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Commutative Lie algebras

Standing assumption: p =2

[x,y] = ly,x]
[, v, 2] + [z, x], ¥] + [[y, 2], x] =0

Lie C commutative Lie C Leibniz
[x,x] =0
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Commutative cohomology

0 — SO(L, M) % St(L, M) S S2(L, M) S ..

S"(L, M) = the space of n-linear symmetric maps L x --- x L — M

ng(X]_, v 7Xn+1)
= Z SO([XhXj]aXla-”7)/<\I'7'-‘7)/<\j"-'axn+l)
1<i<j<n+1
n+1

+ E Xi @ O(X1y vy Xiyevoy Xnt1)-
i=1
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Why bother?

1) Operadic viewpoint: algebras should be defined by multilinear
identities.

2) New phenomena in cohomology, similar to Lie superalgebras.
3) New invariant of (ordinary) Lie algebras.

4) Appears naturally in the context of classification of simple Lie
algebras.
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Some spectral sequences

(after Friedrich Wagemann)

» Hochschild—Serre spectral sequence
0O—-/—=L—=L/I=0
E}? = Heomm(L/ 1, Homm (1, M)) = HEGZ (L, M)

comm comm

» Spectral sequences relating commutative cohomology with
Chevalley—Eilenberg cohomology and with Leibniz cohomology
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Cup product

(o —P)(x,..

— turns H?

comm

. 7XP+Q) = Zshufﬂes SO(X"l’ o

"X"p)'w(lea"

(L, K) into an associative graded ring.

-5 XGq)



Some computations
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2-dimensional nonabelian

L= (a,b]la b] =a)

a,...,a,b,....,b)=
Xpq( )

r S

1 ifp=randg=s
0 otherwise

Hgomm(L7 K) = <qu ‘ p+qg=n,p even>

Xpg " Xrs = (p;r) (qj’-s) Xp+r,q+s
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/assenhaus

Wi(n) = (e =xUtDg| —1<i<2"—3)

dim H?2

comm

(Wi(n),K) =n

Basic cocycles:

1 ifi=j=2Kk—20or{ij} ={-1,2k1 -3}
0 otherwise ,

k=0,....,n—1.

e Ve —
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Remaining questions

v

vVvYyyvy

Commutative cohomology as a derived functor?

Compute commutative cohomology for various “interesting”
algebras.

An analog of the Hopf formula for the second degree
homology.

Define the cup-product in the “standard” way.
Algebras of cohomological dimension 17
Euler-Poincaré characteristic?

Whether the variety of commutative Lie algebras is Schreier?
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That's all. Thank you.



