K

n = 2: the 10-dimensional simple Jordan algebra of symmetric
bilinear form

n = 3: the famous 27-dimensional exceptional simple Jordan
algebra

n ≥ 4: no longer Jordan, but appear in M-theory

S−(Mn(O), J):

n = 1: the 7-dimensional simple Malcev algebra O−.
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Simplicity

Theorem 1
The algebras S+(Mn(O), J) and S−(Mn(O), J) are simple.

Method of the proof: use realizations

S±(Mn(O), J) ' M±
n (K )⊗ 1 + M∓

n (K )⊗O−,

and a variant of the Jacobson density theorem.
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δ-derivations and associative forms

D(xy) = δD(x)y + δxD(y)

Theorem 2
δ-derivations of S+(Mn(O), J) and S−(Mn(O), J) are trivial (i.e.,
either the usual derivations, or multiplications by a scalar).

(Earlier derivations were computed by H. Petyt).

Theorem 3
Symmetric associative forms on S+(Mn(O), J) and S−(Mn(O), J)
are:

(X ,Y ) 7→ Tr (XY + X Y ).
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Further questions

1) Automorphisms? Conjecture: G2 × SO(n).

2) Identities?

3) Subalgebras?
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That’s all. Thank you.


