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Preface

This text is a translation of the German edition. It closely follows the original; some
errors and misprints were corrected.

Miinchen and Frankfurt/Main Martin Brokate
January 2015 Gotz Kersting

Preface to the German Edition

Modern measure and integration theory is a prominent descendant of Cantor’s set
theory, and it played an important role for the formation of the latter. The roots
of measure and integration theory thus are found in areas usually attributed to
pure mathematics. Nevertheless, it has gained importance particularly for areas
of mathematics strongly linked to applications—for functional analysis, partial
differential equations, applied analysis and control theory, numerical mathematics,
potential theory, ergodic theory, probability theory, and statistics. Measure and
integration theory thus cannot be subsumed so easily under the paradigm pure versus
applied mathematics (a paradigm which nowadays tends to become less and less
persuasive anyway).

It is under this view that we have written our textbook. Indeed we have in mind
readers who want to utilize the theory elsewhere and are interested in a concise
exposition of the most important results. At the same time, we aim at presenting
measure and integration theory as a coherent and transparent system of assertions
on areas, volumes, and integrals. We think that this can be done in a compact manner
so that it can be integrated into a standard bachelor’s curriculum in mathematics.

From the standpoint of mathematics, the core of measure and integration theory
has largely reached its final form. Nevertheless, we think that concerning its
presentation, there is still room for accentuation. Our arrangement of the content
does not follow the format chosen by other authors. Here are some explanations.

We do not start with the existence and uniqueness theorems for measures. We
believe that such an approach better fits the needs of the students: Initially, the
convergence results for integrals are important; the construction of measures—
however nicely it works out following Carathéodory—may be postponed for the
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start. For this reason we treat these constructions only at the end of our textbook
(which does not prevent a lecturer from reorganizing the material, of course). There
we have opted for a presentation which directly leads to the goal, avoiding the
usual discussions of set systems like algebras of sets, semi-rings, etc. At some other
places, too, there are new features.

We do not intend to present the theory in all its ramifications. We concentrate
on the core (as we understand it) and, beyond that, display results which provide
links to other areas of mathematics. Regarding analysis, this pertains, e.g., to
the smoothing of functions by convolution as well as Jacobi’s transformation
formula. Concerning geometric measure theory, we discuss the Hausdorff measure
and dimension. For probability theory, among other things, we treat kernels and
measures on infinite products following Kolmogorov. With the final two chapters,
we try to exhibit some connections to functional analysis which we find useful for
understanding measure and integration theory. To guide the reader, we have marked
some sections with an asterisk (*); they may be skipped at first reading.

As a prerequisite, we assume knowledge of the contents of the first-year bachelor
courses in mathematics (as they are typically given in our home country). From
topology, without comment we only use elementary concepts (open, closed, com-
pact, neighborhood, continuity) in the setting of metric spaces. Anything exceeding
that, we discuss by some means or other. Historical notes are found in footnotes.

A concise text as the one we aimed at cannot substitute any comprehensive expo-
sition. We therefore do not intend to replace established textbooks like Elstrodt’s [2],
much less classical texts like those of Halmos [4] or Bauer [1]. In the appendix we
mention these and other introductions to the theory. From all of them, we have
benefitted a lot; we take the liberty not to document this in detail, as should be
permitted in a textbook. We gladly have incorporated suggestions for the text as
well as corrections due to Christian Boinghoff and Henning Sulzbach. We thank
Birkhduser for the pleasant and smooth collaboration.

Miinchen and Frankfurt/Main Martin Brokate
March 2010 Gotz Kersting
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Introduction

To determine specific contents of area and volume as well as integrals is a very
old theme in mathematics. Unsurpassed are the achievements of Archimedes, in
particular his computation of the volume of the unit ball as 4 /3 and of the area of
the unit sphere as 4 . Starting from Euler, problems like determining the value of
fooo Si%dx (which is /2) have kept the analysts busy.

To the end of the nineteenth century, this subject became less and less important,
as there was not much left to be discovered. At that moment, measure and integration
theory entered the stage. It, too, deals with contents or (as we will call it in the
following) measures of sets, as well as with integrals of functions, but the question
has changed. It no longer reads “what is the measure of this or that set?” but rather
“which sets can be measured, which functions can be integrated?”. To which sets
one thus can assign a measure, to which functions an integral? Their specific value
becomes secondary, general rules of integration come to the fore. The relation to
differential calculus, which for a long period since Newton and Leibniz was in the
foreground, loses its dominant role.

Such a change of perspective is not uncommon in mathematics. In our case, it
arose in the context that one no longer considered integrals on their own, but rather
needed them as tools in other mathematical investigations. Historically one should
mention in particular the Fourier analysis of functions, the decomposition of real-
valued functions into sinusoidal oscillations. Their coefficients (amplitudes) can be
expressed by certain integrals—soon, one realized that for this purpose one needed
properties of integration which could not be provided by the notions of integrals
being available at that time.

Measure and integration theory according to Lebesgue arose by and large
between the years 1900 and 1915, based on essential preliminary work of Borel!

'EMILE BOREL, 1871-1956, born in Saint-Affrique, active in Paris at the Ecole Normale
Supérieure and the Sorbonne. He significantly contributed not only to the foundations of measure
theory, but also to complex analysis, set theory, probability theory, and to applications of

© Springer International Publishing Switzerland 2015 1
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2 1 Introduction

from 1894. Right from the start, the pioneers during that time directed their attention
towards the fundamental properties of measure and integral. Borel was the first
to demand that measures should be not only additive, but also o-additive. This
means that not only for finitely many disjoint measurable sets B;,B,,... C RY
with measures A(B;), A(B3), ... the union B = B; UB, U-- - is measurable and has
measure

AMB) = A(B1) + MB2) + -,

but that moreover this property holds for every infinite sequence B, B,,... of
disjoint measurable sets. Borel realized that only under this assumption a fertile
mathematical theory arises. Particular cases like the circle in the figure

of course do not yield anything new. Lebesgue,” the founder of modern integration
theory, in his fundamental treatise on integration from the year 1901 started from
six properties that integrals should reasonably satisfy.

Measure and integration theory is based on set theory and cannot dispense with
its ways of reasoning. Only with the aid of set theory a path was found leading to
the full system of measurable subsets of R and of other spaces. Yet this approach
is comparatively abstract and indirect. To realize that it is justified, for a start it is
perhaps appropriate to take a look at other more descriptive approaches, even though
they finally were not conclusive.

mathematics. He combined this work with a political career as member of the parliament, minister
of the navy, and finally member of the Résistance.

2HENRI LEBESGUE, 1875-1941, born in Beauvais, active in Paris at the Sorbonne and the College
de France. His foundation of integration theory is a landmark in mathematics, he could resort to
preliminary work of Borel and Baire. With his methods he then obtained results on Fourier series.
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Let us look at the approach due to Jordan.? His idea is intuitively appealing: Let
V= U};l I; be a union of finitely many disjoint d-dimensional intervals I; C RY,
thus I; = [aj;,bj1) x --- X [aja, bja) (it turns out to be useful, though not strictly
necessary, to work with semi-open intervals). One obtains its measure A(V) by

adding the products of the edge lengths of the individual intervals:

"
MV) = Z(bjl —aj1) -+ (bja — aja)

j=1

Following Jordan, the exterior and the interior measure of a subset B C RY result
from covering resp. exhausting B by a union of intervals:

Expressed in formulas,
M B) :=inf{A(V) : VD B}, I«(B):=sup{MV):V CB}.

If both expressions have the same value, then the set B is called a Jordan set, and
A(B) := A*(B) = A«(B) is called the Jordan measure of B. This definition is
analogous to that of the Riemann integral of a function.

Without a doubt, this approach assigns to a Jordan set its “correct” measure.
The deficiency of this approach lies elsewhere, on the structural level. Indeed, finite
unions, finite intersections, and complements of Jordan sets are again Jordan sets.
But it turns out that, in general, a countable union of Jordan sets is not necessarily
a Jordan set. One easily sees, for example, that every set which consists of just a
single element is a Jordan set of measure 0, while the set of rational numbers in
[0, 1] is not a Jordan set (its inner and outer measures are 0 resp. 1). The o-additivity
is lacking.

This deficiency is fatal. All attempts to modify Jordan’s definition in order to
remove this deficiency have failed.

But perhaps it is not really necessary to define measurability of sets through an
explicit construction. Is it maybe possible to assign a measure to each subset of

3CAMILLE JORDAN, 1838-1922, born in Lyon, active in Paris at the Ecole Polytechnique and
the College de France. Better known than his contributions to measure theory is his work on
group theory. The Jordan normal form of matrices as well as Jordan curves demonstrate his wide
mathematical interests.
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RY in a reasonable manner, no matter whether in a direct or an indirect fashion?
Already Lebesgue posed that question. The answer is negative, as was discovered
by Vitali* and Hausdorff.> Later, Hausdorff’s result was extended by Banach® and
Tarski.” It is somewhat perplexing and thus nowadays known as the Banach-Tarski
paradox. These two mathematicians proved in 1924: Any two bounded subsets B
and B’ of RY, d > 3, with nonempty interior, for example two balls of different radii,
can be decomposed into an equal number of disjoint subsets B = C; U --- U Ci
and B = C| U --- U C} such that all the parts C,...,Ci,C],...,C} are pairwise
congruent, that is, they can be transformed into each other by translations, rotations
and reflexions. One then is inclined to conclude that all parts have the same measure
due to congruency, and therefore B and B’ have the same measure by virtue of
additivity. This would be paradoxical. How can one realise such decompositions?
Intuitively this is inconceivable.

The answer is the following: The theorem of Banach-Tarski is a result of set

theory, and set theory (in particular, when the axiom of choice is employed) admits
the formation of rather exotic subsets of R¢ which are no longer accessible through
imagination. This is the meaning of the theorem: The system of all subsets of R¢
is so extensive that it is impossible to assign measures to every subset such that
they are invariant under congruency as well as additive. Therefore, the conclusion
mentioned above cannot be drawn. Thus the paradox dissolves. These results due to
Vitali, Hausdorff, Banach and Tarski are significant in the history of measure theory;
nowadays they rather are a special theme.
Let us record: Attempting to view measurable subsets as single items does not lead
to a sound mathematical theory. Therefore, we no longer look at individual subsets,
but focus instead on systems B3 of measurable subsets. Their properties are simple.
Following Borel, two properties are indispensable:

BeB = B°c¢B and B;.B....€B = | JB,eB

n>1

4GIUSEPPE VITALI, 1875-1932, born in Ravenna, active in Modena, Padova and Bologna. He
provided distinguished contributions to measure theory, but also to complex analysis.

SFELIX HAUSDORFF, 1868-1942, born in Breslau, active in Leipzig, Greifswald, and Bonn.
Hausdorff made fundamental contributions to set theory, topology, and measure theory. His
monograph on set theory had enormous influence. Under the alias Paul Mongré he published
essayistic and literary works. Due to his Jewish origin, Hausdorff was forced to retire in 1935.
To escape deportation he took his own life in 1942.

OSTEFAN BANACH, 1892-1945, born in Krakow, active in Lemberg. He established modern
functional analysis. The Lemberg school of mathematicians formed around him and Hugo
Steinhaus.

7TALFRED TARSKI, 1902-1983, born in Warsaw, active in Warsaw and Berkeley. He is regarded
as one of the most famous logicians due to, for instance, his papers on model theory. He also
contributed to set theory, measure theory, algebra, and topology. Because of his Jewish origin,
after the German invasion of Poland he remained in the United States.



1 Introduction 5

must hold for the complement B® of B and for finite as well as infinite sequences
By, B,, ... Such systems of sets are of fundamental importance in measure theory;
following Hausdorff, they are called o-algebras. Now the task arises to exhibit a
o-algebra which is large enough and is such that o-additivity holds when assigning
a measure to its elements.

This task can be tackled in different ways. One possibility is to start from a
system & of sets to which a measure can be assigned in an obvious manner. For this,
the system of all (semi-open) intervals of RY qualifies. One then enlarges & to the
system &’ of all countable unions of sets from £ together with the complements of
those unions. Using o-additivity, a measure can be assigned to all elements of &’. If
&' is not yet a o-algebra, one repeats this step until a o-algebra B¢ has emerged. This
path can be (and initially has been) entered, however it turns out that uncountably
many steps are required to attain the goal. This not only stresses our intuition, but
moreover one has to utilize advanced methods of set theory, namely, the theory
of well-ordered sets and transfinite induction. No view emerges of how a typical
measurable set looks like.

Fortunately, an elementary and much simpler approach was found soon: one

directly focuses on BY by characterizing it as the smallest o-algebra which contains
E. Tt is called the Borel o-algebra, and its elements B C RY are called Borel sets.
We will see how one assigns a measure to every Borel set so that o-additivity holds,
and how an integration theory is established whose rules are transparent and easy to
apply.
One has to pay a price: in order to smoothly manipulate measurable sets and
integrable functions one also has to deal with sets and functions, which in no
way conform to classical perceptions. Back then, leading mathematicians faced this
development in a reserved or even hostile manner, Hermite,® for example, spoke
about the “deplorable plague” of functions not possessing derivatives. Nevertheless,
the ideas of Borel and Lebesgue prevailed. Their theory is one of the most important
accomplishments of set theory.

As individual elements, measurable sets can hardly be controlled, one gets hold
of them only through their affiliation to systems of sets. This also means that nobody
can say how a “typical” Borel set looks like. In contrast, one may imagine of a
typical Jordan set as the above figure suggests. Nevertheless, in the following we
will no longer bring up Jordan sets, while Borel sets will remain in the focus of
our considerations. In measure and integration theory one has to get used to operate
with systems of sets and of functions, not with individual sets and functions.

Since its emergence, during the age of Newton and Leibniz, the integral has
evolved into a fundamental tool to be employed in many areas within and outside
of mathematics. Among them are the description of processes taking place in
the continuum—e.g. the space-time continuum—in the corresponding areas of

8CHARLES HERMITE, 1822-1901, born in Dieuze, active in Paris at the Ecole Polytechnique and at
the Sorbonne. He significantly contributed to algebra and number theory, orthogonal polynomials,
and elliptic functions.
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(mathematical) analysis, the description of random phenomena in probability
theory, as well as the description of algorithms for computer approximation and
simulation of such processes in numerical mathematics and scientific computing.

In all those contexts the Lebesgue integral has turned out to be the most
adequate notion of an integral. Concerning analysis and numerical mathematics,
the main reason is that the functions whose p-th power possesses a Lebesgue
integral form a complete space (that is, every Cauchy sequence converges) with
respect to the integral norm. In the case p = 2 the integral moreover yields a
scalar product, and we obtain a Hilbert space. These spaces, called L, spaces,
and their descendants—for example, the Sobolev spaces—provide the predominant
mathematical framework for problems in the continuum.

While Lebesgue integration theory does not concern itself with the computation
of specific integrals, some of its results nevertheless assist this purpose. The results
pertaining to the interchange of integrals and limits (on monotone and dominated
convergence) have manifold applications, for example they clarify under which
circumstances derivatives and integrals can be interchanged. Analogously, this is
true for the theorems of Fubini® and Tonelli'” concerning interchanging the order
of integration for multiple integrals. Some specific important integrals will be dealt
with in the text.

9GUIDO FUBINI, 1879-1943, born in Venice, active in Catania, Turin, and Princeton. He worked
on real analysis, differential geometry, and complex analysis. 1939 he emigrated to the USA after
he had lost his chair in Turin in the course of the antisemitic politics under Mussolini.

101 EONIDA TONELLI, 1885-1946, born in Gallipoli near Lecce, active in Cagliari, Parma,
Bologna, and Pisa. He worked in many areas of analysis and is known mainly for his contributions
to the calculus of variations.



Measurability

In this chapter we introduce measurable sets and measurable functions. As explained
in the introduction, the objects we operate with are mainly systems of sets, and not
individual sets. In doing so, there will arise finite as well as infinite sequences of
sets. In both cases and, regardless of their length, we denote such sequences as

A1, A,, ..., their union as Un>l A,, and so on.

Definition
A system A of subsets of a nonempty set S with the properties

(1) Se A,
)AecA = A :=S\AcA,
(111) Al Ay, ... e A = UnzlAnE‘A’

is called a o-algebra or a o-field in S. The pair (S, .A) is called a measurable
space. The elements of A are termed measurable subsets of S.

Asa consequence,

iv) d=Se€ A,
WM ALAy...eAd = (N Ar=Ups A €A,
i) Aj,Ayeld = Al\A2:=AlﬂA§€A,
vil) Aj, A e A = AAA, = (A1 U Aj) \ (A1 NA)eA.

Definition

Let (S, A), (S, A’) be measurable spaces. A mapping ¢ : S — S’ is called
measurable, more precisely A-A’-measurable, if preimages of measurable sets
are themselves measurable, that is, if

o '(A)e A forallA' e A.

© Springer International Publishing Switzerland 2015 7
M. Brokate, G. Kersting, Measure and Integral, Compact Textbooks
in Mathematics, DOI 10.1007/978-3-319-15365-0_2



8 2 Measurability

When dealing with a measurable space based on a set S, the choice of the o-algebra
A will usually be obvious, and thus it will be clear which subsets of S are
measurable. Therefore, in the following we will not always specify A explicitly.

Example (Trace o-Algebra)

Given a measurable subset S; in a measurable space (S, A), the system A; :={A C S, : A € A}
becomes a o-algebra on S;. It is called the trace o-algebra of A on Sy, or alternatively the induced
o-algebra on Sy. A mapping ¢ : S — S’ is A-A’-measurable if and only if the restrictions of ¢ on
S; and on S, := S{ are measurable with respect to the trace o-algebras .A; and A, thanks to the
formula

e A = (¢ A)NSHU (e I(A)NS,).

Proposition 2.1 (Composition of measurable mappings). Let (S, A), (S', A)
and (S”, A”) be measurable spaces, ¢ : S — S’ be a A-A'-measurable mapping,
and \ : S" — S” be a A'-A"-measurable mapping. Then \ro ¢ : S — S” isa
A-A"-measurable mapping.

Proof. For any measurable subset A” of S”, the set A’ := ! (A”) is measurable in
S’ by assumption, and therefore ( o @) "' (A”) = ¢~ !(A’) is measurable in S. O

Generators of o-Algebras, Borel o -Algebras

When the set S is countable, the usual choice of the o-algebra is the power set, the
set of all subsets of S. For uncountable sets S, however, this approach has turned out
to be unsuitable. Instead, in that case one specifies a o-algebra by a generator.

Definition

A system & of subsets of S is called a generator of the o-algebra A in S, if A is
the smallest o-algebra in S which contains € (that is, if for every o-algebra A on
S with A D £ we also have A D A). A is called the o-algebra generated by £
and is denoted by A = o (&).

Every system of subsets generates a 5-algebra.

Proposition 2.2 (Generated c-algebras). For every system & of subsets in S
there is a smallest 6-algebra which contains £. We obtain it as the intersection of
all o-algebras containing & :

() ={ACS : A e Aforeveryc-algebra Ain S with A > E} .
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Proof. The system of all g-algebras containing £ is nonempty, since the system of
all subsets of S belongs to it. The intersection A of all those o-algebras is itself a o-
algebra. Indeed, A € A means that A € A for all o-algebras A > &. 1t follows that
A® € Aforall A D & and therefore A° € A. The other properties of a o-algebra
are derived analogously. Moreover, we have A D & as well as A C A for every
o-algebra ADE. The proposition is proved. O

When working with generated o-algebras the following statements are used rou-

tinely.

Proposition 2.3 (Equality of o-algebras). Ler £ and & be generators of the
o-algebras A; and Ay in S. Then A; = A; holds if £, C Ay and &, C A,.

Proof. From & C A, we conclude that A; C A, and vice versa. O

Proposition 2.4 (Measurability criterion). Let (S, A), (S', A") be measurable
spaces, and let £’ generate A'. Then ¢ : S — S’ is an A-A’-measurable mapping,

if
o 'A)e A forallA €€
Proof. A := {A e A : ¢ '(A') € A} is a o-algebra, as a brief computation
shows. By assumption, &’ C A c A'. Since A’ is the smallest o-algebra containing

&', we conclude that A = A’, and the assertion follows. O

Rather frequently one considers the o-algebra generated by the open subsets in a
Euclidean space or, more generally, in a metric space.

Definition

Let (S, d) be a metric space with metric d and let O be the system of its open
subsets. Its Borel-c-algebra B := o(O) is defined as the o-algebra generated
by the open subsets of S. Its elements are called Borel sets. A mapping between
two metric spaces is called Borel measurable, if it is measurable w.r.t. the Borel
o-algebras.

In a topological space, too, the o-algebra generated by the open sets is called the
Borel o-algebra. We restrict our treatment to metric spaces, where the circumstances
remain clear.

We now have at our disposal a method for constructing measurable sets which
is highly indirect. In general it does not give us any indication which subsets of S
actually belong to o(&£) resp. o(O). In contrast to, e.g., the open sets in a metric
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space, they cannot be characterized “individually”. However, this does not create
any serious problems; one just works with systems of sets instead of individual sets.

Example

1. By virtue of Proposition 2.3, the Borel o-algebra is also generated by the system
of all closed subsets (the complements of the open sets).

2. Every continuous mapping between two metric spaces is Borel measurable. This
follows from Proposition 2.4 because, for continuous mappings, the preimages
of open sets are again open and hence Borel measurable.

3. We denote the Borel o-algebra of the Euclidean space R¢ by BY. It is generated,
too, by the system of all d-dimensional open intervals of the form

(—00,b) := (—00,by) X --- x (—00,bg), b= (by,...,bg) € RY.

Indeed, from those intervals we may obtain every finite half-open interval
[a,b) = [a;,b;) X --- X [ag, bg) according to

d
[a,b) = (=00,b) \ [_J(=00, )

i=1

with ¢; := (by,...,bj—1, 8j, bit1, - .., bq), and furthermore every open set O as a
countable union of half-open intervals according to

0=/ {la.b) : [a.b) CO.abeQ};

note that, because the rational numbers are dense in R, for every open set O and
every x € O there is an interval [a,b) with x € [a,b) C O and a,b € Q.
Therefore, the finite half-open intervals [a, b) generate the Borel o-algebra, too.
In the same manner B¢ is also generated by all finite open or by all finite closed
intervals, and moreover by all intervals (—oo, b], b € R,

4. As a consequence, every monotone mapping ¢ : R — R is Borel measurable,
since the preimage of an interval under ¢ is again an interval, and hence a Borel
set.

5. Let ¢y, ¢, . .. be an infinite sequence of measurable mappings from a measurable
space S with o-algebra .4 to a metric space S’ with metric d and Borel o-algebra
B. We assume that the sequence converges pointwise to a mapping ¢ : S — S/,
thus d(¢,(x), ©(x)) — 0 holds for all x € S. Then ¢ is measurable. Indeed, let
BCS,e>0,andlet U, B) := {y € S’ : d(y,z) < ¢ fora z € B} be the “open
e-neighbourhood” of B. If B is closed, then for every seqence ¢; > ¢, > --- > 0
converging to 0 we have
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o0
¢ '(B) = ﬂ {x €S : ¢n(x) € Uy (B) except for finitely many n}
k=1

[
DX
(@

{x €S: ¢n(x) € Uy (B) forall n > m}

w
I
-
=
I
-

ﬂ (U, (B)) €

Il
(D)
||C8

and the assertion follows from Proposition 2.4. This convergence property is a
feature which distinguishes the class of measurable functions from other classes
of functions (like e.g., the continuous functions), compare Exercise 7.4.

We may also generate o-algebras from mappings.

Definition

Let (Si, A;), i € I, be measurable spaces and {; : S' — S;, i € I, mappings. The
smallest o-algebra A" in S’ such that all {s; are A’-.A;-measurable mappings is
called the o-algebra generated by the (\;). We denote it by A" = o(Y;,1 € I).

The o-algebra o (i, i € I) is generated by £ = (¢ {U ' (A) : Aj € Aj}.

Example

The Borel o-algebra B in a metric space S with metric d coincides with the o-algebra B’
generated by all continuous functions ¢ : S — R. On the one hand, continuous functions
are Borel measurable, therefore 3/ C B. On the other hand, for all sets B C S the function
x > Yp(x) := inf{d(x, z) : z € B} (the “distance” between x and B) is continuous from S to R,
because |[Pp(x) — Yp(y)| < d(x,y). If B is closed we have in addition that x € B <> yp(x) = 0,
thus B = 5! ({0}). Therefore, B’ includes all closed sets, and by Proposition 2.3 we conclude
that B C B'.

The following statement corresponds to the measurability criterion.

Proposition 2.5. Let (S, A), (S, A) and (S, A;), i € 1, be measurable spaces,
and let A’ be generated by the mappings ; : S' — S;, 1 €. A mapping ¢ : S — S’
is A-A'-measurable if and only if \; o ¢ is A-A;-measurable for all i.

Proof. The “only if”-part follows because the composition of measurable mappings
is again measurable. For the converse, let {s; o ¢ be measurable for all i, thus ({5 o
¢) ' (Aj) € Aforall A; € A;. This means that 9~'(A") € A forall A’ = ¥ 1(A))
with A; € A;. Those sets A’ generate the o-algebra .A’. The measurability of ¢ now
follows from the measurability criterion. O
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Product Spaces

We now apply our construction method for o-algebras to finite or countably infinite
Cartesian products

SXZHSHZSIXSZX"'

n>1
Let A;, A;, ... be o-algebras on S;, S,, ... We call a subset of S of the form
Al xAyx--- with A, €A,

a measurable rectangle.

Definition
The o-algebra Ag in Sy generated by all measurable rectangles is called the
product 6-algebraof Ay, A, . ... We call (Sx, Ag) the product space of (S,, A,)
and write

A= A=A®AHQ .

n>1
If, in particular, S| = S, =--- = Sund A = Ay = --- = A, we write
S¢ and A¢ (2.1)

instead of Sx and Ag. Here d denotes the length of the sequence Si,S,, ... The
case d = oo is included; S* is just the set of infinite sequences in S.
Alternatively, we may describe the product o-algebra by the projection mappings
it Sx — Sj,i>1, given by

i(Xls X2, .. ) =Xj.
Since i_l(Ai) = S| X -+ X Sj_1 X Aj X Sj41 X --+, is an Ag-A;-measurable
mapping. Moreover, A; x Ay x --- = THA)) N 7'(A2) N ---, therefore we
may characterize the product o-algebra as the o-algebra generated by the projection

mappings:

A®:0( 17121)

Example (Euclidean spaces)

The o-algebra B in RY, 2 < d < 00, can be regarded as either a Borel c-algebra (thus, generated
by the open sets) or as a product o-algebra, because on RY = R4 x --- x R%, d = d; + - -+ + dy,
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it holds that
B=B"®.. @B%. (2.2)

To prove this we first note that every open set O C RY is a countable union of measurable
rectangles, e.g., as above,

0=[J{ab:[ab)CcO. abeQ.

Thus O belongs to the product o-algebra. Since B9 is the smallest o-algebra including all open sets,
it follows that B* C BY ® --- ® B%. Conversely, the projection mappings ; : RY — R% are
continuous and thus B¢-B% -measurable, and therefore B9 ® --- ® BY% = o( 1,005 x) C BI.

Example (The extended real line)

When considering suprema and_infima of countably many measurable real functions it is
convenient to extend the range to R := R U {00, —00}. We equip R with the o-algebra

B:={B C R|BNRisaBorel setin R} ,

called the Borel o-algebra in R (cf. Exercise 2.6), and R? with the product o-algebra 3%. Here, d
is either a natural number, or d = 00. The functions

sup:RY >R, inf:RI—>R,

which to every finite or infinite sequence X;, X, . . . assign its infimum and supremum, respectively,
then become B¢-B-measurable. This follows from

sup~! ([—00, x]) = [~00.xX] X [~00, X] X -+ |,

inrl([x, OO]) = [X, OO] X [x, oo] Xooen,

the measurability criterion, and from the fact that B (similarly to the Borel o-algebra on the real
axis) is generated by the intervals [—00, x|, and just as well by the intervals [x, 00].

As a price to be paid, however, it is no longer possible to subtract and divide arbitrary elements
of R without entangling oneself in contradictions.

No difficulties arise with the rules

oo+oo:i=00, 0-00:=0, a-oco:=oofora>0 ,(—1)-00=—00;
we will use them in the sequel. In contrast, one has to avoid the expressions

c0—00, —;
00

they are (and remain) undefined.

Product o-algebras have the important property that mappings into a Cartesian
product are measurable if and only if the same is true for all their components.
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Proposition 2.6. Let (S, A) be a measurable space, let ¢; : S — S; be mappings,
i > 1. Then the mapping ¢ := (@1, @2, ...) from S to Sx is A-Ag-measurable if
and only if all mappings ¢; are A-Ai-measurable.

Proof. This is a special case of the preceding proposition, as ¢; = ;o ¢. O

Real Functions

We summarize:

Proposition 2.7. If (S, A), (Si, A), i = 1, (S', A’) are measurable spaces, and
if the mappings ¢; : S — S; are A-A;j-measurable and \y : Sy X Sy X -+ — S’ is
Ag-A'-measurable, then s o (@1, ¢2, . ..) is A-A'-measurable.

Using this result one may ascertain the measurability of many mappings and sets.
We demonstrate this for the particularly important case of functions with values in
R and R = [—00, o0] (R? and R are equipped with the Borel o-algebra B resp. B).

Here, the simplest functions are the characteristic functions 1, of subsets A of S,
taking the value 1 on A and 0 on A°. 1, is a measurable function if and only if A is
a measurable subset.

Let now f;,f, : S — R be measurable functions and let ¢;,c, € R. Then the
linear combination c¢f; + c,f, is a measurable function. This follows from the
representation

cifi +cfy = @o (f1,12) ,

where ¢(X,y) := ¢1X + c2y, due to continuity, is a Borel measurable mapping from
R? to R. In the same way one obtains the measurability of

fi-f,, max(f,f;), min(fy,f;)
and, for every measurable f, the measurability of
f* := max(f,0), f :=max(—f,0), |fj=f"+f .
For measurable functions f;,f; : S — R the measurability of the set
{fi =fH}:={xeS:fi(x) = Hx)}

results from the fact that {f; = f,} = (f;,f;)"!(D) with the “diagonal” D :=
{(x,y) € R? : x =y}, since D, being a closed subset of R?, is Borel measurable.
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Analogously one obtains the measurability of sets like
{fi <f}:={xeS:fi(x) < f(x)}

or {f; # fr}, {fi <}

In the same manner one may construct new measurable functions from infinite
sequences fi, f5, ... of given measurable functions from S to R, extending R in the
process to R when necessary. We have shown that the mappings sup, inf : R® — R
are measurable; therefore, for measurable {1, f5, ... their pointwise supremum and
infimum

supf, = supo(fy,fs,...), ;2{ f, = info(fy, f3,...)

n>1
are measurable. As a consequence, the pointwise limit superior and limit inferior

limsupf, = inf supf,, liminff, = sup inf f,,
n—00 m>1p>m n—o0 m>1"=m

are measurable. Moreover, {lim, f;, exists} is a measurable set, since

{limf, exists} = {limsupf, = liminff,} N {—oco < limsupf, < oco}.
n n n n

If the sequence fi, 5, ... converges pointwise, we have lim, f, = limsup, f,, and
thus lim, f, is a measurable function. With that property of measurable mappings
we are already acquainted.

For the theory of integration, the following characterization of measurable
nonnegative functions will be important. Using it we will extend properties of the
integral from specific sets of measurable functions to all measurable functions.
Nonnegative functions are always understood as functions values in R = [0, co].

Proposition 2.8 (Monotonicity principle). Let (S, .A) be a measurable space
and let IC be a set of functions f : S — R4 with the properties

G f1,6H ek, c,ce Ry = c¢if] +cf €
@Gi) f1,f,...e L . fi<fhb<.-- = SupanEK,
(i) 1o € KforallA e A.

Then K includes all nonnegative measurable functions on S (with values in R,
according to our terminology).
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Proof. Letf:S — R, be measurable. The sets Ay, 1= {k27" < f < (k 4+ 1)27"}
belong to .A, for all natural numbers k and n. The functions

n2"

k
fn = Z E lAk.n +n 1{f=oo}
k=1

then belong to K by virtue of (i) and (iii).

A

One has that f; <f, <--- and SUP,> f, = f, therefore using (ii) we obtain f € I,

as asserted. O
Exercises
2.1 Let S be a set. Which o-algebra is generated by the subsets of S consisting of a single element

22

2.3

2.4
2.5

2.6

2.7

2.8

only ? What are the measurable functions f : S — R?

LetEy, E,, ... be a partition of S, that is, a sequence of disjoint subsets of S with | J,~; E, = S.

Let A be the o-algebra generated by those sets. Describe all sets which belong to A.

Let A, A; be o-algebras on S. Is A} N A, a o-algebra? What about .A4; U A,?

Hint: One may construct counterexamples from c-algebras with 4 elements.

Prove: The c-algebra 53 on R is generated by the intervals [—oo, b], b € R.

Let S be a metric space with metric d. Prove:

(i) Every closed set F C S can be obtained as an intersection of countably many open sets
(one says that F is a Gg-set).

(i) The Borel o-algebra in S equals the smallest system B’ of sets which includes all open

sets and moreover, for every sequence By, Ba, .. ., the sets UﬂZ 1 Bnand ﬂnzl B,.
Hint: Consider the system {B € B’ : B € B'}.
Letm: R — Rbe strictly monotone and bounded. Prove that d(x,y) := |m(x) — m(y)|

defines a metric d on R and that the corresponding Borel c-algebra equals 5.

Hint: The system O C R of open sets depends upon whether and where m has jumps!

The graph of a measurable mapping Let ¢,y, ' : S — S’ be A-A’-measurable
mappings and assume that the “diagonal” D := {(x,y) € S’ X S’ : x = y} belongs to
A’ @ A’. Prove that {y = '} € A and conclude that

{(x,y)GSXS’:y=<p(x)} EAQA .

Let S be uncountable and set A := {A C S : A or A® is countable}. Prove:
(1) Aisao-algebra.
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(ii) Forevery A’ € A ® A, either A’ or (A’)° is thin. Here we say that A’ C S? is “thin”, if
A’ C (A xS)U (S xA) for some countable set A C S.
(iii) The diagonal D := {(x,y) € SX S : x = y} does not belong to A ® A.
2.9 A function g : R — R is called upper semicontinuous, if

limsup g(y) < g(x)
y—X

holds for all x € RY. Prove:
(i) g is upper semicontinuous if and only if the sets {g < a} := {x € RY : g(x) < a} are
open for all real numbers a.
(i1) Upper semicontinuous functions are Borel measurable.
(iii) For every (not necessarily measurable) function f : R — R, the functions

g(x) = lilm sup f(y), h(x) := liim| inf f(y), x€R,
el0

V0 ly—x|=e y—xl=e
are upper semicontinuous, resp. lower semicontinuous (that is, —h is upper semicontinu-
ous). Prove: The set C C RY of points of continuity of f is a Borel set, and flc is Borel
measurable.

(iv) A function f : RY — R having at most countably many points of discontinuity is Borel
measurable.



Measures

Carrying measures is an essential purpose of measurable spaces.

Definition
Let (S, A) be a measurable space. A mapping | which to every A € A assigns a
number W(A) > 0, or possibly the value |L(A) = oo, is called a measure, if:

@) w(@) =0,
(ii) o-additivity: M( Unzl An) = anl W(A,) for every finite or infinite sequence
Aj, Ay, ... of pairwise disjoint measurable sets.

The triple (S, A, 1) is called a measure space. If W(S) = 1, then | is called a
probability measure. More generally, | is called finite if (S) < oo, and o-finite
if there exist measurable sets A; C Ay C --- such that | J,., Ay = S and
I(A,) < oo holds for all n. N

In the Introduction we have been guided by the idea that w(A) is the volume of
A. One also may think of w as describing a mass distribution on S, and then p(A)
equals the mass of A. In probability theory one interprets the elements A of the
o-algebra as observable events occuring with probability jL(A).

o-finite measures are of interest for two reasons. Firstly, some important
measures are o-finite, e.g., the Lebesgue measure, on RY which we will address
soon. Secondly, properties of finite measures often extend to the o-finite case.
One achieves this by replacing a given o-finite measure . with finite measures
Pa() := (- N A,) and then passing to the limit n — oo. Often this does not
present any difficulties whatsoever, so that one may omit the details.

© Springer International Publishing Switzerland 2015 19
M. Brokate, G. Kersting, Measure and Integral, Compact Textbooks
in Mathematics, DOI 10.1007/978-3-319-15365-0_3
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Example

1. A Dirac measure' is a probability measure whose total mass is concentrated in
a single point. The Dirac measure 8 in the point x € S of a measurable space is
defined as

5.(A) = 1, ifxeA,
U)o, ifx ¢ AL

As values it takes on only 0 and 1.

2. A measure | is called discrete if its total mass is concentrated in a countable
measurable set, that is, if L (C®) = 0 holds for some countable set C C S. In this
case, | is specified by its weights |y 1= u({x}), x € C, according to the formula

mA) = D k.

XEANC

Conversely, from any family (jux)xec of nonnegative numbers, using this formula
one obtains a discrete measure L.

The following proposition summarizes several essential properties of measures. For
sets A, A, Ay, ... C S we write

Ant A, ifA CA C--andA = JA,.

n>1

Al A, ifAIDA D and A =()A,.

n>1

Proposition 3.1. For any measure | und any measurable sets A, A, A, ...
there holds:

(1) Monotonicity: (A1) < w(Az), if Ay C Ay,
(ii) o-subadditivity: p(Ups1 An) < D pst (AL),
(iii) o-continuity: If A, 1 A, then w(A,) — W(A) for n — oo.
If Ay | A and moreover |L(A1) < oo, then L(A,) — WW(A) forn — oo as
well.

Proof. (i) In the case A} C Aj, A, equals the disjoint union of A; and A, \ Ay,
and (A1) < (A1) + p(A2 \ A1) = L(Ay) follows by additivity.

1PAUL DIRAC, 1902-1984, born in Bristol, active in Cambridge. He is famous in particular for his
contributions to the foundations of quantum mechanics. In 1933 he was awarded the Nobel prize
for physics.
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(i1) To begin with, we have W(A; U Ay) = w(Ay) + w(A2\Ay) < (A + w(Ay)
due to additivity und monotonicity. For finite unions it follows by induction that
AT U UA) < (A U= UAe ) + (Ar) < (A +--- + p(Ax—1) +
L (Ag). It remains to prove the assertion for infinite unions. For this, one passes
inpu(A U---UAg) < > o IL(Ay) to the limit k — oo, using the 6-continuity
of measures, which we will prove next.

(iii) Assuming A, 1 A, the sets A} := A, A 1= A \ Ax—1, k > 2, are disjoint
and we have A, = Up_; AL, A = Up=; A}. Consequently, as n — oo,

W(A,) = u(UAﬁ) =) wAY > Y Ay = u(UAﬁ) = 1(A).
k=1 k=1 k=1 k=1

This yields the first assertion. Assuming A, | A we get A7 1 A; \ A for
Al := A; \ Ay, n > 1. Consequently,

L(An) + (A = (A1) = (A) + (A \ A).

Passing to the limit n — oo yields the second assertion, using the first assertion
as well as the assumption (A) < oo.
|

Remark The condition (L(A;) < oo in the last assertion cannot be omitted
without replacement. A counterexample is provided by the sequence of sets
A, := {m € N : m > n}. The A, all have measure oo for the counting measure L
on N defined by L (A) := #A. On the other hand, (),.; Ay = @ has measure zero.
Measures can be mapped to other measure spaces via measurable mappings. This
issue will become important presently.

Definition
Let (S, .A), (S', A") be measurable spaces, let ¢ : S — S’ be measurable, and let
| be a measure on .A. The measure |u” on S given by

WA =p(e'(A)), Aed,
is called the image measure of . under the mapping ¢. We write ./ = @(|0).
A short computation shows that " indeed is a measure: W'(@) = w(@) = 0
and W(Uyz1 AL = (U1 07'(AD) = X (971 (AD) = Xosy W (A))

for pairwise disjoint sets A}, A’,... € A’. Just as quickly one convinces oneself
that

(o) () = (o)) .
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From ¢(x) =y it follows that ¢(8,) = 8, we thus have transferred ¢ to measures
in a canonical manner.

Null Sets

We now broach the topic of those measurable sets which a given measure does not
distinguish from the empty set.

Definition (Null set)
Let (S, A, ) be a measure space. A set A C S is called a null set, more precisely
a w-null set, if A € Aand n(A) = 0.

The system A C A of all null sets of a not identically vanishing measure p has the
following properties, as a consequence of monotonicity and o-subadditivity:

deN, S¢N,
AeNAecAANCA = AeN,
Al,Az,...EN = UAnEN-

n>1

If a property holds for all elements of S except for elements in some null set, then
one says that the property holds almost everywhere.

Definition

Let (S, A, L) be a measure space. Two measurable mappings ¢, § : S — S’ are
called equal almost everywhere, more precisely equal |-almost everywhere, if
{¢ # Y} is a null set. We write

¢ =1 ae.
and say that ¢(x) = {(x) for p-almost all x.

In probability theory one speaks of almost sure equality. It is an equivalence relation.
In the same manner one writes

¢<1{ ae :& {¢>1}isanullset,

whenever the range S’ of ¢ and \ is equipped with an order relation <.
Null sets will become important for us specifically in the context of convergence.
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Definition
Let (S, A, L) be a measure space, let (S’,d’) be a metric space, and let
¢, ©1, 92, ... be measurable mappings. We say that ¢, converges to ¢ almost

everywhere, and write
¢on —> @ ae.,
if {on A ¢} :={xeS:p(x) A ¢(x)}is anull set.
Remark For any measure space (S, A, 1), the system
A:={ACS :3A,A e AwithA; CAC Ayand u(A; \ A) = 0}
is a o-algebra in S which contains .A. One may also describe it as the o-algebra

generated by A U N , where N denotes the system of all subsets of all null sets.
Moreover, for any A € A,

L(A) == (A = p(Ag) .

is well defined. ji is a measure which extends L to A. The measure space (S, A, V9]
is called the completion of (S, A, ). (Proof as exercise)

The Lebesgue Measure on R

Now we will see that the concept of a measure on a c-algebra works out well in
an especially important case. The following nontrivial result says that there exists
a unique measure on the Borel o-algebra B¢ on RY (d finite) which associates to
every d-dimensional interval its “natural” volume. One usually considers half-open
intervals

[a,b) = [al,bl) X oo X [ad,bd) s
where a = (aj,...,aq), b = (by,...,bg) € RY. Half-open intervals have the

advantage that they cover the whole space RY completely and without intersections.
In the following picture, the bold edges belong to the corresponding interval.

(b1,b2,b3)

[ W R

(ar,az,a3)
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Proposition 3.2. On the Borel sets of RY there exists a unique measure, denoted
by A%, with the property that for all a; < by, ..., aq < by

A ([a,b)) = (b1 —ay) -~ (bg — ag) .

where a = (aj,...,aq) andb = (by, ..., bg).

We postpone the proof, we will show uniqueness in Chap.7 and existence in
Chap. 11. A is called the Lebesgue measure on B* (one also speaks of the Lebesgue-
Borel measure). Its completion, too, is termed Lebesgue measure. In the cased = 1,
we more briefly write B and A for the Borel o-algebra B! and the measure A'.

We treat some important properties of the Lebesgue measure.

Proposition 3.3. The Lebesgue measure \* on B¢ is the only measure on B°
satisfying the following two properties:

(i) Translation invariance: AY(B) = A4(B’), if B,B’ € B! map into each other
by translation.
(i) Normalization: Xd([O, 1)d) = 1 for the d-dimensional unit cube [0, 1).

Proof. Only (i) has to be proved. We consider, for fixed v € RY, the translation
mapping X — @(x) := X + v on RY and the image measure p := @(\%).
Translation maps intervals to intervals of equal measure, that is, it holds that
M([a, b)) = (b —ay)---(bg—aq). Thus | satisfies the property which characterizes
the Lebesgue measure. It follows that . = A9, therefore A\¢(B) = Xd((p_l(B)),
yielding assertion (i).

Conversely, let . be any measure satisfying (i) and (ii). Then for every natural
number n we have

w([0,n™HY) =n"?,

since the cube [0, 1)¢ decomposes in n¢ subcubes, which all arise from [0,n™")¢
by translation and therefore have identical measure, by the assumption. From
such cubes one can compose all those half-open d-dimensional intervals whose
boundaries a and b consist of rational components only. By additivity,

i([a,b)) = (by —ay)--- (ba — aq)

follows for rational numbers a; < b;. Because the rational numbers form a dense
subset of the real numbers, we may enclose, from outside as well as from inside,
arbitrary intervals by intervals with rational vertices. The latter formula then follows
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for arbitrary a; < bj, by the monotonicity property of measures. Therefore, |1 enjoys
the property characterizing the Lebesgue measure, and so p = A% O

Proposition 3.4. For the Lebesgue measure it holds that:

(i) A(H) = 0 for every hyperplane H C RY.
(i) If ¢ : RY — RY is linear, then ¢(B) is a Borel set for every Borel set B C RY,

and
A (9(B)) = | detg| - \(B) .
Phrased in a different manner: If ¢ maps the canonical unit vectors eq,...,eq to
the vectors vy, ...,vq € RY, then it maps the unit cube [0, 1)d to the (half-open)
parallelepiped spanned by the vectors vy, ..., vq4:

d
P[vl,...,vd] I:{ZCiUiERd 0<¢g <1, 1:1,,(1}
i=1

)

V3

Vi

Since det ¢ = det[vy, ..., vq], we get
A (Plur,...,vd]) = | det[vy,...,vd]| .

This is not surprising since the determinant det[vy, . . ., v4] can be interpreted as the
oriented volume of a parallelepiped, as we know from linear algebra. Except for the
orientation (the sign of the determinant), measure theory thus yields the same result.

Proof. (i) Every hyperplane H can be covered by countably many sets which
arise by translation from a single (d — 1)-dimensional rectangle Q spanned by
some orthogonal vectors b, ..., bg. Let by be orthogonal to by, . . ., by; the sets
Q + by, 0 <r < 1, are pairwise disjoint and have identical Lebesgue measure
due to translation invariance. That measure has to be equal to zero, because
otherwise the rectangle spanned by by,...,bsq would have infinite measure.
Thus Q, and therefore H too, has measure 0.
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(i) The case det ¢ = 0 is already covered by (i). So let us assume that ¢ has an

inverse \r which, being a linear mapping, is continuous and therefore Borel
measurable. We conclude that ¢(B) = {'(B) is Borel measurable whenever
B is a Borel set.

The bijectivity of ¢ has additional consequences: () := A9(¢@(-)) defines
a measure. Since (B + v) = ¢(B) + ¢(v) we have n(B + v) = p(B) for
every v € RY; thus L is translation invariant. Moreover, 0 < ¢ < oo holds for
¢ == (0. 1)%), as ([0, 1)*) contains small cubes and is contained in a large
cube. The characterization of the Lebesgue measure in the previous proposition
now yields p = c\d.

It remains to determine the value of c. We begin by considering two simple
cases:

First, let o be a linear mapping having the unit vectors ej,...,eq as
eigenvectors, with eigenvalues ¢y, ...,&q > 0. Then [0, 1)d transforms into the
interval [0, &1) X --- x [0, g4), and we directly obtain ¢ = ¢; - - - g4, which in turn
equals deto.

Secondly, let T be an orthogonal mapping. Then t maps the unit ball B onto
itself. Since B can be sandwiched between cubes, 0 < A4(B) < oo. In this case
we therefore have ¢ = 1; on the other hand, the determinant of an orthogonal
mapping is known to be +1.

The assertion now results from the fact that every linear mapping ¢ can be
represented as ¢ = 1| o0 0 o Ty, where ¢ is as above and Ty, T, are orthogonal
mappings (“singular value decomposition”). Indeed, the assertion follows from
the special cases considered above and known properties of determinants:

2 (9(B))) = A (t1(6(12(B)))) = | dett; deto det 12|\ (B) = | det p|A'(B) .

(In Exercise 3.9, we will recap the singular value decomposition of matrices.)
O

Exercises

3.1 Let A =J,>; Ayand A’ = (> A]. Check whether for every measure . it is true that

WANA) <D wA\A) . RAAA) < ) p(AnAA)) .

n>1 n>1

3.2 Let b; < py < --- be asequence of measures on a c-algebra, that is, L (A) < pua(A) < ---

holds for every measurable set A. Prove that (L(A) := lim, |L,(A) defines a measure |L.

3.3 Let A be the system of all sets A C N for which the limit

1
WA) ;= lim -#AN{1,2,...,n})
n—00 n

exists. Prove: (i) L is additive, but not o-additive, (ii) .4 is not a o-algebra.
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3.4

3.5

3.6

3.7

3.8

39

Existence of non-measurable sets, due to Vitali Let N C [0, 1] a set having the property
that for every real number a there exists a unique number b € N such that a — b is rational.
Prove:

(i) N+ rand N + r’ are disjoint for any rational numbers r 7 r’.

(i) [0,1] C Uregn—1.yN+1) C [-1,2].
(>iii) N is not a Borel set.
Remark: N is a complete set of representatives for the equivalence relation on R given by
a~Db:< a—b € Q. One obtains N using the axiom of choice from set theory.
Egorov’s theorem Let 1 be a finite measure, and let 1, f,, . . . converge j1-a.e. to f. We want
to prove that for each € > 0 there exists a measurable set A C S such that f}, f,, ... converges
uniformly to f on A and that L(A€) < e. For this purpose, prove:

(i) Let§ > 0and A, := U= m{lfa—fl > 8}. Then (o1 AL, C {fy A fFand n(A]) — 0

for m — oo.
(ii) For each & > 0 there exist natural numbers m; < m, < --- such that jL(Ay) < e27% for
Ay = Upom {lfa — ] > 1/,

(iii) fconverges uniformly on A := ()~ A, and p(A°) <.
On R, we consider the Borel measurable functions f = 1g and g = 1j;;. Which of these
functions are (i) a.e. continuous, (ii) a.e. equal to a continuous function (with respect to the
Lebesgue measure)?
Let ¢ : R — R¢ be linear and bijective. Prove that for the image of the Lebesgue measure
under ¢ it holds that p(A4)(-) = | det ¢|~! Ad(-).
Let B C [0,1) be a Borel set. Prove that for each ¢ > 0 there exist (half-open) intervals
Ii.....I C [0.1) such that X' (BA Ui,
case.
Hint: Consider the system of all sets B having the stated property.
Singular value decomposition Let M be an invertible d xd-matrix, and let M™ be its adjoint.
Prove:

Ij) < ¢. In addition, consider the d-dimensional

(i) M*M is selfadjoint and invertible, with strictly positive eigenvalues €2, . . ., &3. Thus there
exists an orthogonal matrix O such that M*M = O*D?O; here D denotes the diagonal
matrix with entries €1, ..., &.

(i) The mapping DOx +— Mx, x € RY, is well-defined, linear and orthogonal, that is,
|DOx|? = |Mx|? for all x.

(iii) There exists an orthogonal matrix V such that M = VDO (“singular value decomposi-
tion”).
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Given a measure | on a measurable space (S, .4), we now define the integral for
arbitrary measurable functions

f>0.

Here we consider measurable functions on S taking values in Ry = [0, 00].
The integral will be defined with the aid of elementary functions. These are
measurable functions h > 0 having at most finitely many different real values. Thus

h=) 7 lgy,
zZ

where the summation runs over the finitely many real function values z of h. In
the case S = R the elementary functions include the step functions, for which
the sets {h = z} are intervals or finite union of intervals, but additionally, due to

the diversity of the Borel sets, quite different functions which no longer can be
represented graphically.

© Springer International Publishing Switzerland 2015 29
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The integral of f > 0 arises through exhaustion from below by means of
elementary functions, as follows:

Definition B
Let f : S — R4 be measurable. The integral of f w.rt. the measure |L (more
precisely, the Lebesgue integral) is defined as

/fdu = sup{Zz~u(h:z) : h > 0is elementary, hff}.

Here, for M({h = z}) we simply write (L(h = z). The integral may possibly have
the value co. Sometimes, in particular when the integrand f also depends on other
variables in addition to x, one has to specify clearly with respect to which variable
one integrates. In that case one writes the integral as

/ f(x) u(dx) .

One can interpret the integral as the “content” of the region between 0 and f w.r.t.
)L (we will come back to this in Exercise 8.4). In the case of a probability measure
the integral may be interpreted as the “mean value” of f w.r.t. . If, in particular, . is
a probability measure on R* interpreted as a mass distribution, [ x j1(dx) becomes
its center of mass. In probability theory one uses integrals in a similar manner, in
order to define expectation values.

From the definition we at once draw a simple but important conclusion.

Proposition 4.1 (Markov’s Inequality'). Let f > 0 be measurable, and let z be
a nonnegative number. Then

z~u(f22)§/fdu.

Proof. For the elementary functionh := z- 1>,3 we have 0 <h <f. O

The following properties of the integral are immediate consequences of its defini-
tion.

I ANDREI MARKOV, 1856-1922, born in Ryazan, active in St. Petersburg. He is mainly known for
his fundamental contributions to probability theory.
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Proposition 4.2. For arbitrary measurable functions f, g > 0 it holds that:

() f<gae. = [fdp<[gdp,
(i) f=gae. = [fdu= [gdy,
(i) [fdp=0 <« f=0ae,

(v) [fdp<oo = f<ooae.

Proof. (i) Ifh > 0is elementary with h < f, then alsoh’ := h- l{t<g} is elementary
and h' < g. By assumption, ) ,z-wh' =2z) = > z-uth =zf<g) =
>,z (h = z), and the assertion follows from the definition of the integral.

(i) Follows from (i).

(iii) The implication < follows from (ii) and the definition of the integral.
Conversely, let [fdu = 0. For any n € N, Markov’s inequality yields
p( > 1/n) = 0. Since {f > 1/n} 1 {f > 0} and due to o-continuity,
i (f > 0) = 0 follows, and therefore f = 0 a.e.

(iv) Fromh := z- lgg—oy < fforall z > 0 it follows that z - pu(f = o0) < [fdp
forall z > 0. From [ fdj < oo we therefore get pu(f = co) = 0, which yields
the assertion. O

The following proposition, also called Beppo Levi’s~ theorem, is a key result element
in the theory of the Lebesgue integral.

Proposition 4.3 (Monotone Convergence Theorem). Let 0 < f; < f, < -.-
hold for measurable functions f,1,, . .., and set f := SUP,> | f,. Then

/fdu = lim | f,du.
n—>00

Proof. By Proposition 4.2 (i), the sequence f f, dju increases monotonically, and
lim,, f f,dp < [ fdu. To prove the reverse inequality, let h > 0 be elementary with
h < fandlete > 0. The elementary functions

hy i= (h—e)" - g onyg

2BEPPO LEVI, 1875-1961, born in Turin, active in Piacenza, Cagliari, Parma, Bologna, and
Rosario. He wrote papers in areas as distinct as algebraic geometry, set theory, integration theory,
projective geometry, and number theory. Because of his Jewish origin he went into exile to
Argentina in 1939.
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(setting g™ := max(g, 0)) then satisfy 0 < h, < f,. From the definition of the
integral it follows that

Y z-etpth=zf,>h—¢) < /fndu.

z

By the assumption, we have {f, > h—¢} 1 S and therefore w(h = z,f, > h—¢) —
i (h = z) thanks to o-continuity. Consequently,

Ye-ouh=2 < lim [fa.
2 n—>o0

and letting ¢ — 0 we finally obtain ) ,z- (h = z) < lim, [ f,dp. Using the
definition of the integral we conclude that f fdp < lim, f fy dj, as claimed. O

A useful variant of the monotone convergence theorem is given by the following
result.

Proposition 4.4 (Fatou’s Lemma?®). Let f,f),f5,... > 0 be measurable func-
tions satisfying the inequality f < liminf, f, a.e. Then

/fdu < liminf/fndu.
n—>o00

Proof. Setting g, = infyspfn we get 0 < gy < g < -+, SUP5 & =
lim inf;,, » f;, and g, < f,. Using the monotone convergence theorem we conclude
that

/fdu < /liminffn du = lim /gn dp < liminf/ fodu .
n—00 n—o00 n—00
|
In Fatou’s lemma, one cannot avoid the limit inferior: even if f equals the pointwise

limit of f,, in general we cannot replace the lim inf of the integrals with the lim in
the assertion, as the following example shows.

3PIERRE FATOU, 1878-1929, born in Lorient, active as astronomer at the Paris observatory. To
him we owe applications of Lebesgue integration to Fourier series and complex analysis.
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Example

Let (a,) be an arbitrary sequence of positive numbers. Then f, := a,nl,/q) defines a sequence of
Borel measurable mappings from R to R which converges to 0 pointwise. The Lebesgue integral
J f. dX equals a, and therefore may not converge. The following picture shows that the same effect
can be achieved with continuous functions, too.

In order to guarantee the convergence of integrals one therefore needs additional
conditions, like monotonicity in the monotone convergence theorem. In the fol-
lowing chapter we will encounter a different convergence criterion, namely the
dominated convergence theorem.

We now compute the integral for functions taking finitely or countably infinitely
many values.

Proposition 4.5. For any measurable function f > 0 taking only countably many
values (possibly including the value 00) it holds that

[tan = Yy-ue=y.
y

The sum ranges over all values y of f and does not depend on the order of
summation.

Proof. Assume at first that f is elementary. If moreover h, too, is elementary and
0 < h <f, it follows that u(f = y,h = z) = p(&) = 0 whenever z > y, therefore

dozuh=2) =Y zph=zf=y)
z z y
<Y Yy ulf=yh=2 =) yplf=y).
y z y

For elementary f we thus obtain the assertion directly from the definition of the
integral.

In the general case, let yj, y2, ... be an arbitrary enumeration of the real values
of f,and let 0 < z; < 7z, ... be a divergent sequence of real numbers not including
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any value of f. We set

n

fo = ZYkl{f_yk} + Zn + l=c0} -
k=1

Then 0 < f; < f; < --- are elementary functions with f = sup, f,,. The assertion
now carries over from f;, to f with the aid of the monotone convergence theorem. 0O

We now employ monotone convergence in order to prove the additivity and positive
homogeneity of the integral.

Proposition 4.6. For any measurable functions f,g > 0 and any real numbers

a,b > 0 we have
/(af—i—bg)du = a/fdu—l—b/gdu.

Proof. For functions f, g having countably many values the assertion follows from
Proposition 4.5, due to o-additivity:

Zz-u(af—l—bgzz):Zz Z p(f=ug=vo)

au+l;ll)}=z
ZZ(au—i—bv}-u(f: u,g=v)

aZu-u(f:u)+va~u(g:v).

In the general case, in addition to f and g we consider the functions

and analogously g,. This implies 0 < f; < f, < --- as well as SUP,> | f, = f.
Analogous properties hold for g, therefore the assertion results from passing to the
limit in

Lixyon <<+ 1y/20} + 00 Lir=co0}

[\)lw

/(afn+bgn)du = a/fndu—i-b/gndu

by virtue of the monotone convergence theorem. O
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Combining additivity and monotone convergence yields the following version of the
monotone convergence theorem.

Proposition 4.7. For arbitrary measurable functions f, > 0 we have
o0 o0
/andu = Z/fndu .
n=1 n=1

The following proposition features an alternative formula for integrals.

Proposition 4.8. Ler f > 0 be measurable. Then

/fdu:/ooou(f>t)dt.

The integral on the right hand side is to be understood as the Lebesgue integral
f[o, 00) u(f > t) A(dt). In the next chapter we will get on to the relation between
Lebesgue- and Riemann integral.

Proof. Again we work with f, := Y 02, & 1 o< kq1y/2n) + 00 + Lir=oo}, NOW
represented in the form

o0
fn - 2—11 Z 1{f>k/2"} .
k=1

Using Proposition 4.7 we get

o

/fndpL =27 p(f>k/2") :/0 w(f > [en/2m) de.

k=1

For the left-hand side it holds that 0 < f; < f, < ... and f = sup,., f,, while for
the right-hand side we have [t2"]/2" | tand {f > [t2"]/2"} 4 {f > t}. Passing
to the limit n — oo, the assertion follows due to o-continuity and the monotone
convergence theorem. O

Already now we clearly recognize the central role played by monotone convergence
within integration theory. As a method for proofs one often utilizes it in the form
of the monotonicity principle, Proposition 2.8. We will illustrate this method in the
next two subsections.
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The Transformation Formula

Let | be a measure on the measurable space (S, A), let ¢ : S — S’ be a A-A’-
measurable mapping, and let

T (1)

be the image measure of | under ¢.

Proposition 4.9 (Transformation formula). For any measurable f : S' — R,

we have
/fdu’ = /focpdu.

Proof. We consider
K= {fz 0 : f is measurable , /fdu’ = /fo cpdu} .

IC satisfies the conditions (i)—(iii) of the monotonicity principle (Proposition 2.8),
by virtue of the Propositions 4.3 and 4.6 and of the definition of 1. Therefore K
includes all measurable functions f > 0. This is the assertion. O

Densities

We now introduce the notation

/fdu ::/IAfdu
A

for any measurable A C S.

Definition
Let L and v be measures on the measurable space (S, A). A measurable function
h > 0 is called density of v w.r.t. w, if

\)(A):/Ahdu

holds for all measurable sets A C S.
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We then write, in short,
dv =hdp
or (in the style of the differential calculus)
h=dv/du.
Given a measure . and a measurable function h > 0, one may regard

v(A) = /hdu, AecA
A

as an equation defining v. Indeed, v is a measure on 4, the o-additivity being a
consequence of Proposition 4.7.

Proposition 4.10. Let dv = hdy, and let f > 0 be measurable. Then

/fd\):/ﬂmdu.

Proof. We set
K= {fz 0 : f is measurable, /fdv = /fhdu} .

By Proposition 4.6, Proposition 4.3 and the definition of a density, the assumptions
(i)—(iii) of the monotonicity principle (Proposition 2.8) are satisfied. The assertion
follows. O

If, in particular, v = hdw and p = kdv, then

/fdp:/fkd\):/fkhdu

dp = khdp .

resp.

This rule is symbolically also written as

dp _dp dv
dp  dvdp’
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Note that, in general, densities are not uniquely determined, because if h is a density,
then so is h’ whenever h’ = h |1-a.e. holds. In the o-finite case, however, densities
are uniquely determined a.e.

Proposition 4.11. Let dv=hdw =h dp and let v be o-finite. Thenh =h' p-a.e.

Proof. Assume first that v is a finite measure. By Proposition 4.6,

\)(h>h’)+/(h—h’)+du= / h dp + /(h—h’)*’du

{h>h’"} {h>h"}
= / hdp =v(h > h').
{h>h"}

Since v is finite, [(h — h')*du = 0 follows, and so (h — W)™ = 0 p-ae. by
Proposition 4.2 (iii). This means that h < h’ p-a.e. The reverse inequality follows
analogously. In the o-finite case one first considers | A, (h—h")* dp with v(A,) < oo
and then passes to the limit n — oo. O

We will get back to densities in Chap. 9 on absolute continuity.

Exercises

4.1 Let 8, be the Dirac measure in X € S. Determine f fd8, when f > 0 is measurable.
4.2 Prove that for any measurable f > 0 and any real number a > 0

oo
/f”du =a/ (> 0 dt.
0

43 Letf:R — Ry be a Borel measurable function satisfying Jfd\ < 0o, and let a > 0. Prove
that

Zn_“f(nx) <00

n=1

holds for A-almost all x € R.
Hint: Determine [ f, dX for f,(x) := n™*f(nx).
4.4 For measurable sets Ay, Ay, ... C S we define

Eﬂgngn :={x € S: x € A, except for finitely many n} = U ﬂ A, .

m>1n>m
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For any measure ., derive from the Fatou Lemma that
o < Timi
u(lﬁg(l)ngn) < léggéfu(An) .
4.5 Borel-Cantelli Lemma For measurable sets A, A, ... C S let

limsup A, := {x € S : x € A, for co many n} = ﬂ UA“'

n—o0 m>1n>m

Prove that p(limsup,_, . A;) = 0, assuming that ) - u(A,) < oo.
Hint: Consider [ fd. for f(x) := Y_,- la,(x), the number of those n with x € A,
4.6 A measure | on S is o-finite if and only if there exists a measurable function f > 0 satisfying
J fdu < oo as well as f(x) > O for all x € S. Prove this assertion.
4.7 An abstract view onto the integral Let |1 be a measure on S, and let I be a mapping, which
assigns to every measurable function f > 0 a number I(f) > 0, possibly oo, and which fulfils
(i) f1,f, > 0, measurable, c;,c; € Ry = I(cif; + cofz) = ¢1(f;) + cl(f2) .
(i) 0 <f; <f, <--- measurable = I(sup,f,) = sup,I(f,),
(iii) I(14) = w(A) for all measurable sets A C S .
Then I(f) = | fdp for all measurable f > 0.



Integrable Functions

Integration of measurable functions f : S — R is reduced to integration of
nonnegative measurable functions as follows. We decompose f into a positive and a
negative part:

f=f"—f, where f' := max(f,0) and f := max(—f,0).

NN

-

Definition B
Let i be a measure on S and let f : S — R be a measurable function such that
Jftdp and [ £~ dp are not both equal to co. We define

/me:‘/ﬁdu—/fﬂu.

In the following we will focus on functions whose integral is finite. We restrict
ourselves to real-valued functions, in order to be able to add and multiply them
without any restrictions.

Definition
Let | be a measure on S. A measurable function f : S — R fis called integrable,
more precisely [-integrable, if [ f+dp < oo and [~ dp < oo.

Since

[fl=f" +f,

© Springer International Publishing Switzerland 2015 41
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~/ N\~

Proposition 4.6 shows that

/lfldM:/erdu—l—/qu.

This yields the following integrability criterion.

Proposition 5.1. A measurable function f : S — R is \w-integrable if and only if
JIfldw < oo, and it follows that

)/fdu) < /|f|du.

Further properties of the integral arise from the results of the preceding chapter.

Proposition 5.2 (Monotonicity). Iff, g are integrable and satisfy f < g a.e., we

have
/fdusfgdu-

Proof. f < ga.e.implies f* + g~ < f~ + g* a.e. From Propositions 4.2 (i) and 4.6
we getthat [T dpw+ [g=du < [~ du + [ g* dj. Rearranging terms we obtain
the assertion. This is permitted since all integrals are finite. O

Proposition 5.3 (Linearity). If f, g are integrable and a,b are real numbers,
then af + bg, too, is integrable, and

/(af—l—bg)du:a/fdu—l—b/gdu.
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Proof. Propositions 4.2 (i) and 4.6 yield the estimate

/|f+g|dus[(|f|+|g|)du=/|f|du+[|g|du<oo,

therefore f 4 g is integrable. From (f+g)* —(f+g)” =f+g=ft —f 4+ gt —g~
it follows that (f + g)* +f~ 4+ g~ = (f+ g)~ + f+ + g™ Integrating this equation
according to Proposition 4.6 and rearranging the terms one obtains [ (f + g) du =
Jfdp + [ gdj. The equation | (af) du = a [ fdp is proved analogously. ]

Finally, the following assertion, also called Lebesgue’s convergence theorem, holds.

Proposition 5.4 (Dominated convergence theorem). Let fi,f5,... be a
sequence of measurable functions converging a.e. to a measurable function f.
If, in addition, for some measurable function g > 0 with [ gdp < oo we have

o] < g ae

for all n, then f, and f are integrable, [ |f, — f|dj. — 0, and

/fndu — /fdu

forn — oo.

Proof. By assumption, |f| < g a.e. According to Proposition 4.2 (i), [ |fy| dju < oo
and [ |f| dp < oo follow, so f, and f are integrable. Moreover, 2g — |f, —f| > O a.e.,
therefore Fatou’s Lemma yields that

/2gdu < liminf/(Zg— |fa — f]) du = /2gdu—limsup/ |f, — f] dw .
n—>o0

n—>o0

Since [ 2gdp is finite by assumption, it follows that limsup, [ |f, — f|du < 0.
Obviously we also have 0 < liminf, [ |f, — f| dp, thus [ |f, — f|dpw — 0. Since
| [fadw — [fdp| < [ |fa — f] dju, we obtain the assertion. |

Additionally, we now present a generalization of the monotone convergence theo-
rem. This result is sometimes important (e.g., in probability theory), but it will not
be needed later.

A sequence fi, 5, ... of R-valued measurable functions is called equiintegrable,
if for every € > 0 there exists an integrable function g > 0 such that

sup / [fal dp < €.

n>1
{Ifal>g}
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Proposition 5.5. Let the functions f1,f,, . .. be a.e. convergent to f and equiinte-
grable. Then t,, and f are integrable, and for n — oo we have f |fo — fldp — 0

and
/fndue/fdu.

Proof. Since {f,} is equiintegrable, so are {f;"} and {f, }, and they converge a.e. to
£t resp. f~. We therefore may assume that f;,, f > 0.

Let ¢ > 0, let g > 0 be chosen according to the equiintegrability assumption.
Then we have f fodu < f gdw + ¢, therefore f;, is integrable. Moreover, f is
integrable, since due to fly. oy < liminf, f;1¢,5,) a.e., Fatou’s Lemma implies that

/fdufliminf / fodu <e.

n—>o0o
{f>g} {fa>g}

From |f, — f| < (f, — min(g, f,)) + | min(g, f,) — min(g, f)| + (f — min(g, f)) we get
that

[t -tiaw= [ fuaws [ Imine.f) - mine.Olaw+ [ fan.
{fa>g} {f>g}

By the monotone convergence theorem, the middle integral on the right converges
to 0, therefore

n—>o00

limsup/ |fh — fldp < 2¢.
Letting ¢ — 0 we obtain | |f, — f] du — 0. This yields the assertion. O
In the next chapter, we will get back to the role played by equiintegrability. In par-

ticular, we will see that, conversely, [ |f, — f] dp — 0 implies the equiintegrability
Offl,fz, e
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Example

Let | be a finite measure, let 1 > 0 and [ [f,]'T"du < s for some s < oo. Then for all real
numbers ¢ > 0 the estimate

1
[ wlaeso [ omrtas S
ch cn
{Ifal>c} {fal>c}

holds. When | is finite, the equiintegrability of fj,f,,... results (for further elaboration see
Exercise 5.5).

Two Inequalities

As a consequence of monotonicity and linearity of the integral we prove two
inequalities which are based on convexity.

Proposition 5.6 (Holder’s Inequality'). Let f,g be measurable real func-
tions, and let p,q>1 be conjugate real numbers, that is, 1/p + 1/q=1. If
JIflPdp < oo and [ |g|tdp < oo, then fg is integrable, and

| [rean] < ([ 1eran)”( [rean) ™

In the case p = q = 2 this is just the Cauchy-Schwarz Inequality®>

(/fgdu)szfzdufgzdu.

Proof. Since the logarithm is a concave function, for any numbers a, b > 0 we have
1 1 1 1
logab = —logaP + —logh? < log | —aP + —b?),
p q p q

resp. ab < éap + cllbq. For any a, § > 0 it follows that

Ifl lel _ TP, 1]g[

_ < —— _—

a B pab  q B’

'OTTO HOLDER, 1859-1937, born in Stuttgart, active in Géttingen and Tiibingen. He gave
important contributions, in particular to group theory.

2 AUGUSTIN-LouIs CAUCHY, 1789-1857, born in Paris, active in Paris at the Ecole Polytechnique
and the College de France. He is a pioneer of real and complex analysis, all the way from the
foundations to applications.

SHERMANN AMANDUS SCHWARZ, 1843-1921, born in Hermsdorf, Silesia, active in Ziirich,
Gottingen, and Berlin. His most important contributions pertain conformal mappings and the
calculus of variations.
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The particular choice a = (f [f[Pdu)'/P and B = ([ |g[9dp)"/9, in case a,f > 0
results after integration in

1 11
—/Ifgldu < -+-=1
op P q

yielding the assertion. The case when « or f is equal to 0 has to be treated separately.
If, e.g., f |f|Pdw = 0, Proposition 4.2 (iii) implies that f = 0 a.e. and therefore
fg = 0ae. aswell as [fgdp = 0. O

The following inequality holds for normed measures only, in general.

Proposition 5.7 (Jensen’s Inequality*). Let u be a probability measure, let £
be integrable and let the function k : R — R be convex. Then k o f possesses a

well-defined integral, and
k(/fdu) S/kofdu.

Important special cases are given by

‘/fdu‘§/|f|du, (/fdu)zf/fzdu.

Proof. Any convex function k(x) enjoys the property of having a supporting straight
line at every point a. This means that for every a € R there exists a real number b
such that

k(x) > k(a)+b(x—a) forallxeR

N
f(x) k/

(a)+b(x —a)

k(x) > k(a) + b(x —a) forallx e R

4JOHAN JENSEN, 1859-1925, born in Nakskov, active in Copenhagen for the Bell Telephone
Company. He also contributed to complex analysis.
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and consequently

kof>k(a) +b(f—a).
It follows that (k o f)~ < (k(a) + b(f —a))~ as well as [(k o f)~dp < oo, since
f is integrable. Thus, [k o fdu is well-defined. In the case [(k o f)* dp = oo the

assertion now obviously holds, and so we may assume that k o f is integrable. Due
to monotonicity, linearity, and since L(S) = 1 we see that

/kofduzk(a)—i—b(/fdu—a).

Setting a = f fdy, the assertion follows. O

Parameter Dependent Integrals*

As an application of the dominated convergence theorem we investigate functions
of the form

F(u) := /f(u,x) (dx), ue U, whereUCR?,

concerning their continuity and differentiability.

Proposition 5.8. Let | be a measure on S, letuy € U andf : U x S — R such that

(1) u > f(u, x) is continuous in vy for \-almost all x € S,
(i) x — f(u, x) is measurable for all u € U,
(iii) |f(u, x)| < g(x) for all u, x, for some |w-integrable function g > 0.

Then F is continuous in u.

Proof. Due to (iii), [f(u,x)pu(dx) is integrable for all u. The convergence of
J f(un, x) p(dx) to [ f(ug, x) p(dx) along every sequence u, — uo now immediately
follows from the dominated convergence theorem. O

Proposition 5.9. Let . be a measure on S, let U C RY be open, and let
f: UxS — R be a function having the following properties for some given
ie{l,...,d}:

(1) x — f(u, x) is Ww-integrable for all v,
(1) f has a partial derivative w.r.t. w;, and there exists a |L-integrable function
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g > 0 such that forallu € U, x € S
of
|5 )] = 260
u;

Then F has a partial derivative w.r.t. u;, X > aa—lfi(u, X) is |L-integrable for all
ue U, and

oF of
E@=/Emmmn

Proof. Since when forming partial derivatives the remaining variables are kept
constant, we may assume that d = 1 and that U is an open interval, without loss
of generality. Let h;, hy, ... be a sequence converging to 0. By assumption (ii) and
the mean value theorem, for all u € U we have

)f(u + hy, x) — f(u, x)

™ <g().

The assertion therefore results from

F(u+h,) —F(u) / f(u + hy, x) — f(u, x)
h, B h,

p(dx) ,

passing to the limit n — oo with the aid of the dominated convergence theorem. 0O

In combination with other rules of integration, one can use the preceding result to
compute certain specific integrals. Examples can be found in the exercises.

Lebesgue and Riemann Integral*

The Lebesgue integral of an integrable function f w.r.t. the Lebesgue measure we
also denote by

/fdxd = /f(x)dx resp. /fdxd = /f(xl,...,xd)dxl...dxd

and, in the case d = 1, also by

b
/ fdk:/ f(x)dx .
[a,b] a
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Here we employ the notations commonly used for the Riemann integral® (we will
recall the definition of the latter during the following proof.). Namely, it turns
out that the Riemann and the Lebesgue integrals of a function f coincide if both
integrals exist. The following figure visualizes the different procedures employed
when integrating according to Riemann and Lebesgue, thus making it clear.

More precisely, one has the following result.

Proposition 5.10. Let f: [a,b] — R be a bounded (not necessarily measurable)
function, and let C,D C |[a,b] denote its sets of continuity resp. discontinuity
points. Then:

(i) C and D are Borel sets and f - 1¢ is Borel measurable.
(1) fis Riemann integrable if and only if D is a null set for the Lebesgue measure
\, and in this case its Riemann integral satisfies

/abf(x)dx=/f~1cdk.

For Riemann integrable functions f this does not necessarily mean that f1y, is Borel
measurable. However, flp and f are measurable w.r.t. the completion of the Borel
o-algebra w.r.t. the Lebesgue measure. For this reason, the equality fab f(x)dx =
Jia) T dA makes sense.

Proof. (i) Leta = X9 < X; < -+ < Xx = b be a partition P of the given interval
having mesh size w(P) := max;(x; — xj—1). We set

ij = inf{f(x) PXj—1 £X < xj} , Sji=sup {f(x) IXjo1 £x < xj}

SBERNHARD RIEMANN, 1826-1866, born in Breselenz near Hannover, active in Gottingen. His
famous publications are concerned, in particular, with complex analysis, geometry, and number
theory.
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forj=1,...,k and
k k
gp 1= Zijl(Xj—hXj] . hpi= Zsjl(xj'—lsxj] .
j=1 j=1
As is well known, the lower and upper sums of f for P are defined as
k Kk
UP = Zij(Xj — Xj_l) = /gpd)x s OP = ZSJ'(XJ' — Xj_l) = /hp di.
j=1 j=1
In the following, P;, P, . . . denotes a sequence of partitions such that w(P,)
converges to 0 and that P, is a refinement of P, for all n. Then it holds that
gp, < gp, <--- <f<-...<hp, < hp,. For the Borel measurable functions
g:=supgp,, h:=infhp,
n n
we get g < f < h. Since w(P,) converges to 0,
{g<h}cDcC{g<hiuQ,
where Q denotes the set of all partition points in Py, P,,.... The set Q being
countable, since {g < h} is a Borel set, then so is D, and
Mg <h) = AD).
Moreover f-1¢ = g- 1¢ holds, thus f- 1¢ is Borel measurable, and (i) is proved.
(i1): By the dominated convergence theorem,

/gdxzthPn, /hdxzhmopn.
n n

Since g < h, we have g = h a.e. if and only if lim, Up, = lim, Op,. In the
latter case, f is called Riemann integrable (usually one considers equidistant
partitions, but as we see this does not matter). Therefore, D is a null set if and
only if f is Riemann integrable. Then moreover g = f - 1¢ a.e. and

b
/f(x)dx:limUpn :/gde/f.lcdx,

a

as claimed.
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The preceding result remains valid for the d-dimensional Lebesgue measure. That
the set of continuity points is Borel measurable we already know from Exercise 2.5.

The Riemann integral, while being popular in teaching, has deficiencies which

render it useless for many purposes in analysis and probability theory. It lacks
essential properties like the monotone convergence theorem. The Lebesgue integral
mends those drawbacks.

Exercises

5.1

5.2

53

5.4

5.5

Let f be j-integrable. Prove (for instance, using dominated convergence) that nju(|f| > n) — 0
as n — 00.
Let a > 1. Prove: The measurable function f : S — R is p-integrable if and only if

o0

> ap(@ < fl <al) <o0.

i=—o00

When p is a finite measure, the condition is equivalent to

gk

w(fl = n) <oo.

=
Il

Prove that for n — oo
n o0
/ (1 —x/n)"dx — / e *dx.
0 0
Hint: Use 1 —t <e %

Let f > 0 be a measurable function satisfying 0 < ¢ := [fdu < 0o, and let 0 < a < oo.
Prove:

oo, ifa<l,
lim /nlog(l + (/n)*)dp = Jc, ifa=1,
n—o0

0, ifa> 1.

Hint: Use Fatou’s Lemma and the dominated convergence theorem. One has log(1 4+ x*) < ax
forall x > 0,a > 1. _
Let . be a finite measure and f, f;, . . . be a sequence of R-valued measurable functions. Prove
the equivalence of the following assertions:

(1) fi,f,, ... is equiintegrable.

(i1) For every € > 0 there exists a real number ¢ > 0 such that

up [ Tlap<e.
n>1J{|f,|>c}
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(iii) There exists a nonnegative function ¢ : RT — R satisfying ¢(x)/x — oo for all
X — 00 as well as

SUP/ e(fal) dp < 0o

n>1
One can choose ¢ to be convex.

Hint: Use the ansatz ¢(x) = Y ;= (x —c;) T with 0 < ¢; 1 0.
5.6 Prove the equality

OOe—x_e—ux
—dx=1logu, u>0,
0 X

using differentiation.
5.7 Show that

,tz(szrl)
F(t):=(/ - dx +/ o &

satisfies F(0) = /4 and F/(t) = 0 for all t > 0. Conclude that

oo 2
/ e X dx =4/ .
—00
5.8 Show that
o0 2
F(t) := / e /2 cos(tx) dx
—00
satisfies F(0) = 4/2 and F/(t) 4 tF(t) = 0. Conclude that

oo
/ e cos(tx) dx = /2 e /2,

—0oQ



Convergence

So far we had in mind two notions of convergence for measurable functions:
monotone convergence and convergence almost everywhere. Both are notions which
result from convergence of the values taken by functions at fixed (but arbitrary)
points of the domain. This is no longer the case for the two important notions
of convergence discussed in the present chapter, convergence in the mean and
convergence in measure. However, we will see that convergence almost everywhere
will nevertheless come into play.

Convergence in the Mean and the Spaces L, (j.)

Definition

Let p > 1. Let . be a measure and assume that f and f, f,, ... are real-valued
measurable functions such that [ |f[PdiL < oo and [ |f,|Pdp < oo for all n. The
sequence f1, 1, ... converges in p-mean (or in L;) to 1 if, for n — oo,

/|fn—f|PdM—>O.
In this case we write
f, 5> f.

It is of fundamental significance that we may interpret convergence in the mean
as convergence with respect to some seminorm. We will now elaborate on this
aspect. Readers who want to look up the notion of a (semi-) norm are referred to
the beginning of Chap. 13.

© Springer International Publishing Switzerland 2015 53
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For1 <p < oo let
Lo(n) = Lp(S; ) := {f: S — R : f is measurable, /|f|p dp < oo} .

L1(p) is just the set of all integrable functions. From the estimates
It + glP < (f] + [g)P < 2|f])P + (2]|g])P resp.

/|f+ glPdp < ZP/Iflde+2"/lglpdu

it follows that £,(l1) is a vector space. We set

N, (D) = (/ |f|PdpL>l/p.

In addition, let
Loo(u) := {f: S — R : f is measurable, |f| < c a.e. for some ¢ < oo}
and let
Noo(f) :=inf{c > 0: |f| <cp-ae.}

denote the essential supremum of |f|. It holds that Ny(f) — Ngo(f) for p — oo
(exercise).

It turns out that the quantities N,(f) enjoy essential properties of a norm.
Obviously,

Nj(af) = [a|Ny(f)

for every 1 < p < oo and every real number a. It is less obvious that the triangle
inequality holds.

Proposition 6.1 (Minkowski’s Inequality'). For any measurable functions
f,g:S > Randany 1l <p < oo,

Np(f+ g) < Np(f) + Np(2) -

THERRMANN MINKOWSKI, 18641909, born in Kaunas, active in Bonn, Konigsberg, Ziirich, and
Gottingen. He became famous for his contributions to number theory, convex geometry, and the
theory of relativity.
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Proof. For p = 1 the assertion follows directly from the fact that |[f + g| < |f| + |g|.
Likewise, the case p = oo has an easy proof.

Thus, let 1 < p < oo.Then 1/p+ 1/q = 1forq:=p/(p—1) > 1. It follows
that

/ £+ gl dyp < / 116+ gP~" dp + / ]l + gl dp

and, by Holder’s inequality,

/|f+ gfP du < [(/Iflpdu)l/er (/|g|pdu)1/p](/|f+g|(p_l)q)l/q

Since (p — 1)q = pand 1 — 1/q = 1/p, the assertion follows. The particular cases
J1f+ glPdpn = 0and [ [flPdp = oo resp. [ |g|P du = oo have to be considered
separately, and they are trivial. O
Another important fact is that the convergence in the mean enjoys completeness.

Proposition 6.2 (Riesz*-Fischer’ Theorem). Let 1 < p < oo, and let f},f,, . ..
be a Cauchy sequence in L,(\), that is,

lim Ny(fn —f,) =0.
m,n—00
Then there exists anf € Ly(|v) such that
lim Np(f, —f) =0.
n—>o00

The core of the proof consists in establishing a connection to a.e. convergence by
passing to a suitable subsequence.

Lemma. Let W be a measure, let fi,f,,... be a sequence of real-valued
measurable functions satisfying

lim p(/fn —fa] >€) =0

m,n— 00

for every ¢ > 0. Then this sequence possesses an a.e. convergent subsequence.

2FRIGYES RIESZ, 18801956, born in Gyor, active in Klausenburg, Szeged, and Budapest. He is
mainly known due to his significant contributions to functional analysis.

SERNST FISCHER, 1875-1954, born in Vienna, active in Brno, Erlangen, and Koln. He also played
an influential role in the development of abstract algebra. He had been forced to retire in 1938
because of his Jewish origin, but resumed teaching in KoIn in 1945.
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Proof. By assumption, there exists a sequence | < n; < n; < --- such that, for all
m > ng,

W([fm — fa ] > 275) <27,

It follows that p(|fy ., — fn,| > 27%) < 27 For g := D1 1{‘fnk+l_fnk|>27k},

which is the number of indices k with |f;, , — fy | > 27X, it holds that [gdp =
Dt W, — ol > 27%) < co. It follows that g < oo a.e., thus

u(|fnk R T 27X for infinitely many k) =0.

Consequently, the series ) - |, ,, —fn, | converges a.e., and therefore the sequence

k+1
fon = fu, + Yope) (faey, — fn,) converges a.e. to a measurable function f. This
completes the proof. O

Proof of the Riesz-Fischer Theorem. For p < oo, due to the Markov inequality we
have for every ¢ > 0

1
w(ltn =l > ) = = [/ 1= £ du

Thus there exist, by virtue of the assumption and the preceding lemma, a measurable
function f and a subsequence f,,, f,,,... which converges a.e. to f. By Fatou’s
Lemma it follows that, for all m > 1,

/ |fim — P dp < hminf/ [fim — fo, [Pdp < SUP/ |fim — fulP dpt .
k—00

n>m
This supremum is finite due to the assumption, thus f — f;,, belongs to £,(p), and
therefore so does f. Moreover, by the assumption this supremum converges to 0 as
m — oo, and the assertion follows. The case p = oo is treated in a similar manner.
|

The spaces L,() thus enjoy properties well known in the context of Euclidean
spaces. Moreover, the space R is subsumed in a natural manner. Indeed, set

W(A) :==#AforACS:={1,...,d}.

Then for f: {1,...,d} — R we have

d 1/p
No(h) = (D IEI)
i=1

and in the case p = 2 we arrive at the usual Euclidean norm on R9.
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One property of norms, however, does not hold: Ny(f) = 0 in general does not
imply f = 0. By Proposition 4.2 one may conclude at least that [f|P = 0 a.e. and
thus f = 0 a.e. In the same manner, the limit of a sequence converging in p-mean
is uniquely determined only in the a.e. sense. Therefore one cannot draw all the
conclusions one is accustomed to in RY,

In order to remedy this deficiency one introduces new spaces. One makes use
of the fact that equality a.e. is an equivalence relation, and works with equivalence
classes

[f]:={g:g="fae}

instead of functions f. For 1 < p < oo we set

Lp() = {[f] : f € Lp()}

and then for f, g € £,(l0), a,b € R define

a[f] + b[g] := [af 4 bf],
Iy == Np(f) .

Obviously, all those quantities are well defined.
We may summarize our considerations as follows.

Proposition 6.3. For 1 < p < oo, the space L,() endowed with || - ||, is
a Banach space, that is, a normed vector space which is complete w.r.t. the
convergence induced by the norm.

In the case p = 2 we may, due to the Cauchy-Schwarz inequality, introduce a scalar
product

(1. [g]) = / fedp .

This turns L, () into a Hilbert space, and the analogy with the Euclidean vector
spaces is perfect. We will further elaborate this viewpoint in Chaps. 12 and 13.

The spaces L, (1) are readily designated as function spaces, and the equivalence
classes are written as functions. In this manner one writes ||f|| and (f, g) instead of
IlIf]]l and ([f], [g]). For one thing, one often performs calculations using representa-
tives instead of equivalence classes; for another thing, equivalence classes including
a smooth function may be identified with that function.

To an equivalence class, however, one cannot in general associate a value at any
single point x € S having measure 0, in contrast to what one can do for functions.
Namely, for any representative one may prescribe an arbitrary value at this point.
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Convergence in Measure

Convergence in measure is particularly important in probabilistic settings (there one
speaks of convergence in probability).

Definition

Let | be a measure, let f, {1, f5, . . . be real-valued measurable functions on S. We
say that the sequence f|, {5, ... converges in measure L, or briefly in measure to
fif

lim p(|f,—f]>¢) =0
n—>o0
for every ¢ > 0.

The limit f is a.e. uniquely determined. Namely, if f is another limit, then we have
w(|/f — 1| > €) = 0, and letting £ — 0 we get p(|f — | > 0) = 0.

One may motivate convergence in measure as a notion which compensates for a
peculiarity of a.e. convergence. Namely, in general, it is not the case that a sequence
converges a.e. if and only if every subsequence possesses an a.e. convergent
subsequence. On the other hand, the following relationship holds.

Proposition 6.4. Let | be a measure, let f, 1,15, ... be measurable real-valued
functions on S. Consider the assertions

(i) The sequence fi,f,, ... converges in measure to f,
(ii) Each subsequence of f1, 1, ... contains a subsubsequence converging a.e. to
f.

Then (i) = (ii). For finite measures we even have (i) < (ii).

Proof. Assume that (i) holds. Then we may find (similarly as in the proof of the
preceding lemma) for each subsequence of the natural numbers a subsubsequence
1 <n; <ny <--- such that

W(lfo — ] >27%) <275,

For g := Zkzl 1{‘fnk_f|>2—k} it follows that fgdu < oo and therefore g < oo a.e.,
thus

u(|fnk — f| > 27 for infinitely many k) =0.

This means that f;, , f,,, . . . converges a.e. to f. Thus (ii) is proved.
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Conversely, let (ii) be satisfied and let | < n; < n, < --- be a subsubsequence
as in (ii). For any ¢ > 0 it then follows that lg;, —f>¢; — 0 a.e. ask — oo. In the
case of a finite measure, the dominated convergence theorem yields

w(lfo, — ] > ) = / Lty —r1>ey Al — 0.

Therefore, every subsequence of the sequence u(|fn —f|] > e) contains a subsub-
sequence converging to 0. As a consequence, the whole sequence converges to 0.
Thus (i) holds. |

In particular, for finite measures every sequence converging a.e. also converges in
measure. The converse does not hold.

Example

Let f;,f,, ... be an enumeration, in any order, of the characteristic functions 1y, of the intervals
Lem = [X=1, £) withk,m € Nand 1 <k < m, for example f, = 1y, withn = k-++m(m—1)/2.

m ’m

The sequence £, 15, ... converges nowhere in the interval [0, 1), but it converges in measure to 0
w.r.t. the Lebesgue measure restricted to [0, 1).

Convergence in measure is superior to convergence a.e. also regarding the following
completeness property.

Proposition 6.5. Let |w be a measure and let {1, 15, . . . be measurable real-valued
functions with the property that

m!Ligloo W(fm —fal >€) =0

for every ¢ > 0. Then there exists a measurable function f : S — R such that the
sequence f1,1,, ... converges in measure to f.

Proof. By the lemma above there exists a subsequence f,,, f,,, . .. which converges
a.e. to a function f. It follows that 1, —f>ey < liminfyoo Igjf,—, [>e} a.€. Using
Fatou’s lemma we obtain for every m > 1 that

w(lfm —f] >¢) < ILH_l)ngﬂfm— | >€) < sup u(|fm —fa] > €) .

n>m

Letting m — oo the assertion follows in view of the assumption. O
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Convergence in measure is metrizable; we will come back to this point in Exer-
cise 6.3. We may therefore express the preceding proposition as follows: any Cauchy
sequence (in such a metric) is convergent.

The Connection Between the Two Notions of Convergence*
We now relate convergence in the mean to convergence in measure. The former

notion is the stronger one. More precisely, the following proposition due to F. Riesz
holds.

Proposition 6.6. Let f andf,f,, ... be elements of L,(1) for some 1 < p < oo.
The following assertions are equivalent:

Q) fa > 1,
(ii) fi,fo, ... converges in measure to f, and [ |f,|Pdp — [ [P dj as n — oo.

Proof. (i) = (ii): The convergence in measure follows the Markov inequality

w(ih =tz e) < [ 16— tPau.
The Minkowski inequality implies that
INp(f) = Np (O] < Np(fs — ) — 0
and thus that [ |f,|Pdpn — [ [f|Pdp.
(il)) = (i): By Proposition 6.4, for each subsequence of the natural numbers there

exists a subsubsequence 1 < n; < np < --- such that f, , f,,,... converges a.e.
to f. Fatou’s lemma, applied to 2P(|f|P + |f,, |P) — |f,, — f|P > 0, yields

2P/2- I£1P dpu gnminf(2P/|f|Pdu+2P/ |fnk|Pdu—/|fnk —f|Pdu).
k—o00

By assumption, on the right and on the left the term 2P [ |f|P djv appears twice.
By assumption it is finite, consequently

lim sup/ [fo, — fIPdp <0.

k—o00

Altogether each subsequence contains a subsubsequence along which N, (f, —f)
converges to 0. This is equivalent to N (f, — ) — 0. O
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Condition (ii) of Proposition 6.6 may be further reshaped with the aid of a notion
which, in a somewhat more specialized form, has already appeared in the previous
chapter.

Definition

Letp > 1. A sequence f,f5, ... in Ly() is called equiintegrable (or uniformly
integrable), more precisely equi-p-integrable, if for each ¢ > 0 there exists a
measurable g > 0 satisfying [ |g|P du < oo, such that

sup / [falP dp < €.
n>1
{Ifal>g}

Replacing g by g+ |f;| +- - - + |fk], the first k integrals under the supremum become
equal to zero, for arbitrary k > 1. In this way we realize that the last requirement is
equivalent to

lim sup / [falPdu < €.
n—oo
{Ifal>g}

We will use this condition in a moment.

Proposition 6.7 (Vitali’s Convergence Theorem). Letf, f,15,... € L,(n) for
some 1 < p < oo. Then the following assertions are equivalent:

. P
@) fn—f,
(ii") f1, 1o, ... are equiintegrable and converge to f in measure.

Proof. (ii) = (ii'): g := 2[f| belongs to L,(j1). As in the preceding proof, let
I <n; <mn <--- be asubsubsequence such that f; , f,,, . .. converges a.e. to f.
Then |f,, [P1), |<g} converges a.e. to |f|P, and due to the dominated convergence
theorem (along subsubsequences and therefore along the whole sequence),

[ mpan [ira.
{Ifal<g}
From (ii) it follows that
[faPdp — 0,
{Ifal>g}

thus the equiintegrability.
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(ii') = (ii): Given e > 0, choose g € L,(j1) according to the equiintegrability
condition. If we replace g by g’ := g + 2|f|, we may conclude as before that

£ di — / 1P dp
{Ifal<g}

This yields

limsup‘/lfnlpdu—/lflpdu‘ < lim sup / [faPdp < €.

n—>00 n—>00
{ifal>g’}

Letting ¢ — 0 we obtain (ii). |

Exercises

6.1 Prove the Riesz-Fischer Theorem in the case p = 00.

6.2 Let f; < f, < --- be a sequence of measurable functions which converge in measure to a
function f. Prove that the sequence converges a.e. to f.

6.3 Given measurable functions f, g : S — R and a measure . on S, let

dif,g) :=inf{e > 0: p(If—gl >¢) <} .

Prove: d is a pseudometric, that is, d is symmetric and satisfies the triangle inequality. d
metrizes the convergence in measure, that is, d(f,,, f) = 0 if and only if f, — f in measure .



Uniqueness and Regularity of Measures

Uniqueness theorems in measure and integration theory serve to determine and
identify measures. The most important of those clarifies when two measures on
a o-algebra A which coincide on a generator £ of A are actually equal on
all of A. This is not always the case. On {1,2, 3,4}, for example, the system
&= {{1, 2}, {2, 3}} generates the o-algebra of all subsets, and the two probability
measures |L and v with weights iy = L, = W3 = g = 1/4and vy = vz = 1/2,
v, = vg = 0 coincide on £.

For this reason, there comes into play the new condition that £ is a N-stable
system, meaning that

EEEFef& = ENFE e

holds.

Proposition 7.1 (Uniqueness theorem for measures). Let £ be a N-stable
generator of a 6-algebra A on S, and let |\, v be two measures on A. If

(i) W(E) = v(E) foreveryE € &,
(i) (S) = v(S) < oo or n(Ey) = v(E,) < oo for some sets Ej,Ey,... € £
with E, 1S,

then i = v.

In the case L(S) = v(S) < oo one may readily adjoin S to the generator. Thus one
notices that in (ii) the second condition is more general.
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Example (Lebesgue Measure)

The system of all finite intervals [a,b), a,b € RY is a N-stable generator of the Borel c-algebra
B9. Tt includes the intervals [—n,n)d, n > 1; they have finite Lebesgue measure and their union
exhausts RY. Therefore the Lebesgue measure A¢ is uniquely determined by its values on the
intervals. This proves a part of Proposition 3.2.

Example (Borel ¢-algebras)

The Borel ¢-algebra B¢ on R® (or, more generally, on a metric space S) is generated by the open
sets. Since S itself is open and the open sets form a N-stable system, by the theorem above a finite
measure |1 on B¢ is uniquely determined by its values (O) for open set O C S.

Moreover,  is uniquely determined by all integrals / fdj. of bounded continuous functions f.
Indeed, for any open O C S the distance between x and O,

g(x) :=d(x,0% = inf{|x — z| : z € O} ,

is a continuous function (more precisely, we have |g(x) — g(y)| < |x — y|). The bounded
continuous functions f;,(x) := min(1, ng(x)) converge pointwise and monotonically towards 1o,
and the dominated convergence theorem implies that [ f, dju — (O). Therefore,  is uniquely
determined.

In order to prove the theorem we go back to the calculus of systems of sets with
which we have already become acquainted in Chap. 2.

Definition
A system D of subsets of a nonempty set S is called a Dynkin system,' if

() SeD,

i) AeD = A°eD,

(i) A1, Az,... € D = U, An € D, whenever the sets Aj, Ay,... are
pairwise disjoint. -

Dynkin systems are used (in contrast to o-algebras) as a technical device only. One
needs them in order to identify certain systems of sets as o-algebras. Here it comes
in handily that Dynkin systems inherit the property of N-stability from generators.
This is the essence of the following fact.

Proposition 7.2. Let D be a Dynkin system and A a o-algebra with a N-stable
generator . Then £ C D C A implies that D = A.

TEvGENII DYNKIN, born 1924 in Leningrad, active in Moscow and Cornell. He made essential
contributions to Lie algebras and probability theory.
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In other words, a Dynkin system generated by a N-stable system of sets is
necessarily a o-algebra.

Proof. We may assume that D is the smallest Dynkin system containing £. We want
to prove that whenever € is a N-stable system of sets, then so is D. In order to show
this, for any D € D we consider the system

Dp:={AeD:ANDeD}.

Dp, too, is a Dynkin system: Properties (i) are (iii) are obviously satisfied. Moreover,
for any A € Dp the disjoint union (A N D) U D¢ and hence its complement A° N D
belongs to D. Thus property (ii) holds.

Now let E € £. We get £ C Dg, since £ is N-stable by assumption. The
minimality of D yields Dg = D, in other words: D N E € D for every D € D,
E € £. This means that £ C Dp holds for every D € D. Again, the minimality of D
yields the equality Dp = D, this time for every D € D. By definition, this equality
means that D is N-stable, as claimed.

Now, in D we may convert every countable union into a disjoint union, according
to the scheme

Uar=auJAnAsn--nA: ).

n>1 n>2

Therefore, D is a o-algebra. Since A is the smallest o-algebra containing &, the
assertion follows. O

Proof of the uniqueness theorem. Let E, € & such that w(E,;) = v(E,) < oo and
E, 1 S. By the properties of measures,

Dy:={AcA: wW(ANE,) =v(ANE,)}
is a Dynkin system. Since £ is N-stable, it follows that £ C D, C A and moreover,

due to the preceding proposition, that D, = A. Therefore w(A N E,) = v(ANE,)
holds for each A € A. Passing to the limit n — oo we obtain the assertion. O

Regularity*

We now treat situation where the values |L(E) of a measure on a generator £ and its
other values [L(A) are related in a more explicit manner. To this purpose we form
the expression

WH(A) = inf{Zu(Em):El,Ez,... €& AC UEm} ACS,

m>1 m>1
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which is determined solely by the restriction of | on £. One thus considers finite
or countably infinite coverings of A with elements from the generator such that the
sum of their measures is as small as possible.

/T

\

From the properties of measures (monotonicity and sub-o-additivity) it follows that
I(A) < p*(A)

for every A € A. Moreover,
IW(E) = u*(E)

for every E € &, because E is covered by itself. When is it possible to conclude
W(A) = W*(A) for other sets A € A, too? This question leads us, following
Carathéodory,” to the following definition (it is a bit more general than usual: we
do not restrict ourselves to Borel o-algebras).

Definition
Let . be a measure on a c-algebra A, let £ be a generator of A.  is called outer
regular (with respect to &), if

W(A) = inf{Zu(Em) "EL,Es,...€E& AC UEm}

m>1 m>1

holds for every A € A.

Some generators are immediately ruled out at this point, for example the generator
of the Borel o-algebra in R consisting of the intervals (—oo, x] C R, which cannot
be used to cover perfectly arbitrary Borel sets. However, even when using more
suitable generators not every measure is outer regular.

2CONSTANTIN CARATHEODORY, 1873-1950, born in Berlin, active at several German univer-
sities, in Athens, and finally from 1924 in Munich. He made essential contributions to measure
and integration theory, the calculus of variations, complex analysis, and the axiomatic treatment
of thermodynamics. During the period 1920-1922 he acted as founding rector of the university at
Smyrna.
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Example

The counting measure (B) := #B on the Borel o-algebra in R, as well as the o-finite measure
w(B) := #B N Q, do not possess outer regularity with respect to the generator formed by the open
sets.

Usually one deals with measures which are outer regular with respect to a clearly
specified generator. This is true at least for measures constructed by Carathéodory’s
method. We will discuss this in Chap. 11.

When outer regularity is present, we may supplement the uniqueness theorem for
measures with the following comparison result, which is sometimes useful.

Proposition 7.3 (Comparison Theorem). Let L and v be measures on a o-
algebra A with generator £. If

v(E) < n(E)

for everyE € &, and if . is outer regular w.r.t. £, then v < |L.

Proof. Let A € Aand A C |
and the assumption,

m>1 Em With Ey, € €. By the properties of measures

V(A) < Y V(Em) £ D W(En) .

m>1 m>1

Taking the infimum over all coverings of A we conclude from the outer regularity
that v(A) < L(A), as asserted. O

In particular, an outer regular measure is maximal among all measures that coincide
on €.

We now pursue the question how we may read off outer regularity from the
generator.

Proposition 7.4. Let £ be a N-stable generator of a 6-algebra A on S satisfying
@ € &. Let | be a measure on A, and assume that there exist sets E{,Ey, ... € £
such that E, 1 S and w(Ey) < oo for everyn > 1. If

W(E \E) = w*(E \E) foreveryE,E € & withE CE',

then | is outer regular w.r.t. £.

We will present the proof in Chap. 11.
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Example (Semirings, Outer Regularity of the Lebesgue Measure)

A N-stable system € of sets with & € & is called a semiring, if for every E,E’ € £ with E C
E’ there exist disjoint sets By, E,,... € & such that E' \ E = |J;;>| En. In this case we have
> m=1 W(Em) = w(E’ \ E) and consequently

W*E\E) = wnE\E).

If, in addition, S can be exhausted with elements E,, n > 1, from £ with finite measure, then the
assumptions of the preceding proposition are satisfied and  is outer regular.

In particular this shows that the d-dimensional Lebesgue measure is outer regular with respect
to the generator £ of the Borel o-algebra B¢ consisting of all d-dimensional intervals

E=[ab), abeR®.
Obviously, £ is a semiring, and moreover R¢ = Uz [—m, m)¢ and A4 ([—m, m)d) < 00.

We now discuss the important case where the generator consists of all open subsets
of a metric space. Proposition 7.4 yields the following result.

Proposition 7.5. Let |u be a measure on the Borel c-algebra of a metric space
S, and assume that there exist open sets E,E,, ... C S satisfying E, 1 S and
W(EL) < oo for each n > 1. Then W is outer regular. More precisely, for every
Borel set B we have

w(B) = inf{u(O) :0DB,0is open}
as well as

iL(B) = sup {(A) : A C B, A is closed} .

Proof. First, let . be finite. We check the assumptions of the preceding proposition:
The open sets form a N-stable system of sets which includes the empty set.

Furthermore, let O C O’ be open. Then A := O° is closed, so for any null
sequence €] > g > -+ > 0 of real numbers we have

oo

0° =) A"

n=1

where A® := {x € S : d(X,y) < ¢ forsomey € A} (the open e-neighbourhood of
A in the metric d). Since  is finite, using o-continuity we get that w(O’ \ O) =
lim,—, 0 L (A® N O’). Moreover, 0"\ O is covered by the open sets A* N O, for each
¢ > 0. In conclusion,

L*(O'\0) =n(O'\0),
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therefore by the preceding proposition | is outer regular. The first assertion now
follows since a union of open sets is open. Passing to complements reveals that the
second assertion is equivalent to the first.

More generally, let now E; C E, C --- be open sets of finite measure exhausting
S. As we have just proved, the proposition applies to the finite measures (- N Ey,).
For any Borel set B C S and any ¢ > 0 there now exist closed sets A, and open
sets Op, satisfying Ay, C B C Oy, and p (O NEy) < (A NER) + e27™. Setting
A:=U,> AnandO := {J, >, OmNEy, we get A C B C Oand u(0) < pw(A)+e.
Moreover, by o-continuity, i ( Up—; Am) = L(A) as n — oo. Since [y _; Am is
closed and O is open, the assertion follows. O

For measures on Borel o-algebras one further expands the notion of regularity.

Definition
A measure |L on a Borel o-algebra s called outer regular, if for every Borel set B,

i(B) = inf {i(0) : O D B, O is open} .
W is called inner regular, if for every Borel set B,
iL(B) = sup {u(K) :KCB,Kis compact} .

If both properties hold, p is called regular.

Proposition 7.6. Let |L be a measure on a metric space S which satisfies the
assumptions of the preceding proposition. Suppose that S is a K;-set, that is,
there exist compact sets K, C S, n > 1 with K, 1 S. Then | is regular.

Proof. Due to o-continuity, the assumption implies that (A N K,) — p(A) as
n — oo. When A is closed, the sets A N K,, are compact. The assertion thus follows
from the preceding proposition. O

Example (Regularity of the Lebesgue measure)

Setting K, = [—n, n]¢, the measure A obviously satisfies the assumptions of the proposition.

For the further development of measure theory on topological spaces, Radon
measures play a prominent role. Radon measures are those regular measures on
Borel o-algebras, which are locally finite, that is, for which every x € S possesses
an open neighbourhood of finite measure. We do not dwell further on this issue.
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Density of the Continuous Functions*

As an application of the regularity of the Lebesgue measure obtained just above, we
prove that the continuous functions are dense in the spaces £,(A%). Recall that the
support of a continuous function g : RY — R is defined as the topological closure
of the set {x € RY : g(x) # 0}.

Proposition 7.7. Let f € £,(A\Y), where 1 < p < co. Then for every € > 0 there
exists a continuous function g : RY — R with compact support such that

/ |f(x) — g(x)\p dx <e.

Proof. We first consider the case f = 1g, where B C RY is any Borel set with
M (B) < oo. Since the Lebesgue measure is regular, for every ¢ > 0 there exist a
compact set K and an open set O satisfying K C B C O and A4(0) < A4(K) + .
Due to compactness, there exists a 8 > 0 such that [x —y| > § forall x € K,y ¢ O.
The function

g(x):=(1-8"'dx,K)*, whered(x,K):=inf{|x—y|:y € K}

is continuous. Its support is contained in the closed §-neighbourhood of K and
therefore compact. g takes values between 0 and 1, on K the value 1 and on O°
the value 0. This implies |15 — g|P < lo\k = 1o — 1k and

/IlB —g[PdA! < p(0) — p(K) <,

which proves the assertion for f = 1.

When f € Ep()\d) is arbitrary, for every ¢ > 0 there exist natural numbers m, n
such that [ |f— '[P\ <eforf =Y\ __ %l{k/mfk(kﬂ)/m}. The summands can
be approximated as described above by continuous functions with compact support.
In this manner, the assertion follows for general f (here the Minkowski inequality
helps). O

Exercises

7.1 Let p be a finite measure on S; X S, (endowed with the product o-algebra). Let j1; and |1, be
the two image measures of | under the projection mappings ; und . Prove by means of an
example that | is not uniquely determined by | and j, (even though | and , generate the
product o-algebra).

7.2 Let S be a finite set and D the system of all subsets consisting of an even number of elements.
When is D a Dynkin system? Is D then a o-algebra?
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7.3

7.4

7.5

7.6

Let D be a Dynkin system and A, A’ € D where A’ C A. Prove that A \ A’ also belongs to D.
Hint: Consider (A \ A’)°.

Let M be the smallest set of functions f from a metric space S to R with the properties

() f, € M,f, = fpointwise = feM

(i) M includes all continuous functions.

Prove that M equals the set of all Borel measurable functions.

Hint: In order to show that M is a vector space, for any given g € M, a,b € R consider
the set My, 1= {f € M : af + bg € My}, at first for continuous g, and then for arbitrary
g € M. Prove in addition that D := {B € B : 1z € M} is a Dynkin system which contains
the open sets.

Show that for any Lebesgue integrable function f : R — R we have [ |f(x +1t) —f(x)| dx =0
ast— 0.

Hint: First consider the case of a continuous function with compact support.

Steinhaus’ Theorem Let B C R be a Borel set with A(B) > 0. Prove that B—B := {x—y :
X,y € B} contains an interval (—8, 8) for some § > 0.

Hint: Conclude from the preceding exercise that X(B N B+ t)) — AMB)ast— 0.
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It is not particularly surprising that one may integrate measurable functions multiply
with respect to different variables. But it did irritate mathematicians like Cauchy
that the result may depend on the sequential arrangement of the integrals. When
computing derivatives this is usually not the case.

Only with the advent of Lebesgue’s integration theory it turned out that in
integration, too, the result usually does not depend on the order in which the
integrals are taken. This is the content of Fubini’s theorem, a core result of this
chapter. It has theoretical significance, but is also relevant when computing specific
integrals. Some important examples will be found in the text, others in the exercises.

Multiple integrals have many applications. We will construct product measures
and discuss the convolution and smoothing of functions. Finally, we will address a
more general situation: the integration of kernels.

Double Integrals

Multiple integration rests on the following fact.

Lemma. Let (S', A"), (S”,.A") be measurable spaces, v a o-finite measure on
A", andf . S' x S” — Ry a nonnegative A’ ® A”-B-measurable function. Then
the following assertions hold.

(1) The mapping y +— f(x,y) is A” -B-measurable for each x € S'. Conse-
quently, the integral [ f(x,y) v(dy) is well-defined for eachx € §'.
(ii) The mapping x — [ f(x,y) v(dy) is nonnegative and A’-B-measurable.

Proof. We restrict ourselves to the case of a finite measure v (the o-finite case is a
consequence). We consider the system D of those sets A € A’ ® A” for which the

© Springer International Publishing Switzerland 2015 73
M. Brokate, G. Kersting, Measure and Integral, Compact Textbooks
in Mathematics, DOI 10.1007/978-3-319-15365-0_8
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function f = 14 satisfies the assertions (i) and (ii). By the properties of measurable
mappings and Proposition 4.7, D includes all unions of disjoint sets Ay, A, . .. from
D. Since v is assumed to be finite, D also includes the complement A® for each A
in D. Finally, S’ x S” belongs to D, therefore D is a Dynkin system.

Moreover, A’ x A” € D forall A’ € A, A” € A”, as one concludes from the
equality 1a/xa7(x,y) = 1a/(x)1a7(y). Because those product sets form a N-stable
generator of the product o-algebra, it follows from Proposition 7.2 that D coincides
with the product o-algebra.

Let K be the system of all nonnegative A’ ® A”-B-measurable functions f :
S’ x §” — R satisfying assertions (i) and (ii). By what we just proved and due to
the properties of measurable functions and integrals, K satisfies the conditions of
the monotonicity principle (Proposition 2.8). Therefore, K includes all nonnegative
A’ ® A”-B-measurable functions f : ' x S” — RR. The assertion is proved. ]

For o-finite measures | and v and nonnegative measurable functions f the double
integral

[ ([ tsrvan)ua = [ ([ fxs v 8.1

is thus well-defined, as is the double integral with the order of integrations
interchanged.

It is a fundamental fact that the order in which the integrations are performed
does not matter.

Proposition 8.1 (Fubini). For o-finite measures . and v on o-algebras A" and
A" and nonnegative measurable functions f : S' x S” — R we have

/(/f(x,}’)\)(dy))u(dx) = / (/f(x, y)u(dx))\)(dy)_
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Proof. Once more we restrict ourselves to the case of finite measures. We consider
the system D of those sets A € A" ® A” for which our assertion holds with 1, in
place of f. Using the properties of integrals we again conclude that D is a Dynkin
system. For f(x,y) = laxar(X,y) = 1a/(x)1a~(y) both integrals are equal to
w(A)v(A”), thus A’ x A” € D, and D again coincides with the product o-algebra.

We form the system KC of all nonnegative A’ ® .A”-B-measurable functions f :
S’ xS” — R for which the asserted equation holds. By what we just proved and due
to the properties of integrals, K satisfies the conditions in Proposition 2.8, and our
proposition follows. O

Example

We have

o0 o0 o0 o0 1
/ (/ e_(1+xz)y2ydy)dx =/ (/ e_“""‘z)z—dz)dx
0 0 0 0 2

1/°° 1 d 1[ . ]oo
= - ——dx = —| arctanx =—
2o 14+x2 2 0 4

and

o0 o0 2.2 o0 ) o0 5
/ (/ e~ (X% ydx)dy =/ eV (/ e~ () ydx)dy
0 0 0 0
o 2 o 2 e 2 2
=/ e (/ e’ dz)dy = (/ e’ dz) .
0 0 0

By Fubini’s Theorem the two expressions are equal, and we obtain the important formula

o0 2
/ e Zdz=+/ .

—0o0

This argument is due to Laplace,' the formula itself had already been obtained earlier by Euler.?

So far we have written the double integrals with parentheses, in order to be precise.
In the following, according to common usage we will omit them.

We now introduce double integrals for measurable real-valued functions f(x, y)
which may take negative values, too. As in the case of single integrals this is not

IPIERRE-SIMON LAPLACE, 1749-1827, born in Beaumont-en-Auge, active in Paris at the
Ecole Militaire and Ecole Polytechnique. His main research areas were celestial mechanics and
probability theory.

2LEONARD EULER, 1707-1783, born in Basel, active in St. Petersburg and Berlin. He shaped
mathematics far beyond his century.
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always possible; here the additional assumption is

JJ 109l @iy < oo

where according to the theorem of Fubini the order of integration is immaterial.
Whenever this holds in addition to measurability as above, f is called integrable.

But even under this assumption a small cliff has to be circumvented: It is still
possible that [ f*(x,y) v(dy) as well as [ f~(x, y) v(dy) may attain the value oo for
some values of x, so that we may not be able to form the integral [ f(x,y) v(dy)
as we did before. However the set of those x’s is a p-null set. More precisely, the
following lemma holds.

Lemma. Let f : S’ X S” — R be measurable, le . and v be o-finite measures
and [f \f(x, y)\ w(dx)v(dy) < oo. Then there exists a measurable function f :
S’ x S” — R with the following properties:

(i) It holds f=fae., thatis, f(x, ) = f(x, ) v-a.e. for p-almost all x € S/,
(1) y + f(x,y) is v-integrable for all x € S,
(iil) x > [f(x,y) v(dy) is pw-integrable.

Proof. Let A’ be the set of those x € S for which [ \f(x,y)\\)(dy) < 0o. We

set %(x, y) = f(x,y)1a(x). By assumption, [ |f(x, y)| v(dy)p(dx) < oo. By
Proposition 4.2 (iv), u((A’ )C) = 0 follows. This yields assertion (i). (ii) holds due

to the choice of A’. From |J |f(x, y)| v(dy)p(dx) = ff |%(x, y)| v(dy)p(dx) we get

/)/%(X’ Y)‘)(d}’)‘l«t(dx) < // |%(X,y)‘\)(dy)u(dx) < 0,

and thus (iii) holds. ]

In particular, the lemma implies that [ f(x,y) v(dy) exists for j-almost all x € S’.
For f, due to (i) and (iii) we can form the double integral [ f(x, y) v(dy)(dx) (with
the order of integration as indicated!). If f is another measurable function with the
properties stated in the lemma, then applying Proposition 4.2 (ii) twice it follows
according to property (i) that

// f(x, y) v(dy)p(dx) = // f(x, y) v(dy)p(dx).
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Thus if we assume that ] |f(x, y)| p(dx)v(dy) < oo, the integral

[ fxevianmian = [[ Ty vaym@o

is well-defined. Its value is finite. In an analogous manner one obtains the double
integral in reverse order.

The properties of the double integral again result from decomposing f into
its positive and negative parts. One has [f(x,y)v(dy) = [ft(x,y)v(dy) —
i %‘(x, y) v(dy). If f is integrable, those integrals viewed as functions of x are -
integrable. The linearity of the integral yields

[ v = [[ oy vapw@o - [ ey vau@o.

In addition, f+ and £~ are a.e. equal to f* and f~, therefore we obtain — in this case
not by the definitions, but via the detour of integrating f — the equation

[ fxepvemn@o = [[ ayvenn@o - [[ ey van@.

In the right-hand side we may apply the standard integration rules and thus arrive
at the properties of double integrals. In particular, we obtain a second version of
Fubini’s Theorem.

Proposition 8.2 (Fubini). Let the measurable real-valued function f: S'xS"—R
and the o-finite measures |, v satisfy [ |f(x,y)| v(dy)pn(dx) < oc. Then

J[ v vanm@o = [ty pa@ovey.

Example (Reordering of absolutely convergent series)

For any doubly-indexed sequence f(m,n) of real numbers with Zmz 1 an L [f(m,n)] < oo
(absolute convergence) it holds that

ZZf(m,n) = ZZf(m,n).

m>1n>1 n>1m>1

We may view this as a particular case of Fubini’s Theorem, applied to the o-finite counting
measures [(L(A) = v(A) = #A, A C N. The requirement of absolute convergence cannot just
be omitted, as the example f(m, m) = 1, f(m, m 4+ 1) = —1 and f(m, n) = 0 otherwise shows.
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Here we have

> fmny=1£0=Y Y f(mn).

m>1n>1 n>1m>1

As in this example, in many specific instances one may choose f(x. y) = f(x,y).
The above-mentioned problem concerning the existence of integrals does not arise.

Multiple integrals may easily be reduced to double integrals. Details are left to
the reader.

Product Measures

Double integrals give rise to new measures on the product o-algebra.

Proposition 8.3. Let | and v be o-finite measures on the 6-algebras A" and A" .
Then

(A) = // Ia(x,y)vdy)pn(dx), AeA ® A",

defines a measure  on the product 6-algebra. We have

[ta = [[ txy)vapman

for every measurable function £ > 0.

Proof. Obviously (@) = 0 holds, and the o-additivity results from applying
Proposition 4.7 twice. In order to prove the second assertion we consider

K= {fzo:/fd ://f(x,y)v(dy)u(dx)}.

Due to the definition of , K includes all elements A of the product o-algebra.
By virtue of the rules of integration, the other two conditions of the monotonicity
principle (Proposition 2.8) are satisfied, too. Therefore K includes all nonnegative
measurable functions, and the assertion follows. O

According to the exposition in the foregoing section it also holds that

/fd = /f f(x,y) p(dx)v(dy) ,
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that is one can reverse the order of integration.

~N

One calls the product measure of i and v, and writes
=p®v or (dx,dy) = p(dx) ® v(dy).

f(x,y) is i ® v-integrable if and only if

/ |f| dp ®v) = // \f(x,y)\ p(dx)v(dy) < oo .

In this case, integrals w.r.t. the product measure can be reduced to double integrals,
the order of integration being arbitrary. This fact, too, is called the Fubini’s
Theorem.

Remark A setA € A’ ® A”isap ® v-null set if and only if the double integral
S 1a(x,y) v(dy)pn(dx) = [ v(Ay) n(dx) equals 0, employing the “cross section”
Ay :={y €S :(x,y) € A}. In other words, A is a u ® v-null set if and only if A,
is a v-null set for p-almost all x € S'. This is in complete accordance with the a.e.
notion used in item (i) of the foregoing lemma.

The following proposition illuminates why one speaks of “product measures”.

Proposition 8.4. Ler |1 and v be o-finite measures. Then
(L ®V)(A"x A”) = p(A") - v(A")

Jorall A’ € A, A" € A”. These product formula determines . ® v uniquely.

Proof. The product formula results from the double integral of the function
Larxa”(X,y) = 1a/(x)1a7(y). The other assertion follows from the uniqueness
theorem for measures, as L and v are assumed to be o-finite, and the measurable
sets of the form A’ x A” form a N-stable generator of the product o-algebra. O
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Example (Lebesgue Measure)

We recall that the Borel o-algebras in RY = R4 xR® (thus d = d; +dy) satisfy B = B4 @ B:.
The Cartesian product [a;, by) X [az, by) C RY x R% of semi-open intervals is again a semi-open
interval, and

A ([ar, br) X [a2,52)) = A ([ar, b)) - A ([az, b2)) .
Consequently, A([a, b)) =\ Q )\dz([a, b)) holds for each [a,b) C RY. Since these semi-open
intervals form a N-stable generator of the Borel o-algebra, the uniqueness theorem for measures
implies that

M=t @At

In this manner Lebesgue integrals may be reduced to multiple integrals, and we obtain the formula
/fdxd = /---/f(xl,.,.,xd)dxl ..dxg .

Example (Volume of the d-dimensional unit ball)

We want to determine the volume
Vg .= )\d(B 1)

of the unit ball B; := {x € R? : |x| < 1} in R? through reduction to the I'-function
o0
@) := / e 727 dz, t>0.
0

For this purpose we consider the image measure @ = @(A%) of the Lebesgue measure under the
mapping ¢ : RY — R given by ¢(x) = [x|2. Due to the transformation formula for integrals in
Chap. 4 we have

/ e p(dy) = / e ad(dx) .

Let us calculate the two integrals. Since A9 is a product measure, a multiple application of Fubini’s
Theorem yields that

b o0 o0 2 2 > > d
/e_lxl A (dx) =/ / e M.eTNdx .. dxg = (/ e " du)
—0o0 —0o0 —0o0

For the other integral we use the formula (1([0, z]) = A%(z!/?B,) = z%/?v4, z > 0. From Fubini’s
Theorem and since e™ = fyoo e~ *dz it follows that

oo oo
[ernan = [ [ e ten e
oo
0

=/0°°e—2/0°°1{ysz;u<dy>dz=/ n(0.7)dz = vr (5 +1)
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The comparison of the two integrals is revealing already in the cases d = 1 and 2: As is well

known, we have v, =  (area of the unit circle), and I'(2) = 1 (partial integration). It follows that
( ffooo v du)> = , a formula which we have derived already. From v; = 2 it then follows that
J =2C3/2).

In conclusion

/2
Vg=——.
r(d/2+1)

We may evaluate the I'-function inductively using the formula I'(t + 1) = tI'(t) (partial

integration) as well as the values just obtained, namely T'(2) = 1 and I'(3/2) = 4/ /2 resp.
I'(1/2) = 4/ . Details are left to the reader.

Convolution and Smoothing*

We apply multiple integration to a particular situation. Let g,h : RY — R be
Lebesgue integrable functions, thus

[lecolax. [ Infax < oo

The function f(x, y) := g(x —y)h(y) is Borel measurable on R??, and since we have
[lg(x—y)ldx = [|g(x)] dx we get

/f |2(x — y)h(y)| dxdy = / |g(x)|dx/|h(y)|dy< 00 . (%)

In the section above on double integrals we have seen that the convolution integral

/ g(x—y)h(y) dy

then exists for almost all x, resp. it defines a Lebesgue integrable function uniquely
for a.e. x € RY. Moreover, the convolution integral remains unchanged if g or h are
modified on Lebesgue null sets. Therefore it is natural to understand g, h and their
convolution integral as equivalence classes of measurable functions, as elements of
L;(A%). We thus give the following definition:

Definition
Let g,h € Li(\Y). Their convolution g x h € L{(\Y) is defined as

g h(x) = / £(x — y)h(y) dy .
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By () we have

lg*hll < liglhlhl; .

Convolutions arise in various situations.

Example

Leta > 0, and let k : [0,00) — R be continuous. The solution of the inhomogeneous linear
differential equation

f'(x) = af(x) + k(x), x>0,

together with the boundary condition f(0) = 0 is given by

x) = /0 K(y)e ) dy = / g(x — y)h(y) dy

where g(x) := e™**, h(x) := k(x) for x > 0 and g(x) = h(x) := 0 for x < 0. One can verify this
directly by differentiation.

Convolution is important also because of its nice algebraic properties. When we
substitute y > x — y, the convolution integral changes into [ g(y)h(x —y) dy, and
consequently

gxh=hxg.
Moreover,
(gxh)yxk=gx(hxk), gx(h+k)=gxh+gxk.

We leave the proof as an exercise for the reader.

We now explain how functions can be smoothed by convolution, and thus show that
the smooth functions are dense in L,(A%). For every 8 > 0 we choose a so-called
“mollifier” ks : RY — R with the following properties:

(a) ks is nonnegative and differentiable of infinite order,
(b) ks(x) = 0 for [x| =8,
(©) [ks(x)dx = 1.

We may take, for example, i5(x) := § %k (87'x) with

cexp(—(1—1[x»)7"), iflx| <1,

0, if[x| > 1,

K(x) :=

where ¢ > 0 is a suitably chosen normalization constant.
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For any measurable function f : RY — R we define, whenever [ |f[P dA? < oo
for some p > 1, the functions

fs :=fxks,
or
0 = [ H0)kx = y) dy
The integral exists in the case p = 1 because ks is bounded, and in the case

p > 1 as a consequence of Holder’s inequality. Applying Proposition 5.9 on the
differentiation of integrals we see that fs has derivatives of any order.

Proposition 8.5 (Smoothing Theorem). Let 1 < p < oco. Then for f € L,(\%)
we have

[f —£* ksl = O

as § — 0.

Proof. First we prove the result for continuous g with compact support. As is
known, g then is uniformly continuous. For any given € > 0 it holds for sufficiently
small § > O that |g(x) — g(x — y)| < ¢ for each |y| < 8. Consequently,

l6() — g * ks(x)| < / 1560 — gx — y)|ks(y) dy <¢.

Therefore, g * ks converges uniformly to g. Moreover, g(x) and thus g * ks(x) are
nonzero in a bounded domain only. It follows that ||g * k5 — g|[, = 0as 8 — 0, as
one checks with the aid of the dominated convergence theorem.

The transition from a continuous g with compact support to arbitary f € £,(AP)
we achieve with an estimate. Since f ksd\Y = 1, Jensen’s inequality shows that
(note that t — [t|P is convex for p > 1)

Ity = [ | [ tx=yramayox< [l ayan

= [ ([ lrx =l ax)escsray = ety

According to Proposition 7.7, for any given ¢ > 0 we choose a continuous g with
compact support such that ||[f — g||, < e. It follows that

If—fxuwslly < If—gllp + lg —g*wsllp + (g =) xkslly < 2e + [lg —g*wslp -
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Letting 8 — 0 we get limsups_,, [|f — f * k5], < 2¢, and letting ¢ — O we obtain
the assertion. O

Kernels*

We discuss a generalization which is important in probability theory: within the
double integral [(/ f(x,y) v(dy))i(dx) one allows the measure v to depend on x.
In order that the outer integral be defined, one needs a regularity assumption.

Definition
Let (S, A"), (8", A”) be measurable spaces. A family

v = (v(x.dy)),ey

of finite measures v(x, dy) on A" is called a kernel of (S’, A’) to (S”, A”), if for
every A” € A” the function

x > v(x,A”)

is A’-B'-measurable.

Lemma. Let v be a kernel of (S, A') to (8", A”) and let f : §" x S" — Ry bea
nonnegative A’ ® A”-B-measurable function. Then the function

X > /f(x, y) v(X, dy)
is A'-B-measurable.

Proof. As before, we consider the system D of sets A € A" ® A” for which the
function f = 14 satisfies the assertion. By the properties of measurable functions
and Proposition 4.7, D includes the union of disjoint sequences Aj, Ay, ... as well
as complements of sets in D. Finally, S’ x S” is included in D by the measurability
properties of kernels, therefore D is a Dynkin system.

Moreover, we have A’ x A” € Dforall A’ € A', A” € A”, as one sees from the
equation [ Larxa”(x,y) v(dy) = 1a(x)v(x, A”). Because these product sets form
a N-stable generator of the product o-algebra, we conclude from Proposition 7.2
that D coincides with the product o-algebra.

The assertion now follows in the same manner as in the proof of the lemma at
the beginning of this chapter. O
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Thus one again may form double integrals. For reasons of clarity we use the notation

[ @0 [ vixan ey

Once more,

A [ u@) [vexan 1aixy
defines a measure on the product o-algebra, denoted as
pL®v resp. W(dx) ® v(x,dy).

It is an interesting question which measures can be obtained by this procedure,
that is, under which conditions can a given measure  on the product o-algebra be
expressed as = | ® v for some measure p and some kernel v. One speaks of
disintegration of the measure . On Borel o-algebras this is possible under rather
general conditions. We do not dwell further on this subject.

Exercises

8.1 Prove and comment on the following observation, due to Cauchy: the double integrals

2 —y? & —y?
————dxdy, / / ——— dydx
/(0,1) /(0,1) (x2 + y2)? Y o.n Jon 2 +y?)? Y

are well-defined and different from each other.
Hint: (x2 — y?)(x> + y?) ™2 = 9% arctan(x/y)/3xdy.

8.2 Let p be the counting measure on R, that is, |L(B) := #B for Borel sets B C R, and let D be
the diagonal in R2, D = {(x,y) € R? : x = y}. Prove and comment:

[ 106 r@onian # [[ ooy w@ian.

8.3 Let vi(dx) = h;(x) pi(dx), vo(dy) = hy(y) p2(dy). What is the density of v; ® v, w.r.t.

i @ pa? _
8.4 Integrals “measure the area below a function” Letf:S — R1 be measurable. Prove the
formula

[ran=n@ran= [ >,

where A = {(x,t) € SXR: 0 <t < f(x)}.
Hint: It holds that f(x) = f 110<i<f()} dt. Concerning the measurability of Ay compare
Exercise 2.7.
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8.5 We want to derive the formula (improper Riemann integral)

/oosinx
ix=—.
0 X 2

First, prove that f; fooo x exp(—xy) dydx < oo for every 0 < a < 0o. Conclude that

2 sinx oo ra _
—dx = sinxe™ ™ dxdy .
0 X o Jo

Compute the inner integral, most simply as the imaginary part of fod exp((i—y)x) dx, and pass
to the limita — oo.
8.6 In the same manner prove that for a > 0 one has

oo C_X _ e—ax
/ —  dx = loga.
0 X

8.7 The Beta function The Beta function is defined as
1
B(x,y) := / ST 1 —s)lds, x,y>0.
0

We want to express it with the aid of the Gamma function T'(x) := [~ t"le™'dt, x > 0.
Prove that

oo t
PacyBooy = [ ([ wa-w a)etar,
0 0
Using Fubini’s Theorem and a shift of variable conclude that

_I'®rey)

BV =10y

8.8 Prove that (g * h) * k = g * (h x k).



Absolute Continuity

In this chapter we discuss under which circumstances measures and functions have
densities.

In the first situation considered, two measures |1 and v are given on some o-
algebra, and we ask for conditions under which a measureable function h exists
such that dv = hd, that is,

v(A) = /Ahdu

holds for all measurable sets A. In the second situation, a function f : [a,b] — R is
given and one asks for the existence of a Borel measurable function h : [a,b] — R
such that

f(x) = /x h(z) dz

holds for all x € [a, b].

The two questions are related. This becomes clear when one chooses for |1 the
Lebesgue measure, restricted to the interval [a, b], and for v another measure on the
Borel sets in [a, b]. Setting f(x) := \)([a, x]) and A := [a, x], the first equation turns
into the second.

Therefore, it is possible to treat both problem statements simultaneously. How-
ever, we want to consider two different methods; for measures a “global” exhaustion
procedure, for functions a “local” method which is more involved, but provides a
connection to differentiation and to the fundamental theorem of calculus.

For measures, one may easily formulate a necessary condition for the existence
of a density. One obviously has to require that

nA) =0 = v(A)=0.

© Springer International Publishing Switzerland 2015 87
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We will show that for o-finite measures this condition is also sufficient. As we will
see in the exercises, the following seemingly stronger condition is equivalent:

Ve>038>0VA e A : wA) <8 = v(A)<e.

For functions, we will consider an analogous condition.

Absolute Continuity and Singularity of Measures

This section is about the following pair of complementary notions.

Definition
Let u and v be two measures on a o-algebra A.

(1) v is called absolutely continuous w.r.t. |, written as
VL,
if, for each A € A, w(A) = 0 implies that v(A) = 0. If . and v are both
absolutely continuous w.r.t. each other, . and v are called equivalent.
(i) W and v are called mutually singular, written as
plv,

if there exists an A € A such that u(A) = 0 and v(A€) = 0.

Absolute continuity can be characterized as follows.

Proposition 9.1 (Radon'-Nikodym? Theorem). Let . and v be o-finite mea-
sures on a o-algebra A. Then the following assertions are equivalent:

1 v,
(i) dv = hdp for some measurable functionh : S — R.

The density h then is |L-a.e. finite and |\-a.e. unique.

1JoHANN RADON, 1887-1956, born in Tetschen, active a.o. in Hamburg, Breslau, and Vienna. His
working areas were measure and integration theory, functional analysis, calculus of variations, and
differential geometry.

20TTON NIKODYM, 1887-1974, born in Zablotow, active in Krakéw, Warsaw and at Kenyon
College, Ohio. He worked on measure theory and functional analysis.
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One may after all drop the requirement that v is o-finite. Concerning | this is not
the case (compare Exercise 9.2).

From the various proofs available we choose a lucid classical approach. It uses a
result which moreover is of independent interest.

Proposition 9.2 (Hahn Decomposition®). Let v and p be finite measures on a
o-algebra A. Then there is a measurable set A<, its complement being As =
S\ A<, such that

V(A) < p(A) forallAC A,
V(A) > p(A) forall AC A .

Proof. We set §(A) := v(A) — p(A) for A € A. Then like a measure, § satisfies
8(@) = 0 and is o-additive, but §(A) may be negative. For later purposes we allow
3(A) to assume the value oo, but not the value —oo.

(i) A measurable set N C S we term negative if 8(A) < 0 for all A C N. We
want to construct A< as the largest possible negative set. It fits our purpose
that whenever N, N,, ... C S are negative, then so is Uk>1 N. Namely, for
A C Ugsy N the set Ag := ANNg NN N--- NN_, is a subset of Ny, thus
§(Ax) < 0and §(A) = Y ;. 8(Ayx) < 0 follows.

(ii) First, in the case 8(S) < co we construct a negative subset N C S satisfying
8(N¢) > 0. We obtain N by removing successively certain disjoint measurable
sets By, k > 1, with §(Bx) > 0, for which 8(By) is sufficiently large. We set

B := &. Having chosen By, ..., B we let sx be the supremum of all values
8(A), taken over those measurable sets A which are disjoint with By, ..., By.
It holds sy > 8(&) = 0. Now we choose the set Byt as disjoint to By, ..., B,

and such that 8(Bk+1) > sx/2 in case sy < 00, in particular By1| = & in case
sk = 0, and 8(Bk+1) > 1 in case sy = oo.

Let now N := S\ [ U Bx. Then we have §(N°) = >, ., 8(By), thus
§(N°) > 0. From §(N) + 8(N°) = §(S) < oo it follows that §(N°) < oo.
This implies 8(Bx) — 0 and thus sy — 0. If A C N, then A is disjoint with
By, ..., By, and therefore 8(A) < si. Passing to the limit k — oo we obtain
8(A) < 0. Thus N is negative.

(iii) More generally, we claim that if S’ C S is measurable and §(S’) < oo, then
there exists a negative set N’ C S’ such that §(S" \ N’) > 0 and therefore
8(N’) < 8(S’). This follows from (ii) when we consider the restriction &' of §
to the measurable subsets of S'.

3HANS HAHN, 1879-1934, born in Vienna, active in Chernovitz, Bonn, and Vienna. He made
essential contributions to functional analysis, measure theory, and real analysis. He played a
leading role in the Vienna Circle, a group of positivist philosophers and scientists.
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(iv) Let now a := inf{8§(A) : A € A}, thusa < 0.Let Sx C S,k > 1, be
measurable subsets satisfying §(Sx) < oo and 8(Sx) — o. According to (iii),
there exist negative sets Ny C Sy such that 8§(Ny) < 8(Sk). It follows that
8(Nk) — a. We set A< := J,- Ni. By (i) the set A< is negative. Therefore
we have §(A<) = 8§(A< \ Ny) + 8(Ny) < §(Ny) for all k and thus §(A<) = a.
It follows that o > —oo. We now finish the proof as follows:

Let A C A<. Since A< is negative, we have §(A) < 0, resp. v(A) < p(A).
This is one part of the assertion. On the other hand, let A C S \ A<. Then we
have 8(A) = 8(A U A<) — 8(A<) > o — a = 0. This is the other part of the
assertion.

O

Proof of the Radon-Nikodym Theorem. The implication (ii) = (i) is obviously true.
To prove (i) = (ii) let us first assume that . and v are finite. We consider the set

Fi= {fzo : /fduf\)(A)forallAeA}
A

of measurable functions and set

B::sup/fdu.

feF

As v is finite, we have p < v(S) < co. We want to obtain the sought-after density h
as an element of F satisfying
/ hdp =8.

To this end we claim that max(f, f') € F whenever f,f’ € F. Indeed, the latter gives

/max(f,f’)du:/ fdu—i—/ ' dp
A AN{E>1} AN{f<f'}

<v(AN{=1f}) +v(AN{f<f}) =v(A).

If ), f5, ... are elements of F satisfying f f, dw — B, we may assume without loss
of generality that 0 < f; < f, < -.-, otherwise replace f, with max(fy, ..., f,). For
h := sup, f, using monotone convergence we obtain thath € F and [hdp = p.
For any A’ € A we therefore have that || » hdp < v(A'). To prove the reverse
inequality we consider, for any given € > 0, the finite measure p having the density
dp = (h + €la/) du, and additionally, according to the foregoing proposition, the
Hahn decomposition A<, A for v and p. On A<, v is dominated by p, and thus we
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get the estimate
V(A" N AZ) < p(A N A2) < p(A)) = / hdys + e (A)
A/

On A, p remains below v. Therefore, g := h + elana, belongs to F, since for
any measurable A we have

/gdu:p(AﬂAZ)+/ hdp < v(ANAs) +Vv(ANA<) =v(A).
A ANA<

From [ gdp = B +e(A’NA5) it follows that (A’ NAs) = 0 and, since v < p,
we get v(A’ N As) = 0. All in all, it follows that

V(A < / hdp + e (A) |
A/

and letting ¢ — 0 we obtain the desired inequality.

Thus, dv = hdp. In particular, v(h = 00) = oo - u(h = o0). Since v is finite,
we also geth < oop-a.e. The p-a.e. uniqueness was established above.

These results easily carry over to o-finite measures if we exhaust S by a sequence
of sets of finite measure. O

The Radon-Nikodym Theorem has a number of applications. In probability theory,
the following application is of particular importance.

Example (Conditional Expectation)

Let . be a finite measure on the o-algebra A and h > 0 be a -integrable function. Then the
measure v, given as dv = hdy, is finite, too. Let moreover A" be a -algebra contained in A.
Restricting p and v to A’ we obtain finite measures p’ and v'. Since v < . we have v/ < /. By
the Radon-Nikodym Theorem, there exists a .A’-measurable function h’ > 0 such that dv' =h’"dp’.

This means that
/ hdp = / h dp
A A

holds for all A’ € A’. We thus have adapted the measurability of the density to the o-algebra A’.
In probability theory, h' is called the conditional expectation of h given A’; it is p-a.e. unique.
The case of an arbitrary p-integrable function h can be treated by decomposing it into its positive
and negative part. In Chap. 12 we will make aquaintance with a different approach to conditional
expectations which is based on the completeness of the space L, (j1) instead of the Radon-Nikodym
Theorem.

Another application of the theorem is concerned with the decomposition of a
measure into an absolutely continuous and a singular part.
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Proposition 9.3 (Lebesgue Decomposition). Lef (L and v be o-finite measures
on a 6-algebra A. Then there exist measures \L, and s with the properties:

@) W= pa+ s
(1) pa < vand pg L v.

Wa and [Ls are uniquely determined.

Proof. Obviously v is absolutely continuous w.r.t. the measure . + v. According to
the Radon-Nikodym Theorem, v has a density h > 0 w.r.t. & + v, that is,

v(A):/Ahdu—i-/Ahd\)

holds for any A € A. We set

Ha(A) = R(AN{h>0}) . py(A) = p(AN {h=0}).

Then (i) obviously holds. If A is a v-null set, f 4 hdp = 0 follows. Therefore, we
have hl1, = 0 p-a.e. resp. a0y = 0 p-a.e. or u(A N {h > 0}) = 0. This shows
that j1, < v. In addition, ps(h > 0) = O and v(h = 0) = [, _,, hd(l +v) =0,
therefore s L v holds.

Let now . = W, + p, be another decomposition with the properties (i) and
(ii). Then there are measurable sets N, N satisfying ps(N) = p.(N') = 0, and
whose complements are v-null sets. Therefore we get ju,(N¢) = ua((N’ )°) = 0. For
measurable sets A it follows that

La(A) = pa(ANNNN) = w(ANNNN).
An analogous equality holds for ./, and so L, = p..

In the case p(A) < oo we obtain from (i) that ps(A) = p.(A). Since p is
assumed to be o-finite, we also get s = .. O

A Singular Measure on the Cantor Set*

We consider measures | which are singular with respect to the Lebesgue measure
A on R. An example is given by the Dirac measure p = 8 whose whole mass
is concentrated in x € R. A point x for which w({x}) > 0 is called an atom
of . Discrete measures composed from countably many atoms are obviously
singular with respect to the Lebesgue measure. It is less obvious that there also exist
measures which are singular to the Lebesgue measure but do not possess atoms.
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In order to construct such a measure we consider a variant of the Cantor set,*
a subset C of the semi-open interval [0, 1) within R. Geometrically C is easily
accessible: one decomposes the interval Cy := [0, 1) into parts [0, 1/3), [1/3,2/3)
and [2/3, 1) of equal length and removes the middle part:

Ci:=1[0,1/3)U[2/3.1).

With the two remaining intervals one proceeds analogously:

Co:=[0,1/9)U[2/9,1/3) U[2/3,7/9) U [8/9, 1)

= U U [m/B+a/9ua/3+2/9+1/9.

a1€{0,2} a,€{0,2}

In a picture this looks as

Co | )
Ci F—) —

NG

S B

Having removed the middle interval n times we arrive at the set

n n
o= - U [Zak3_k,;ak3_k+3_“),
=1

a1€{0,2}  a,€{0,2} k=l

thus C; D C, D ---. We define our version of the Cantor set as the result after oo
many steps,

o0
C:=()Cn.
n=1

(If we construct C from closed instead of semi-open intervals, as is the common
procedure, we obtain the usual Cantor set which moreover is compact. Here such
subtleties are irrelevant; our procedure avoids having to deal with nonunique b-nary
representations of numbers.)

4GEORG CANTOR, 1845-1918, born in St. Petersburg, active in Halle. He was the founder of set
theory.
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C is a null set, indeed we always remove one third, so that A(Cy+1) = %X(Cn). It
follows that A(C,) = (2/3)" and

MC) = 0.

To describe C more precisely, we utilize the b-nary representation (to the basis b =
2,3,...)

o0
X = E xxb ¥
k=1

of numbers x € [0, 1). We assume that the sequence x;, Xz, . . . belongs to
Dy = {(Xk)kzl I Xk € {0, 1,...,b— 1} , Xk 7é b—1 oo-often} .
As we know, in this way we achieve uniqueness in the representation of x. Then

[0,1/3),[1/3,2/3), [2/3,1) are the regions for which x in ternary representation
(b = 3) has the coefficient x| equal to 0, to 1, and to 2. Thus it holds that

C1 = {ZXk3_k : (Xk)kzl (S D3 , X1 75 1}

k>1

and iteratively

C, = {Zxk3_k : (Xk)kzl €Dz, X1,...,%n 7é 1}

k>1

and finally

C= {Zxk3_k (X1 € D3, X1, X2,... # 1} .

k>1

Therefore C not only is nonempty, but has the same cardinality as the interval [0, 1):
the assignment

o0 o]
y= Zyk2_k Nig Z2yk3_k = ¢(y). k=1 €Dz,
k=1 k=1

gives rise to a bijection ¢ : [0, 1) — C. It is strictly monotone, since y <y’ holds if
and only if there exists an n such that y, <y, and yyx = yj for any k < n, and this

implies that @(y) < @(y).
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The singular measure . we are looking for can now be found as the image measure
of the Lebesgue measure (restricted to [0, 1)) under the mapping ¢, so

i(B) := r(¢~'(B))

for Borel sets B C [0, 1). As A does not possess atoms and ¢ is injective, |L too has
no atoms. Their mutual singularity follows from A(C) = 0, n(C°) = 0.

Differentiability*

We now change over to consider functions f : [a,b] — R. We want to ascertain
which functions admit an integral representation f(x) = f(a) + fax h(z) dz. It is
natural to obtain h by differentiating f. Therefore, initially we concern ourselves
with differentiation namely of monotone functions.

Proposition 9.4 (Lebesgue). Lera < b be real numbers andletf : [a,b] — R be
an increasing function. Then f is differentiable a.e. (w.r.t. the Lebesgue measure),
and there exists a measurable function f' : [a,b] — R4 such that f'(x), for almost
every X € (a,b), is equal to the derivative of f at the point x. Moreover it holds
that

b
/ f'(z) dz < f(b) — f(a) .

a

The proof rests on comparing, for any a < x < b, the following four “right and left
sided, upper and lower” derivatives:

. f(x + h) — f(x) f(x + h) — f(x)

f (x) := limsu , f,(x) := liminf
hl0

h}0 h h )
f(x) —f(x —h £x) — f(x — b
fio(x) := lim sup M , fiu(x) = lim infw )
h}0 h 0 h

Since f is monotone, all four expressions are nonnegative. Differentiability in x
means that they have the same finite value.

The question of measurability does not create problems: Since f is monotone, we
have supy¢ g, (f(x + h) —x)/h = supy,¢( o (f(x + h) — x)/h, and so

f h) —f
f/ (X) = lim sup M .
i =% he0.n—1NQ h
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From the usual properties of measurable functions we obtain the Borel measurability
of f/, : (a,b) — R4 and in the same manner that of f/,f], and f] . The Borel
measurability of the set Dy of all points x € (a, b) where f is differentiable follows
from the fact that

D¢ = {x € (a,b) : f,(x) = f|,(x) = f[,(x) = f/,(x) < 00} .

The proof of the remaining part of Lebesgue’s Theorem is more difficult. By
means of a simple particular case we want to make it plausible that discrepancies
between the derivatives lead to a contradiction if they are too large. Let us assume
that there are numbers r < s such that f{ (x) < r < s < f] (x) for all x € (a,b).
Thus for each x there exists an h > 0 satisfying f(x 4+ h) — f(x) < rh. Therefore it
seems natural that we can find a partition a = X9 < X < *** < Xp—1 < Xpm = b
with f(x;) — f(xj—1) < r(xj — xj—1) for every j = 1,..., m. We then would have
decomposed [a, b] into intervals I; = (xj_1, xj) where f has only small increments,
and could conclude that

f(b) —f(a) <r(b—a).

But using the other part of the assumption in the same manner we could find another
partitiona = yp <yi <--- < yn—1 < ya = b with f(y;) —f(yj—1) > s(y; —yj-1) for
every j = 1,...,n, a decomposition into intervals IJ( of larger increments of f, and
we would obtain

f(b) — f(a) > s(b—a) .

All in all this yields a contradiction.

These considerations may be transferred in a similar manner to subintervals and
to the other derivatives. This makes it plausible that contradictions can be avoided
only if f] . f,,,f|, and f/  coincide almost everywhere. In what follows we want
to elaborate this argument, however in general the choice of suitable intervals of
smaller or bigger increments of f is a bit more complicated. We prepare this step by
the following lemma concerning Vitali coverings of Borel sets.

Lemma (Vitali’s Covering Lemma). Ler B C (a,b) be a Borel set, and let V
be a set of intervals I C (a,b) with \(I) > 0 having the property: For each x € B
and each ¢ > 0 there exists an1 € V such that x € 1 and \(1) < e. Then for every
e > 0 there exist finitely many disjoint intervals 1, ..., I, € V such that

A(B\ C)Ij) <e.
=1
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Proof. We inductively construct the intervals Ij, I, ... € V. I is chosen arbitrarily
from V. Having chosen Iy, . .., I, we set

k

S 1= sup{x(l) SleVIcC (a,b)\UIj} .

j=1

IfB C U};l I; Ij being the topological closure of Ij), the construction terminates,
otherwise sx > 0 holds by the assumption of the lemma. We then choose Iy, € V
such that A(Tx4+1) > sx/2.

If the construction terminates after n steps, the intervals I, ..., I, obviously
satisfy our assertion. If the construction does not terminate, since the intervals are
disjoint we get

°°1 )\(Ij)ZX(OIj) <b—a<o0.

ij=

—_

ij=

It follows that A(Ix) — 0 and that sy — 0 when k — oco. In addition, for any € > 0
there exists a natural number n such that Y ;. M(I)) < ¢/5. We show that for this n
the assertion of the lemma holds.

To this end we prove that

B\Cﬁj cJrr.
j=1

I>n

where I denotes the interval which has the same midpointas I;, butis 5 times longer.
Letx € B\ U, Ij be arbitrary. Since | J_, Ij is closed, there exists an I € V with
x € I such that I,1,...,I, are disjoint intervals. If I would be disjoint with all
the intervals Iy, it would follow that A(I) < si for all k and therefore A(I) = 0, a
contradiction. Thus there exists an1 > nsuch thatINI; # @ and I N I; = & for all
j < L It follows that A(I) < sj—; < 2A(I}). From this and since I N I} # & we get
that Ij, stretched by a suitable factor, covers the interval I. More precisely, I C 11*
holds for the interval I} of 5-fold length defined above. As x € I, x € I follows.
This yields the assertion.
We conclude that

x(B \ Ulj) <3S M) =5) M) <e.
j=1

1>n 1>n

The lemma is proved. O
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Proof of Lebesgue’s Theorem. Letr < s be real numbers. The main part of the proof
consists in showing that

Ny := {x € (a.b) : fl,(x) <1 <'s < f,(x)}

is a Lebesgue null set.

Let ¢ > 0. Due to the outer regularity of the Lebesgue measure according to
Proposition 7.5, there exists an open set O such that Ny, C O C (a,b) and A(O) <
M(Ny) + €. We consider the system V of all intervals (x,x + h) C O satisfying
X € N, h > 0 and f(x + h) — f(x) < rh. By the definition of Ny, the system )V
fulfils the conditions of Vitali’s Covering Lemma for B = N, therefore there exist
disjoint intervals I} = (x1,x; + hy), ..., I = (Xm, Xm + hy) such that

AN\ CJIJ-) <
i=1

and

Ca

Ij) <1M(0) < r(MNy) +¢) .

3 (£ + hy) — (x))) Z (

=1 1

J

We moreover consider the system V' of all intervals (y — k,y) C UJH;I I; with
y € N, k > 0 and f(y) — f(y — k) > sk. The system V’, too, by the definition of N
satisfies the conditions of the lemma for B = N, N UJ 1 I;, thus there exist disjoint
intervals I} = (y1 — ki, y1),....I, = (yn — kn, yn) such that

(NrmHI \U )

and

n n n

> (fw) — 5= k) = 5 ) Ky = sh((J 1) = s(MNw) = 2¢).
=1

i=1 =1

Since each I{ is contained in one of the Ij, and since f is monotone,

n m

D () — £y — k) = Y (F(xj + hy) — f(x))) -

j=1 j=1

Altogether we get S()\.(Nrs) — 28) < r()»(Nrs) + 8). Since r < s we obtain, letting
g — 0, that M(Ny5) = 0, as claimed.
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As the rational numbers are dense in R, we have

{X € (a’ b) : f;u(x) < {o(x)} = U Nis ,
r,s€Q,r<s

and by virtue of o-subadditivity we get M(f], < f{)) = 0, thatis fi < f/ a.e. In the

lo —
same manner f;| < f{ a.e. follows (interchanging intervals to the right resp. left). In

o —

addition, f, < f| and fj, < f] obviously hold, and we obtain

/
lo = f/ru = fro = f{u = o &€
Thus the four derivatives are equal a.e., and f is a.e. differentiable; it may happen
that the derivatives have the value co.
In order to show that the derivatives are finite a.e., we consider

fa(x) := Il(f(x +1/n) — f(X)) Lab—1/n) (x) .

We have lim,— fn(x) = f/ (x) a.e. By Fatou’s Lemma and monotonicity, it follows
that

b

b
/ f (z) dz < liminf / fy(z) dz
a n—>o00 a

— lim inf (n / ’ f(z)dz —n / T f(z) dz) < f(b) — f(a)
b a

n—00 —1/n

Consequently, f/, < oo a.e., and f possesses an a.e. finite derivative. Setting f'(x) :=
f (x) when x € Dy and f'(x) := 0 otherwise, the assertion follows. O

Example (Cantor’s Function)

In the previous section we have constructed a strictly increasing function ¢ from [0, 1) onto the
Cantor set C. Its inverse function ¢ : C — [0, 1) can be extended to a monotone function f :
[0,1) — [0, 1). For this purpose we recall that [0, 1) \ C consists of countably many disjoint
intervals [a,, b,). For x € [a,, b,) we set f(x) := f(b,). Then f is monotone and surjective, and this
implies the continuity of f.

Obviously, f'(x) = 0 for all x € (a,, b,). As C is a null set, it follows that f’ = 0 a.e. Hence, in
this example we have that /01 '(z) dz < f(1) — £(0).

There are even strictly monotone, continuous functions f : [0, 1) — [0, 1) whose derivative
vanishes a.e. Such functions are more difficult to construct.

Absolutely Continuous Functions*

Now we want to characterize those monotone functions for which in the foregoing
proposition concerning derivatives of monotone functions we even have equality
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f(x) = f(a) + fax f'(z) dz. To this end we introduce the following notion (not
restricted to monotone functions) which strengthens the notions of continuity and
uniform continuity.

Definition
A function f : [a,b] — R is called absolutely continuous, if for each ¢ > 0 there
exists ad > O such that foreverya <x; <y; <Xy <yy <--- <X, <y, <bit
holds that

Y yi—x) <8 = Y |fy) —f(xi)| <e.
i=1

i=1

Lipschitz continuous functions, for example, are absolutely continuous. These
are functions f for which there exists an L < oo such that |f(x) —f(y)| < |[x—y| holds
for all x, y. Functions whose derivative exists everywhere and is bounded belong to
this class.

Proposition 9.5. A monotone increasing function f : [a,b] — R is absolutely
continuous if and only if there exists a nonnegative Lebesgue integrable function
h : [a,b] — R such that

f(x) = f(a) + /X h(z) dz .

a

In this case h(x) = f'(x) holds for almost all x € (a,b).

Proof. (1) First, let us assume that f possesses the stated integral representation.
Thenforanya < x; <y; <Xy <y2 <+ <X, <yn <bandc > 0itholds,
setting A := (Ji_, [xi, yi], that

3 ity — ()] = /

i=1 A

h(z)dz < cAM(A) + / h(z)dz.
{h>c}

For any given ¢ > 0 we choose c large enough such that the rightmost integral
becomes smaller than /2. If now Y _, (yi — x;) = MA) < § with § := ¢/(2¢),
we get that ) ;_, ‘f(yi) - f(xi)| < ¢. Therefore, f is absolutely continuous.

(i) Next we show that f a.e. has the derivative h if we assume the integral
representation to hold. By the results of the previous section, f is differentiable
a.e., thus

fa(x) 1= n(f(x + 1/n) — f(x)) * Lab—1/n)(X)

converges a.e. to f'(x) > 0. We have to prove that ' = ha.e.
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We first consider the case where h(x) < ¢ for some ¢ < oo and all x. Then
0 < fy(x) < cfollows, and the dominated convergence theorem yields fora < x < b
that

n—>o00

x+1/n a+1/n
= lim (n/ f(z) dz—n/ f(z) dz)

n—>o00

/x f'(z)dz = lim ) n(f(z 4+ 1/n) — f(z)) dz

= f(x) —f(a) = /x h(z) dz .

a

This means that the two measures on [a, b], given by the densities ' d\ and hdA\,
coincide on all subintervals of [a,b]. These intervals form a N-stable generator
of the Borel o-algebra, therefore the two measures, too, coincide according to the
uniqueness theorem. Thus the densities f" and h are equal a.e.

The general case now can be treated using the decomposition

f(x) — f(a) = f1(x) + f2(x) := /x hi(z)dz + /x hy(z)dz,

a

where h; := hlg<y, hy := hlg.qy, and ¢ > 0 is given. f; is monotone increasing
and thus has a.e. a nonnegative derivative. As h; is bounded by c, from what we
just proved it follows that h;(x) = f}(x) < f'(x) a.e. Since h is finite a.e., letting
¢ — oo we obtain that h < f’ a.e. On the other hand, the proposition concerning the
differentiation of monotone functions implies that

b b
/ h(z) dz = f(b) — f(a) > / f'(z) dz .

All in all this yields h = " a.e. and thus the assertion.

(iii) Finally, let f be absolutely continuous. We have to prove that f has the integral
representation as stated. To this end we will show that the function

g(x) 1= f(x) — / f'(z) dz
has the constant value f(a).

By what we have seen so far g has the following properties: by virtue of the
proposition concerning the derivatives of monotone functions we have fxy f'(z)dz <
f(y) — f(x) for x <y, therefore g is monotonically increasing. It then follows that
lg(x) —g(y)] < |f(x) —f(y)], thus g is absolutely continuous because so is f. Finally,
by (ii) we have g’'(x) = f'(x) — f'(x) a.e., that is, the derivative of g vanishes a.e.



102 9 Absolute Continuity

Let B be the Borel set of all x € (a, b) with g’(x) = 0, and let ¢ > 0. We consider
the system V of all intervals [y, z] C (a,b) satisfying y < z and g(z) — g(y) <
¢(z —y). For each x € B and each § > 0 there exists an interval I € V with x € 1
and A(I) < 8. By Vitali’s Covering Lemma, for every 8§ > 0 we can find disjoint
intervals Ij = [yj, 7] € V such that \(B \ Ui, I;) < 8. Since A([a,b] \ B) = 0, this
means that

n—1

(yi—a)+ > (Yit1 —z) + (b—2z) <5.

i=1

If we choose 8 (depending on ¢) sufficiently small, the absolute continuity of g
implies that

n—1

gy) — 2@ + Y (2(vi+1) — () + gb) —g(z) <e.

i=1
According to the definition of the intervals I; we moreover have that

n n

> (2@ —g(yp)) =D ez —y) <e(b—a).

j=1 j=1

Adding the previous two inequalities yields that g(b) — g(a) < ¢ + ¢(b — a), and
letting ¢ — 0 we obtain g(b) < g(a) = f(a). Since on the other hand g increases
monotonically, it follows that g(x) = g(a) = f(a) for all x € [a,b]. This is the
desired integral representation. O

Functions of Bounded Variation*

We now want to drop the assumption of monotonicity, which played an important
role in the previous two sections, and pass to functions which can be represented as
differences of monotone functions.

Definition

A function f : [a,b] — R is said to have bounded variation (or finite variation),
if there exists a ¢ > 0 such that for all n € N and all partitions a = xg < x; <
<o < Xp—1 < X, = boflengthn,

Z ‘f(xi) — f(xi_1)| <c.
i=1
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Proposition 9.6 (Jordan Decomposition). A function f : [a,b] — R has
bounded variation if and only if it is equal to the difference of two monotonically
increasing functions f1,f; : [a,b] - R:

f=1—1.

Proof. First, let f be the difference of the monotonically increasing functions fj, f;.
Then

Z |f(xi) — f(xi—1)| < Z (f1(xi) — fi(xi=1)) + Z (f2(xi) — f2(xi-1))
i=1

i=1 i=1

= f1(b) —fi(a) + f2(b) — f2(a) .

Thus f has bounded variation.
Conversely, assume that f has bounded variation. For a < y < z < b the
nonnegative quantity

v(y,z) == sup D JfG) — f(xien)|

Y=X0=X] =+ <Xp—1 =Xn=2Z i=1

is termed the variation of f on the interval [y, z]. Obviously, it is finite for functions
of bounded variation. If y < u < z, we may always adjoin u to the partition xo <
X; < -+ < Xp—1 =< Xy, because the corresponding sums become larger and the
supremum remains unchanged. Since we may select the partition below and above
u separately, it follows that

v(y,z) = v(y,u) + v(u,z) .
We set
fily) :=v(ay). fay) :=v@y -y,
thus f; — f, = f. Fory < z it holds that f;(z) — fi(y) = v(y,z) > 0 and
f2(z) —f2(y) = v(y.z) — f(2) + £(y) = v(y.2) — [f(2) — f(y)| = 0.
Therefore, f; and f, are monotonically increasing. O
According to the proposition on differentiation of monotone functions, every

function of bounded variation can be differentiated a.e. For absolute continuous
functions the following stronger result is valid.
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Proposition 9.7. Any absolutely continuous function f : [a,b] — R can be
represented as the difference f = f; — £, of two monotonically increasing,
absolutely continuous functions fi, f5.

Proof. As in the previous proof, we work with the variation v(y,z). Absolute
continuity of f means that for each ¢ > 0 there exists a § > 0 such that v(y,z) < ¢
forz —y < 8. Since v(y,z) = v(y,u) + v(u,z), it follows that v(y,z) < ne for
z—y < ndand all n € N. In particular, v(y,z) < co holds foralla <y <z <b.
Absolutely continuous functions therefore have bounded variation.

We proceed as in the previous proof and obtain monotone functions f;(y) :=
v(a,y), f2(y) := v(a,y) — f(y), such that f = f; — f,. It remains to show that f; (and
therefore f;, = f; — f) is absolutely continuous. Let §,¢ > Oanda < y; < z; <
y2 < 7y < -+- <yy <z, < bsuch that Z;zl(zi —y;) < 8. By the definition of the
supremum, there exist partitions y; = X;o < Xi;| < -+ < Xjpn; = z; such that

v(yi,zi) <2 Z |£(xi4) — f(xi-1)] -

=1
We get

nn

Z Z(Xid —Xij-1) = Z(Zi —yi) <8.
i=1

i=1 j=1
Due to the absolute continuity of f it follows that
n n; e
DO |fig) = f(xig-n)] < 5
i=1 j=1
if 8§ is sufficiently small. We obtain

n n

Z (fi(z) — fi(y) = Z v(yi, z) <e,

i=1 i=1
thus f; is absolutely continuous as claimed. O

Generalizing from the situation of monotone functions, we present the following
characterization of absolutely continuous functions.
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Proposition 9.8. A function f : [a,b] — R is absolutely continuous if and only
if there exists a Lebesgue integrable function h : [a,b] — R such that

f(x) = f(a) + /X h(z) dz .

a

In this case h(x) = f'(x) for almost all x € (a,b).

Proof. If f is absolutely continuous, we have f = f; — f, for some monotone
absolutely continuous function fi, f,. For those functions fj(x) = fij(a) + fax h;i(z) dz,
and we obtain the integral representation for f setting h := h; — h,.

If, conversely, the integral representation holds, it follows that f = f; — f, with
the monotone functions fi(x) := f(a) + [ h'(z)dz, f2(x) := [ h™(z)dz. The
functions f; and f, are absolutely continuous, and thus so is f.

The final claim results from the corresponding assertions for f; and f,. O

Signed Measures*

When treating measures, one may also drop the monotonicity requirement, similarly
as we did for functions in the previous section.

Definition _ _
A mapping 8 : A — R from a c-algebra on a measurable space (S,.4) to R =
R U {00, —00} is called a signed measure, if §(2) = 0 and if for every (finite or

infinite) sequence of disjoint sets Ay, A,, ... € A one has that
8( UAn) =3 8(A0) .
n>1 n>1

It is part of the definition that the sum on the right-hand side is always well-defined.
On one hand, this means that the sum does not depend on the order of summation.
On the other hand, co and —oo are not allowed to appear both during summation.
This excludes the possibility that there are two sets A, A’ € A with §(A) = oo and
8(A’) = —oo. (Then 8(A N A’) would have to be finite, and the disjoint sets A \ A’
and A’ \ A would have the value oo and —oc.) Therefore either 0o or —oco is not
present among the values of 8.

Obviously, a signed measure arises when one considers the difference § = . —v
of two measures, at least one of them being finite. It turns out that one obtains all
signed measures in this manner. More precisely, the following proposition holds.



106 9 Absolute Continuity

Proposition 9.9 (Jordan Decomposition of Signed Measures). Ler § be a
signed measure. Then there are measures 8t und §~, at least one of them
being finite, such that 8§ = 8§t — 8~ and 81 L §~. These measures are uniquely
determined, and it holds that

8T(A) = sup 8(A'), 8 (A) =— inf §(A)).
A/CA A’CA

8T and 8~ are termed positive and negative variation of §. Thus one may think of
a signed measure as a charge distribution in the space S, with positive and negative
charges (as one may think of a measure as a mass distribution in the space). The
proof of the proposition is based on the Hahn decomposition for signed measures.

Proposition 9.10 (Hahn Decomposition). Let 8 be a signed measure on a o-
algebra. Then there are measurable sets A> and A< = S \ A such that for all
measurable sets A we have

3(A) > O0for A C A,
8(A) <OforA C A<.

Proof. Tt suffices to treat the case where §(A) > —oo for all measurable A. In that
case we may carry over completely the proof of Proposition 9.2. O

Proof of the Jordan decomposition. Letting A, A< be a Hahn decomposition of §,
we set

§T(A) :=8(ANAs), §(A):=-8ANAL).
8T and 8~ satisfy § = 8§+ — 8~ and 87 1 §.
Concerning uniqueness: Let § = w — v and . _Lv. For measurable sets A’ C A
then

8(A") = n(A) = n(A)

holds. Moreover, there exists a measurable set B such that v(B) = w(B°) = 0. It
follows that

S(ANB) = WA NB) = w(A).
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Taken together the two assertions yield

W(A) = sup §(A).

A'CA
Analogously,

v(A) = —Ai/réfA 8(A)) .

Therefore, |1 and v are uniquely determined by 8§, and these formulas are valid for
8T resp. §7, too. O

Exercises

9.1 Let . and v be o-finite. Prove that v < . is equivalent to the condition
Ve>038>0: p(A) <8 = v(A) <e.

Hint: The Radon-Nikodym theorem helps. From dv = hdp it follows for all ¢ > 0 that

v(A) 5/ cdp + hdp < cp(A) +v(th>c).
AN{h=c} AN{h>c}

9.2 Let S be uncountable, let A be the o-algebra of all A C S which are countable or whose
complement is countable, and let h : S — R be a nonnegative function. We consider the
measures |L and v on A, given by p(A) := #A and

> veah(x), if A countable,

V(A) 1= )
o0, otherwise.
(1) When does v < | hold? (ii) When has v a density w.r.t. w? (Compare Exercise 2.1)
9.3 Let B C R be a Borel set. Prove that for almost all x € B

. M[x—h,x+h] NB)
lim
hl0 2h

One says that almost all elements of B are points of density of B.

9.4 Does the continuous function f(x) := xsin(1/x), f(0) := 0 have bounded variation on the
interval [0, 1]? What about g(x) := xf(x)?

9.5 Let § = pw — v, where p and v are measures (one of them being finite). Then 81 (A) < j(A)
and §7 (A) < v(A) for all measurable A.

9.6 For a signed measure § one defines its variation as the measure |8| := 8§+ + 8. Prove that

181(A) = sup{z I8(A] 2 As, ..., Ay are disjoint , | ] Ay C A} .
k=1 k=1
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We have determined the volume of parallelotopes in Euclidean space with the
aid of determinants in Proposition 3.4. In this chapter we present a far-reaching
generalization of this issue which dates back to Jacobi.!

Let G, H be open subsets of RY, and let

¢:G—H

be a C!-diffeomorphism, that is, a bijective mapping between G and H which is
continuously differentiable in both directions. For any fixed x € G we thus have

e(x +v) = ¢(x) + ¢ (v) +o(Jv]) , (10.1)

as v € RY tends to 0. Here ¢, denotes, for any x, a linear mapping from RY to RY.
. . S p o

By the inverse function theorem, ¢, is bijective for every x, and ¢, (v) is jointly

continuous in x and v. The inverse mapping \ : H — G has analogous properties,

and

lI‘r:p(x) = ((P;)_l .

Generalizing Proposition 3.4 we now prove the following result which goes back to
Jacobi.

ICARL GuUsTAV JACOBI, 1804-1851, born in Potsdam, active in Konigsberg and Berlin. He
worked in number theory, elliptic functions, and mechanics.
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Proposition 10.1. For any C'-diffeomorphism ¢ : G — H and any Borel set
B C G we have

2 (9(B)) =/|det(p;|dx.
B

Since ¢(B) = {~!(B) and s is Borel measurable, ¢(B) is a Borel set. A large
portion of the proof is concerned with a geometric property of diffeomorphisms,
namely that the images of rectangles under ¢ (as shown in the following figure) can
be enclosed from outside as well as from inside by parallelepipeds, in fact more and
more accurately as the rectangles become smaller and smaller.

D C
A B
LetQ :=[—c,¢),c = (¢1,...,¢q) € Ri be a d-dimensional interval centered at 0.

Dilating it in all directions by the factor o > 0 and translating it by x € RY, we obtain
the rectangle x + 0Q. Its image ¢(x + 0Q) can be nested using the parallelotope
¢, (6Q). More precisely, the following fact holds.

Lemma. Let K C G be compact and 0 < v < 1. If 6 > 0 is sufficiently small,
then

¢(x) + (1 =g (0Q) C ¢(x+0Q) C ¢(x)+ (1 4+ n)¢,(cQ)

forall x € K.

Proof. (i) As a preparation, we show that (10.1) holds uniformly on compacta. As
K C G is compact, there exists a k > 0 such that x + v € G for any x € K and
v € RY satisfying |v| < k. We claim that for every & > 0 there exists a § € (0, k]
such that

lo(x + v) — @(x) — (V)] < e|v] (10.2)

for every x € K and v € RY with [v| < 8.
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To prove this we remark that the mapping (x,w) — ¢} (w) is continuous
and hence uniformly continuous on the compact set {(x + v, w) : x € K, |v| <
K, [w| = 1}. Thus, for every ¢ > 0 there exists a § € (0, k] such that [¢] (W) —
¢l(w)| <e/2forallx € K, [v| <38, and |w| = 1. For any x € K, [v| < § we
now consider the function

g(t) == @(x + tv) —p(x) —tg,(v), 0=<t=<1.

Due to our differentiability assumptions, dg(t)/dt = ¢, (v) — ¢, (v). From
gt + ) — 2O = (g(t + h) — g(1) - (g(t + h) + g(1)) (the dot denotes
the scalar product) it follows that d|g(t)|*/dt = 2(¢} ) — ¢ (v)) - g(1).
Using the Cauchy-Schwarz inequality we get that |d| g(t)|?/ dt| < g|v]|g(t)|.
Integration yields |g(OF < e[vltsupye, [, thus (supy,c; [N <
e|v| supy.<; |g(t)| and therefore |g(1)| < e[v|. Thisis (10.2).

We transform (10.2) in a twofold manner. Firstly we claim that for any given
¢ > 0 there exists a 8§ > 0 such that

[ Wl (0(x + 1) — 0(x) — @ ()] < e[y (10.3)

for all x € K, |v] < 8. To show this we use that the continuous mapping
(x,w) |1[,rfP ®) (w)| attains a finite maximum m; on the compact set {(x, w) :
x € K, |w| = 1}. Consequently, |\bfp(x)(v)| < my|v| forall x € K, v € RY, the
assertion thus follows from (10.2) if we replace there € by &/m.

Secondly we claim that for every given ¢ > 0 there exists a 8 > 0 such that

[U(e(x) + ¢ (v)) —x — v| < ¢&[v] (10.4)

for all x € K, |v|] < 8. To show this we use that the continuous mapping
(x,w) — |¢(w)]| attains a finite maximum m; on {(x,w) : x € K, |w| = 1}. If
8 > 01is sufficiently small, we therefore have ¢(x) + ¢/, (v) € H wheneverx € K
and v € RY with |v] < 8. Now (10.2) yields for ¢(K), {r, ¢(x) and ¢/ (v) in place
of K, ¢, x and v, the inequality |y(¢(x) + ¢, (v)) —x —v| < g|¢@,(v)| < ema|v].
The claim follows if we replace ¢ with €/mj.
(il) We now prove the assertion of the lemma.

Concerning the right inclusion: We investigate when for any x € K and any
v € 0Q there exists a u € noQ such that ¢(x + v) = @(x) + ¢, (v + u) holds.
If o is sufficiently small, we have x + cQ C G for all x € K. For any x € K,
v € 0Q we may then form

0= Wl (90 + 1) = 9(x) = () -

For any given ¢ > 0, by (10.3) one has |u| < en|v| whenever ¢ is sufficiently
small. If ¢ is chosen sufficiently small, in view of the shape of rectangles and
because v € oQ it follows that u € 1oQ, and therefore v + u € (1 + 1)oQ.
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According to the definition of u,

e(x +v) = ¢(x) + ¢ (v + ),

therefore ¢(x + 0Q) C ¢(x) + (1 + 1) ¢, (cQ) holds, as asserted.
Concerning the left inclusion: One has that ¢(x) + ¢, (v) € Hforallx € K
and v € 0Q whenever o is sufficiently small. We may then form

0= P(ex) + (1 =g (v)) —x— (1 —n)v

for all x € K, v € 6Q. By (10.4), |0 < en|v| if o is sufficiently small. If ¢ is
sufficiently small, it follows that & € noQ and (1 — n)v + 0 € 6Q. According
to the definition of u we obtain

@(x) + (1 =M@ (v) = e(x + (1 =)v + 1),

and so (x) + (1 =m)¢((0Q) C ¢(x + 0Q).
|

Proof of the proposition. Let moreover Q = [—c,c). We first determine the
Lebesgue measure of ¢(z + Q), assuming that the topological closure K of z + Q
is contained in G. To this end we use that z 4 Q can be partitioned, for any natural
number n, into n¢ disjoint rectangles Qi, = Xin + n~!'Q,i=1,...,nd, with x;, € K.
The following figure illustrates the case d = 3,n = 2.

1
..+ =
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Since ¢ is bijective, the partition can be transferred to ¢(z+ Q). Using the additivity,
monotonicity, and translation invariance of the Lebesgue measure, we conclude
from the lemma that for sufficiently large n

d

(=, 07'Q) = Moz + Q) = -
i=1
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where we have omitted the upper estimate (with n instead of —n). We know the
behaviour of the Lebesgue measure under linear mappings from Proposition 3.4, so
it follows that

d

A=) ldetgl M07'Q) = M(e(z+Q) = (14

i=1

or, written by means of an integral,

nd
(1—n)d/2|det<p;n|1om d\ < AM(ez+Q) = 1+
i=1

Since | det ¢/ is continuous, the integrands are uniformly bounded by a constant,
and for n — oo they converge to | det¢|1,4q. By the dominated convergence
theorem,

(1—n>d[|det<p;|1z+edx < Mgz +Q) < (L4

and letting n — 0 we finally obtain that

A (o(z+ Q) = / | det ¢, | dx .

z+Q

This proves the formula for half-open rectangles. Consequently, it also holds for
any finite disjoint union of such rectangles whose topological closure is contained
in G. The system of all such unions forms a N-stable generator of the c-algebra
of all Borel sets B C G. In addition, it satisfies the assumptions of the uniqueness
theorem, applied to the measures

w(B) =2 (o®) . viB) = [ |detlon

with B C G, because the open set G can be represented as a countable union of such
rectangles. This yields the assertion. O

With the aid of the monotonicity principle (Proposition 2.8) we now obtain the
following “substitution formula” for integration.
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Corollary (Transformation Formula of Jacobi). For any Cl-diﬁ‘e_omorphism
¢ : G — H and any nonnegative measurable function f : H — R it holds
that

/ £(y) dy = f F(p(x) - | det | dx
H G

Proof. For the Borel set B = ¢(B), Proposition 10.1 can be rewritten as

[ 1wy = [ 1w g0 - decl ax.
H G
The assertion now follows from the monotonicity principle, Proposition 2.8. O

For integrable functions an analogous formula holds. The following example
includes a well-known application.

Example (Polar coordinates)

The mapping
x = (r,a) = y=(u,v):= (rcosa,rsina)
27 @ ¢(B)
B N
0 —

defines a C'-diffeomorphism from G := (0,00) X (0,2 ) to H = R?\ {0} x R. The figure
shows that the dilation is variable and equals r. Indeed, we obtain for the Jacobi determinant

du/or 8u/30()= (cosoc—rsina)=r

/o
det(PX_det(av/ar dv/da sino rcosa

One obtains an interesting application of the transformation formula for

f(y) = exp(—|y[*) = exp(—u* —v?).

The formula yields

/ exp(—u?) exp(—v?) dudv =/exp(—rz)rdadr,
R? G
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where we have extended H to R? by the null set {0} X R4.. By Fubini’s Theorem from Chap. 8
we may replace both two-dimensional Lebesgue integrals with double integrals in the respective
variables, thus

[ee] [ee] 2 [ee] 1
/ exp(—uz)du/ exp(—v?)dv = / don/ exp(—)rdr=2 -—.
o] o] 0 0 2

‘We obtain, for a second time, the formula

/00 exp(—u)du =/ .

This argument goes back to Gauss.”

Exercises

10.1 Compute

// x2y? dxdy ,

B

where B := {(x,y) € R?: x> + y?> < 1}.

2CARL FRIEDRICH GAUSS, 1777-1855, born in Braunschweig, active in Braunschweig and at the
observatory in Gottingen. His contributions shape the whole of mathematics until the present time.
For astronomy, physics and geodesy, too, he has lasting merits.



Construction of Measures 1 1

Let A be a o-algebra on S with generator £, and let
€ - R+

be a mapping which associates a nonnegative number (E) (or possibly the value
o0) to each element E of the generator. In this section we want to specify conditions
which allow us to extend to a measure | on .A. More precisely, following
Carathéodory we ask under which circumstances we may use for this purpose the

mapping
neA— Ry

related to , given by

W(A) = inf{z (Em) :E1,Es,... €&, AC UEm} .

m>1 m>1

As usual we set inf @ := oo. (While we follow up our discussion concerning the
regularity of measures in Chap. 7, we do not need its results in the following.)

Thus, the idea is to obtain the measure of A by outer approximation, covering A
with finitely or infinitely many elements E;, E,, ... from £

© Springer International Publishing Switzerland 2015 17
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Aigip

\

the sum of their measures becoming as small as possible. The question is under
which conditions this procedure works. We will also discuss some applications.

As a preparation, we first present a general method to construct a measure from
an outer measure, dating back to Carathéodory. This method has a large scope of
application and in particular yields, for example, the Hausdorff measures discussed
at the end of this chapter.

Outer Measures

Definition
A mapping

n:P(S) — Ry

on the power set P(S) of S is called an outer measure if the following holds:
(i) n(®) =0,
(ii) o-subadditivity: n(A) < anl N(Ay) for all A, A, Ay, ... C S which satisfy

A C Uzt An
A subset A C S is called n-measurable if for every C C S
N(CNA)+n(CNAY) =n(©)

holds.
In particular, the o-subadditivity entails the property of
(iii) Monotonicity: n(A) < n(A’), whenever A C A’.

n-measurability of A means that one may separate 1 into two parts on A and on A,
from which one may get back n by addition. For the n-measurability of A it suffices
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that n(CNA)+n(CNA°) < n(C) holds for all C C S, because subadditivity yields
the reverse inequality.
The following result holds.

Proposition 11.1 (Carathéodory). Let 1 be an outer measure on S. Then the
system Ay of all W-measurable sets is a 0-algebra, and the restriction of  to Ay,
is a measure.

Proof. Immediately obvious are the properties
SeA, and Ae A, = A" cA,.

Let Ay, A, € A, . Repeated application of the defining property of n-measurable
subsets yields
n(C) =n(CN A +n(CNAJ) (x)
=n(CNAD)+nCNATNA) +n(CNAJNAY)
=n(CN (AT UA) NA) +n(CN (A UAy) NAY
+n(CN (A UA)%)
=n(CN (AT UA)) +n(CN (A UA)).

It follows that A U A, € A, as wellas A; N Ay = (AJ U AS)° € A,. If Aj and A,
are disjoint, we obtain from row (x), replacing C by C N (A U A,), the additivity

property
NCNATUA)) =n(CNA)+n(CNAy.

Let moreover A, Ay, ... € A, be pairwise disjoint. Using the additivity just
proved, as well as the monotonicity of 1, we obtain that for any natural number r

n(©) =n(cn OAH) +n(cn (UA))

n=1 n=1

> gn(cmn) Falen(Uan)).

n>1
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Letting r — oo and using o-subadditivity we get

10 =Y nenay+a(cn(UJa)) (+%)

n>1 n>1

>n(cnJa)+n(cn(Uan))

n>1 n>1
> n(C).

Thus, equality holds everywhere above, and Unzl A, € A, follows. The particular
choice C = | .| Ay in row () yields

1(UAn) =D nan .

n>1 n>1

n>1

that is, n is o-additive on .4,,. Finally, arbitrary countable unions can be reduced to
disjoint unions according to

A = [Janasn-nag .

n>1 n>1

so that A, indeed is a o-algebra. o

Extension to a Measure

We utilize outer measures to prove the following proposition.

Proposition 11.2 (Extension). Let & generate the c-algebra A on S, and let
: & — Ry be a mapping. Then

w(A) :=inf{z (Em) :E,Ea,... €& AC UEm} AcA,

m>1 m>1

defines a measure | on A coinciding with  on &, if and only if the conditions

1) p(@) =0,
(i) W(E) = (B)forallE €€,
(iii) W(E'NE) + n(E'NES) < (B)forallE,E €&

are satisfied.
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Since W(E) < (E) always holds, (ii) can be replaced with w(E) > (E). The
verification of this seemingly innocuous condition typically requires a substantial
effort. According to the definition of it is equivalent to the condition

(i) (B) < Ypsi (En)forE.E;Ey,...€EandE C Uy Em.

We will see how, in order to verify it, one replaces the infinite covering of E
with other, more easily tractable, finite coverings. Reasonings like that, based on
compactness arguments, go back to Borel, who established the topological concept
of compactness in mathematics.

Proof. The conditions are obviously necessary. To prove their sufficiency we extend
| to the whole power set by

Nn(A) = inf{z (Em) :Ei,Ey, ... € E,AC UEm} foralACS.

m>1 m>1

1 is o-subadditive: Let A, Aj, Ay,... C S be such that A C Unzl A, holds. By
definition of v, for every ¢ > 0 there exist elements Ej,, Epy,, ... of £ such that
Ay € Ups1 Emn and

> (Bmn) S n(An) + 627"

m>1

It follows that A C | Emn and

m,n>1

NA) < Y Em) Y (A +827) < D n(An) Fe.

m,n>1 n>1 n>1

Letting ¢ — 0 we obtain the o-subadditivity. By (i) we moreover have n(@) = 0,
thus 7 is an outer measure.

We show next that each E € £ is a -measurable set. Let CC SandE|,E,,... € £
satisfying C C J,,» | Em. Since 1 is o-subadditive,

N(C) <N(CNE)+n(CNE) <Y nEnNE) + Y n(En NE),

m>1 m>1

and due to (iii)

N(C) <(CNE)+n(CNE) <Y (En).

m>1



122 11 Construction of Measures

According to the definition of 1, we may choose, for any given ¢ > 0, the sets
E|,Ey,...insuchawaythat ) ., (En) < n(C) + ¢ holds. It follows that

N(C) =n(CNE)+n(CNE’) =<n(C) +e.

Letting € — 0 we see that E is n-measurable.

We can now apply the preceding proposition. Since £ generates A, it follows
at first that 4 C A, and secondly that p is a measure. Due to condition (ii), p
coincides with ~ on & as claimed. O

By its very definition, the measure obtained in the extension theorem is outer regular
w.r.t. £. The theorem has important applications.

Example (Locally finite measures on R)

We consider measures on R which are finite on bounded sets. Such measures | are, as a
consequence of the uniqueness theorem, uniquely determined by the values

n(@ab]), —oco<a<b<oo.
One always can exhibit a “primitive” F : R — R such that
i((a.b]) = F(b) — F(a)

holds, e. g., F(a) := u((O, a]), resp. —u((a, 0]), depending on whether a > O ora < 0. In

addition, F (like primitives in calculus) is uniquely determined by | up to a constant. F is obviously
monotone and, by virtue of the o-continuity of , right-continuous.

Here we want to show that, conversely, for every monotone right-continuous function F there
exists a measure L such that the stated connection stands. For this purpose, on the generator

&:={(a,b]: —oco<a<b< oo}
of the Borel o-algebra in R we consider the functional : & — R given by
((a,b]) := F(b) — F(a) .
We want to show that the conditions of the extension theorem are satisfied.
Obviously (&) = 0 holds, thus (i) is satisfied. Moreover, for any E' = (a/,b’] and E € &
there exist numbers a’ < a < b < b’ such that
E'NE=(a,b], ENE°=(a,a]U(b,b].

Consequently, L(E' NE) < ((a,b]) and W(E' NE®) < ((a’,a]) + ((b,b’]), whence

R(E'NE) + w(E NE) <Fb)—F@) = (E).
Therefore (iii) is satisfied.

Finally, let (a,b] C Uy (am.bm]. As mentioned before, in order to prove (i) we will pass
from the countable covering to suitable finite coverings: Since F is right-continuous, for any given



Outer Regularity 123

¢ > 0 there exist numbers e, > 0 such that F(b,, + €,) < F(by) + €27™. It follows that
[a 4+ €b] C Ups(am,bm + €n). Thus, we exhibited an open covering of a compact set which
accordingly contains a finite subcovering. We thus have (a + ¢,b] C Uy — (am, bm + €] for a
sufficiently large natural number n, and consequently

n n

F(b) —F(a+¢) < ) (F(bn + &m) — F(am)) < Y (F(bw) — Flan)) +¢.

m=1 m=1

Letting first n — oo and then ¢ — 0 we obtain that

(@b) <D ((am:bal) -

m>1

Therefore, (ii’) is satisfied.
By virtue of the extension theorem, there exists a measure . on the Borel o-algebra satisfying

((a.b]) = F(b) — F(a) .

as claimed.

Example (Lebesgue measure)

In the particular case F(a) = a, as in the foregoing example, one obtains the 1-dimensional
Lebesgue measure. The d-dimensional Lebesgue measure can be constructed analogously, using
d-dimensional instead of 1-dimensional intervals, or alternatively as a product measure from the
1-dimensional Lebesgue measure.

Outer Regularity*

Now we can prove the proposition concerning outer regularity in Chap.7. Let us
repeat its assertion (with a change in notation).

Let £ be a N-stable generator of the o-algebra .4 on S with @ € £. Let v be a
measure on A such that there exist Ey, E,, ... € £ with E; 1 S and v(E,,) < oo for
allm > 1. Set

wW(A) ;=inf{z\)(Em):El,E2,... c&AC UEm} AcA.

m>1 m>1

If
W(E \E) =v(E \E) forallE,E' € £ withE CE’,

then v is outer regular w.r.t. £, that is, v(A) = L(A) for all A € A.
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Proof. We show that the conditions of the extension theorem hold with  := v|&.
Condition (ii’) is satisfied automatically because v is a measure. Thus (ii) holds and,
as @ € &, also (i).

Concerning (iii): Let E, E’ € £. As £ is N-stable, v(E' N E) = w(E’ N E) holds.
By assumption we moreover have v(E' NE®) = wE'\ENE) = w(E'\ENE) =
w(E’ N E°). Since v is additive,

WENE) + WE NE) = v(E) = (E)
follows. Thus (iii) is verified.

By the extension theorem, |1 is a measure which coincides with v on £. Applying
the uniqueness theorem for measures we obtain that . = v. O

The Riesz Representation Theorem

Any measure . induces a functional f > £(f) := [ fdu on the space of |L-integrable
functions. This functional is linear and positive, that is,

L(af + Bg) = ol(f) + PBL(g) foralla,p e R, £(f)>0forallf>0.

If f < g, it follows that £(f) < £(g), since £(g) — £(f) = L(g—f) > 0.

Conversely, we may ask which positive linear functionals can be represented as
integrals. We consider the simplest, yet most important case. By C(S) we denote the
linear space of all real-valued continuous functions on a metric space S.

Proposition 11.3 (Riesz Representation Theorem). Let S be a compact metric
space endowed with the Borel 6-algebra B, and let £ : C(S) — R be a positive
linear functional. Then there exists a unique measure |. on (S, B) satisfying

o) = /fdpL

for every f € C(S).

We obtain such a measure with the aid of the extension Proposition 11.2. As
generator £ of B we choose the system O of all open subsets of S. We define a
set function : O — Ry by

(O) = sup £(f).

0=f<lo

Since 0 < 1p < 1,wehave 0 < (O) < £(1). We directly conclude that (@) = 0,
(0) < (O') whenever O C O, as well as £(f) < (O) < £(g) whenever we have
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f < 1p < g. (We remark that the definition (O) = £(1¢) is not possible as 1g is,
in general, not continuous.)
We define

M(A):inf{z (Om): 01,05, € O,A C Uom}, AcB.

m>1 m>1

The extension Proposition 11.2 for measures says that . defines a measure on B if
the conditions

» (@) =0,
(ii)) p(0) = (O)forall O € O,
(iii) L(O'NO) 4+ (O’ NO°) < (O)forall 0,0 € O,

are satisfied, where
i) (0) < Zmzl (Op) forall 0,04,0;,... € O withO C Umzl Om,
is equivalent to (ii).

As a prerequisite we provide a connection between monotonicity and uniform
convergence in C(S).

Lemma (Dini’s' Theorem). Let fi.f,, ... be a sequence in C(S) with f, 1 f and
f € C(S), S being a compact metric space. Then f,, converges uniformly to f.

Proof. Lete > 0. Given x € S, we choose ny such that |f(x) — f,, (x)| < &. Due to
continuity there exists an open neighbourhood Oy of x such that |f — f,, | < € holds
on Oy. By virtue of compactness, S can be covered by finitely many such Oy, say
for points xj, 1 < j < m. It follows that ||f — f;||cc < € for any n > max; ny;. O

We return to the task of proving properties (i) to (iii) and consider, for any O € O,
the functions

¢n.0(X) = min (1, nd(x, OC)) .
They are continuous and satisfy 0 < @10 < ¢20 < -+, as well as

lo =sup¢no, (O) = sup(¢n0) -

n>1 n>1

TULISSE DINI, 1845-1918, born in Pisa, active in Pisa. He did research in real analysis.
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The latter is a consequence of Dini’s Theorem, since for any f < 1p and f, =
min(f, ¢, 0) one has that f;, 1 f, and thus

£(f) = sup £(fy) < sup£(¢no) = (0),
n>1 n>1
which after passing to the supremum w.r.t. f implies the asserted equality.

Lemma. The set function satisfies (ii') and consequently (ii).

Proof. Let O,01,0,,... € O satisfying O C Umzl Op, be given, let f < 1. We
set gn = D 1 — ¢no, and f, = min(f, g,). Then

U(fa) < €(2a) = ) no,) < D (Om)
m=1 m=1

holds. Since f < 1o < sup,-; g, we have f, 1 f, thus £(f) = sup,.; {(fy) =<
Zmzl (On) by Dini’s Theorem, and the assertion follows after passing to the
supremum w.r.t. f. O

Lemma. The set function satisfies (iii).

In this proof, for any O € O, instead of ¢, o we use
Un.o(x) := min (1, (nd(x, 0%) — ) .

Uno has the same properties as those we just derived for ¢,o. In addition,
d(x, 0% > 1/n whenever {, o(x) > 0.

Proof. Let O, 0’ be open sets. We set g := i, 0rno and
V:={xe0 :d(x,0° < 1/n}.

One has that {g > 0} NV = @.
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Let ¢ > 0. We choose n large enough such that (0’ N O) < £(g) + ¢. Since V is
open, there exists an h < 1y satisfying (V) < £(h) +¢e. Wehave 0 < g+h < 1¢,
as V C O and g(x) = 0 for any x € V. Since moreover O’ N O° C V, it follows
that

p(O' NO)+ (O NO%) < (O'NO)+ (V) <L(g+h)+ 2
< (O)+ 2.
Passing to the limit € — 0 yields the assertion. O

Proof of Riesz’ theorem. The preceding lemmata show that the assumptions of the
extension Proposition 11.2 are satisfied, implying that . is a measure on /3, and that
IL(S) = £(1) < oco. It remains to show that £(f) = [ fdp holds for all f € C(S). Let
f > 0 be continuous. For any n > 1 and any k > 0 we set

fi, = min (% (f — §)+) .

The functions fy, are continuous, and for every n one has f = Zkzo fn, where at
most finitely many summands are nonzero, as well as

1
Hl{f>(k+l)/n} < fin < Hl{f>k/n}-

According to the definition of ,

> Gk D/ < ) < - (> K/,
thus
1 k+1
00 = 0lf) = 3 —n(ik/n <) =3 ——np(k/n <= (k+1)/n})

k>0 k>0 k>0
1

Letting n — oo we get £(f) < f fdp. The reverse inequality results in an analogous
manner, and so £(f) = f fdp for any f > 0 and, via a decomposition in positive and
negative part, for arbitrary f € C(S), as it was claimed. The uniqueness of | was
already proved earlier in Chap. 7. O

We remark that the measure W, constructed in the Riesz representation theorem, is
regular by Proposition 7.6.
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Extension of Measures on Infinite Products*

The following result, which goes back to Kolmogorov,? is of interest in probability
theory. The question is this: Let there be given finite measures g on the Borel o-
algebra B9 of RY, d > 1. Under which conditions does there exist a measure L on
the product space (R*°, B°°) which extends the measures |14 in the sense that

n(B xR®) =py(B), BeB

holds? Such a . is called the projective limit of the measures |L4. The measures g
obviously have to be related to each other in the following manner.

Definition
A sequence |Lq, d > 1, of finite measures on RY is called consistent, if

Ra+1(B x R) = pa(B)

for every d > 1 and every Borel set B € B4,

Example (Product measures)

If Wa+1 = Mg ® Va4 holds for some probability measures v,,vs3,..., then Wy, Lo, ... are
consistent measures.

Proposition 11.4 (Kolmogorov’s Theorem). Every consistent sequence
W1, 2, - - . Of finite measures possesses a unique projective limit |L.

Proof. By £ we denote the system of all sets O x R* C R*°, where O is an open
subset of some RY with d = 1,2, . ... We define the set function : & — R4 by

(0O xR*%) := pa(0) .

Here we have to take into account that every E € £ allows different representations,
namely E = O x R® can also be written as E = O’ x R*® with O’ = O xR, e > 1.
Nevertheless is well defined due to the consistency condition.
& generates the product o-algebra B on R*°. We define | as in the measure
extension theorem and therefore have to verify the conditions of the latter.
Concerning condition (iii): For any E, E’ € £ there exist a (common!)d > 1 and
0,0’ € BYsuch that E = O x R®, E’ = O’ x R*®. Moreover, we consider the open

2 ANDREI N. KOLMOGOROV, 1903-1987, born in Tambov, active in Moscow. He made seminal
contributions to probability theory, topology, dynamical systems, mechanics, and turbulent flows.
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sets O, := {x € RY: |[x—y| < 1/n for some y € O°}, the open 1/n-neighbourhoods
of the closed set O°. Setting E, = O, x R* we get for everyn > 1

WENE)+p(ENE) < (E'NE)+ (E'NE,) = pa(0'NO)+pa(0' N0y,
and passing to the limit n — oo we obtain, by virtue of o-continuity,
WE NE) + p(E' NEY) < na(0'N0) + pa(0' NO%) = pqa(0) = (E).

This yields (iii). Condition (i) follows from (ii) since @ € &.

It remains to prove (ii’): Let E = O x R®, with O C RY open. As we already did
previously, we will pass from a countable covering of E to suitable finite coverings.
To this end we choose ¢ > 0 and, according to Proposition 7.6, for everyn > 1 a
compact set K, C O x R" such that (E) = pg+n(0 X R") < pg+n(Kp) + €.

Letnow E C |, Em satisfying E;, € € and E;, = Oy, x R®. We want to show
that there exists an n > 1 such that

KHXROOCOEm.

m=1

Contrarily, assume that there exist xj,Xp,... in R*® satisfying x, € K; x R*®
and x, ¢ (Jn_,Em for all n > 1. Then one may pass to a subsequence
converging componentwise, by the following scheme: As K is compact, there exists
a subsequence x;; € R*, i > 1, whose first d + 1 components converge. As K,
is compact, we find a subsubsequence x;,, i > 1, for which also the (d 4 2)-th
component converges. One continues as follows: In the kth subsubsequence x;,
i > 1, the first d 4 k components converge. Following Cantor, we finally pass to the
diagonal sequence x;; € R, i > 1, which eventually traverses every subsequence
and for which therefore all components converge to some limit y = (yq,y2,...). It
follows that y € K; x R® C E C |J,,»; Em and thus y € E; for some j > 1. Since
O; is open we conclude that x;; € E; whenever i is sufficiently large. As the diagonal
sequence is a subsequence of the original sequence x,, n > 1, there exists an n > j
such that x, € |J;, _; Em. This is a contradiction.

Therefore, there exists an n > 1 such that the inclusion stated above holds. In
other words, there exist a k > n + d and open sets O, € RX, m < n such that
En = Op x R and K, x R4 < 7 _| Op. Due to the subadditivity of Ly it
follows that

(B) = & = parn(Kn) = (Kn X R 779 < 3 14 (On)
m=1

therefore (E) < > 7 _, (Em) + ¢ Passing to the limit n — oo and then ¢ — 0
we obtain (ii’).
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In this manner the extension theorem yields a measure p satisfying p(OxR*®) =
La(O) for all open O C RY. Using the uniqueness theorem (B x R®) = q4(B) for
all Borel sets B C RY. Therefore, |1 is the projective limit of the measures |14, d > 1.
As £ is a N-stable generator of B, the projective limit is uniquely determined. O

The compactness argument in the proof above may also be based on Tikhonov’s
Theorem which states that infinite Cartesian products of compact sets are them-
selves compact. This would shorten the proof.

Kolmogorov’s theorem can be generalized in several directions. The space R
may be replaced by spaces in which open subsets can be approximated from the
interior by compact sets, at least in measure. This works for all complete separable
metric spaces (Ulam’s Theorem). The result may also be transferred to uncountable
products without a major effort.

Hausdorff Measures*

The Lebesgue measure is not the only translation invariant measure on the Borel
sets of RY. As a conclusion of this chapter we want to present a whole family
of translation invariant measures. Only if the unit cube has finite measure, one is
dealing (except for a normalization factor) with the Lebesgue measure.

A basic idea is to cover a subset A of RY by balls and other sets of bounded
diameter

and to obtain a number measuring A from their count and their diameter. There are
different possibilities to do so, one may assign a positive measure also for “sparse”
sets with Lebesgue measure 0. It appears to be natural to cover A with sets of very
small diameter only — we will see that there are sound mathematical reasons for this.
Our approach makes use of outer measures 1 which depend on a given parameter
s> 0.

We define the diameter of A C RY as

d(A) = sup{|x—y| 1X,y € A} .
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In a first step we prescribe (besides s) a § > 0 and set

Nes(A) 1= inf{ Y dAn)’ A C | An. d(An) < 8} , ACRY.

m>1 m>1

For covering we thus use arbitrary sets of diameter at most 8.

The set function ngs is an outer measure; this is proved as for the extension
theorem above. However, in general one does not know what are the corresponding
measurable sets. Therefore, in a second step one passes to

ns(A) := supnes(A), ACRY.
§>0

This means that henceforth we consider only small §, since n,s(A) increases
monotonically as § decreases. Obviously v is translation invariant.

1s, t00, is an outer measure: since s5(&) = 0 we also have ns(&) = 0, and
from nSvS(Unzl An) = anl Ns5(An) < anl ns(Ay) follows ns(Unzl An) =
anl Ns(Ap).

For n; an additional property comes into play: Let
a(A",A") :=inf{|x—y|:x€ A", ye A"},

denote the distance between two subsets A’, A” of RY (using the convention
inf@ = oo, the distance to the empty set equals co). Following Carathéodory, an
outer measure 1 on RY is called metric if it satisfies the condition

a(A',AY>0 = nA'UA") =) +nQA").

The outer measures 1, are metric. Indeed, let A" U A” C |J,~; Am Where
d(An) < 8. If § < a(A,A’)/2, then each A,, intersects at most one of the sets
A/, A”. Therefore we may partition the sequence Ay, into two subsequences A/,
A, m > 1, such that A’ C |J, A, and A” C -, An. It follows that
2 m=1 4(Am)* = es(A7) + N.5(A”), therefore ngs(A’ U A”) > ng5(A') 4+ 135(A”)
and, letting 8§ — 0, finally ny(A’ U A”) > 1s(A’) + ns(A”). The reverse inequality
holds because 1 is an outer measure.

The importance of metric outer measures stems from the following characteriza-
tion.

Proposition 11.5. An outer measure v on RY is metric if and only if all Borel
sets are n-measurable.
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Proof. First assume that all Borel sets are n-measurable. If a(A’, A”) > 0 holds for
sets A’,A”, then O := {y € RY : |y — x| < a(A’, A”) for some x € A’} is an open
set. Its n-measurability implies that

NA'UA") =n((A"UA")NO) +n((A"UA")NO°).

Moreover, we have A’ C O, A” C O, and we obtain n(A’ UA"”) = n(A’) +n(A”).
Therefore 1 is a metric outer measure.

Conversely, let 1) be metric. We show that in this case every closed set A C R is
n-measurable, so that (C) > n(C N A) 4+ n(C N A°) holds for all C C R¢. Without
loss of generality, we may assume that n(C) < oo. To prove the claim we construct
setsD; C D, C --- C CN AC such that a(CN A, Dy) > 0 and n(D,) — n(CNA°).
Since 1 is metric and (C N A) U D, C C, it then follows that

N(CNA)+1(Dy) =n((CNA)UD,) =n(0) .

and passing to the limit n — oo yields the assertion.
To carry out this train of thoughts we choose a sequence of real numbers g; >
€ > -+ > 0 converging to zero and set

D,:={xe€CNA°:|x—y| >¢g,forally € A} .

Now a(C N A,D,) > &, > 0 holds, as desired.

In order to prove the other property of the sets D,,, we additionally consider the
sets Ey := Dyp41\Dp,n > 1. Forany m > 1 we have a(Ey+m, Eq—1) > €y—¢n+1 > 0.
Since 1) is metric, it follows that

ZTI(Ezk) = Tl( UEzk) =n(©
k=1 k=1

and analogously Y ;_; n(Eax—1) < 1(C), and we obtain ), ., n(Ex) < oo, because
we have assumed 1(C) < oo to hold. -

Since A is assumed to be closed, we have C N A® = D, U Um>n E. and
consequently, by virtue of o-subadditivity, N

N(Dy) < N(CNAY) < nDy) + Y 1(Em) .

m>n

As n — oo the rightmost expression tends to 0, and so n(D,) — n(C N A°).
Therefore, the sets Dy, D», ... have the desired properties, and so all closed sets are
n-measurable. This holds for all Borel sets, too, because the closed sets generate the
Borel o-algebra. O
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The metric outer measures 1, resp. the measures arising from the restriction to the
Borel o-algebra are called Hausdorff measures. For geometric investigations one
rather uses them as a family, the value of the parameter s is chosen for each A C R¢
separately.

Lemma. Forevery A C RY there exists a number 0 < ha < d such that

oo, l:fS<hA,

ns(A) =
’ 0, ifs > ha .

Proof. According to the definition of 1, s we have for all ¢ > 0

Nste8(A) < 8nss5(A) .

When n5(A) < oo, passing to the limit § — 0 yields 1s+¢(A) = 0. Thus, a number
ha € [0, oo] exists which is related to ns(A) as claimed.

It remains to prove that hy < d. The unit cube [0, 1) can be partitioned in an
obvious manner into n¢ subcubes of sidelength 1/n and diameter /d/n. Therefore,

Ny van ([0, DY) < 0 (Vd/m)! = a2,

and letting n — oo we obtain n4([0. 1)!) < oco. For every ¢ > 0 it follows that
Na+¢ ([0, 1)!) = 0, and by virtue of o-additivity we get na4¢(R?) = 0. This proves
that hy < d forall A C R4 O

The number hy is called the Hausdorff dimension of A. In geometric measure theory
the Hausdorff dimension and measure are studied in more detail. It turns out that in
all cases for which one can assign a dimension to A in an intuitive manner, this
dimension coincides with the Hausdorff dimension. Moreover, in the d-dimensional
case the Hausdorff measure for s = d coincides with the Lebesgue measure, except
for a positive normalization constant which however is not easy to determine. We
do not discuss this further and close this section with an example.

Example (Cantor set)
The Hausdorff dimension of the Cantor set C can be determined easily through a heuristic scaling
argument. For any set A C R and any ¢ > 0 we set cA := {cx : x € A}. Then we have (compare

Exercise X1.2)

ns(cA) = c'n(A) .
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Obviously C = C’ U C” for some disjoint sets C’ and C”” which result from C by scaling with the
factor ¢ = 1/3 and by translation. Hence,

ns(C) = Tls(C/) + Y]S(C//) =2-3""1,(C).

Assuming that 0 < 1n,(C) < oo holds for the Hausdorff dimension h = h¢ of C, it follows that
1=2-3""or

log2

o = log2

=0,631.
log3

We now want to show that for this number h we indeed have 1/2 < n,(C) < 1. On the one
hand, C is contained in C;, the disjoint union of 2" intervals of length 37". Therefore,

Mh3—(C) <2"3™")" =1

and np(C) < 1.
For the other estimate we utilize the bijection ¢ : [0,1) — C which we have introduced in
Chap. 9 in the section dealing with the Cantor set. For all y,y” € [0, 1) we have

200 — o))" = ly =y

Indeed, let n be the first position in the binary representations y = Zkzl yi2 ¥ and y =
Y k1 Yi2 ¥ where y, # v}, holds. Then

ly—yl<d 27%=27" Jo(y) — oy = 2(3_“ —23_“) =37,

k>n k>n
and the assertion follows since (3™™)" = 27™. For any interval A C R this yields
2d(A)" = d(¢7'(A)) =Mo" (A)) .

If now C C Um21 Ap, holds for some intervals Ay, A,, .. ., the o-continuity of the Lebesgue
measure and the fact that [0, 1) C |, ¢~ '(Ay) imply that

2 dA" = D Mo (Aw) = 1.

m>1 m>1

Because in the one-dimensional case it is obviously sufficient to consider coverings consisting
of intervals only, we obtain that n,(C) > 1/2. By the way, a more precise analysis reveals that
n(C) = 1.

Exercises

11.1 Let v be the measure used in the proof of the extension theorem which results from restricting
the outer measure 1 to the o-algebra A, . Prove that if v is finite (or, at least, o-finite), then v
coincides with the completion of .

Hint: First show that for each A C S there exists an A’ D A such that p(A”) = n(A).
A’ can be chosen as having the form A” = (),= Up=| Emn Where By, € €.
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11.2 Prove that the Hausdorff measure satisfies
ns(cA) = c™ns(A) .

Conclude that in the d-dimensional case 7 is different from the Lebesgue measure when
s # d, and moreover cannot be made to coincide with it by scaling.
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We return to the space L,(S;p) of square integrable functions whose basic
properties we have discussed in Chap. 6. They are related to some geometric issues
which we now want to learn about. Those are the properties of a Hilbert space,' for
which the space L,(S; |L) serves as a prototype.

A Hilbert space is a vector space where not only a length is associated to each
vector, but moreover any two vectors — by means of a scalar product — enclose an
angle between them, in particular it is possible to state whether they are orthogonal
to each other. Its additional geometric properties make it possible to find, for any
convex closed set K and any point x not belonging to K, a point in K whose distance
to x is minimal. This leads to widely used orthogonal decompositions, the most
prominent being the Fourier series.

We recall the definition of a scalar product in a vector space over the real or
complex field. For any o € C we denote by @ the complex number conjugate to o;
note that a@ = |al?.

Definition
A scalar product is a mapping which to any two elements x, y of a vector space
X associates a number (X, y) with the following properties:

(i) Positive definiteness: (x, x) > 0 for any x # 0,
(i) (y,x) = (x,y) for all vectors x,y € X,
(iii) (ax + By, z) = a(x,z) + P(y, z) for all X, y, z € X and all scalars o, .

'DAVID HILBERT, 1862-1943, born at Konigsberg, active in Konigsberg and Gottingen. The
23 problems presented by him in Paris in 1900 and named after him have deeply influenced
the development of mathematics. With him and his activity, which extended to all branches of
mathematics, Gottingen became the world center of mathematics.
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Properties (ii) and (iii) directly imply (x,0) = (0,x) = 0 and

(x,ay +Bz) = A(x,y) + B(x,2)

for any vectors x, y, z and any scalars a, . In the real case, a scalar product thus is
just a symmetric positive definite bilinear form.

Example

1. With (x!,x2,...) and (y', y%,...) being two sequences of scalars of length d, the
express1on

d
(. y) =D _x"y"
n=1

defines a scalar product on the space RY, resp. C¢, if d is finite; in the case d = 00
we arrive at the space

2= {(x', %2, )Z|x|2<oo

of all square summable real, resp. complex sequences.

2. The definition
(o) = [ e

yields a scalar product in the space L,(S; ) of all square integrable functions
on a measure space (S, 4, ). Here, the integral of a complex-valued function
h = hy + ih; with hy, h; € L (S; ) is defined as

/hdu:/hldu—}—i/hzdu.

X[l = v (x. %) .

The following fact is known from analysis and linear algebra.

We set

Proposition 12.1. In a vector space X with scalar product (-,-), || - || defines a
norm, and there holds the Cauchy-Schwarz inequality

|| = X[yl foralix,y € X.
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In particular, d(X, y) := ||x — y|| defines a metric d on X. With respect to this metric
we thus may speak of convergence x, — x of sequences x, € X to a limit x € X, of
closed subsets of X, and so on. Since (Xu,yn) — (X,y) = Xoa — X, yn —¥) + (Xn —
X,y) + (X, yn —y) and therefore |(Xn. yn) — (X, Y)| = [[Xa = x[[llyn — yII + [Ixn —
x|yl + I/l lys — yll, it holds that

Xnsyn) = (x,y), ifxp—>Xx,yn—>y.

The scalar product is thus continuous, and therefore so is the norm. In the next
chapter we will recall the notion of a norm and its implications in more detail.
In a vector space X with scalar product there holds the parallelogram identity

Ix +yI? + Ix =yl = 2(x* + lIyl?) ,

an immediate consequence of the formula ||xy||? = ||x|>+ [y [I> £[(x, y) + (v, X)].
Moreover, the definitions directly imply that in the real case the scalar product
satisfies the identity

1
(x.y) = Z(||X+YI|2— Ix =yl (%)

for any x,y € X. If, conversely, || - || is a norm on X satisfying the parallelogram
identity for all x, y € X, then after some computation one sees that, in the real case,
(*) indeed defines a scalar product. In the complex case, a different formula is valid
(Exercise 12.1). This passage between the square of the norm and the scalar product
is called polarization.

Two vectors X,y on a Hilbert space X are called orthogonal if (x,y) = 0. From
x+y,x+y) =(xx)+ (x,y) + (v,x) + (v,y) we obtain for orthogonal vectors
X,y € X the “Pythagoras Theorem”

x4+ ylI> = x> + lIyl*-
For M C X, the set
Mt = {x: (x,y) =0forally e M}

is called the orthogonal complement of M. We obviously have N+ > M+ whenever

N C M, as well as Ml = M, because (x,,y) = 0 for every n and x, — x imply
that (x,y) = 0. We also note that M~ is a closed subspace of X.

Definition
A vector space X endowed with a scalar product is called Hilbert space, if it is
complete w.r.t. the corresponding norm | - ||, that is, if every Cauchy sequence

w.r.t. the metric d(x,y) := ||x — y|| is convergent.
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The Projection Theorem

If K is a closed convex subset of the plane, for every point x of the plane we can find
a unique point y in K which minimizes the distance to x, as the figure illustrates.

This fact remains true in general Hilbert spaces.

Proposition 12.2 (Projection Theorem I). Let K be a closed, convex and
nonempty subset of a Hilbert space X. Then for every x € X there exists a unique
y € K such that

X —y| = min||x —z| .
Ix =yl = min |x — 2]

The point y is called the projection of x onto K, written as y = Pgx. If x € K we
havey = x.

Proof. To prove existence, for any given x € X we choose a minimizing sequence
{yn} in K satisfying lim, ||x — y,|| = inf,ek || X — z|| =: d. Using the parallelogram
identity we get

2(1x = yoll* + Ix = ymll®) = 112X — (yn + Ym) I* + lyn — ymll*.

Since (yn + ym)/2 € K by convexity, it follows that ||x — (y, + ym)/2|| > d and
therefore |y, — ymll®> < 2(Ix = yul* + |IX = ym|l?) — 4d> — 0 asn,m — oo.
Thus, y, is a Cauchy sequence. Since X is complete, there exists y = lim, y,. As
K is closed, y belongs to K, and the continuity of the norm implies that ||x — y|| =
lim, ||x —yu| = d.

To prove uniqueness, let y € K with ||x — || = d. As above, the parallelogram
identity implies that

ly =317 = 2(Ix=yl* + lIx=31*) = [2x—y = 3II* = 4d*—4]x— (y +9)/2|> < 0,

because (y + ¥)/2 € K. This yields y = §. a
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As the next figure shows, the angle between the difference vectors x —y andz — y
amounts to at least 90°, for any z € K.

The projection can be characterized by this property.

Proposition 12.3 (Projection Theorem II). Let K be a closed, convex and
nonempty subset of a real Hilbert space X. Then for every x € X there is a
unique solution'y € K of the inequalities

x—y,z—y) <0 forallzeK, (%)

and it holds y = Pgx.

The system () of inequalities is usually called a variational inequality. One may
interpret it as the variational form of an inequality for the vector x —y.

Proof. If y,y € K solve (x) for a given x € X, we have (x —y,y —y) < 0 as well
as (x —y,y —y) < 0. Adding these inequalities yields 0 > (x —y—x+y,y—y) =
—||¥ — y||?, which implies uniqueness. We prove that y = Pgx is a solution. For any

z € Kandany t € (0, 1) we have z; := (1 —t)y + tz € K, thus we obtain due to
Xx—2z = (Xx—y) + t(y — z) that

Ix =yI? < Ix = z)* = Ix = yI* + 2(x =y, tly = 2)) + [z = y|?

and therefore 0 < 2(x —y, y — z) + t||z — y||? after dividing by t. Passing to the limit
t — 0 yields the assertion. O

In the case of a complex Hilbert space, too, the projection is characterized by a
variational inequality, namely

Re(x—y,z—y) <0 forallze K.

The proof is analogous.
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Lety = Pgx and y = PkX be the projections of the two points x, X € X. Adding
the inequalities Re(x —y,y —y) < 0 and Re(X — ¥,y — ¥) < 0 and using the
Cauchy-Schwarz inequality we get

I5=yIP=@F—-y.§—y) <ReG—x.5—y) < [IK—x[I§ -yl .
and therefore
[PxX — Pgx|| < [|X —x]| .

This means that the projection Px : X — K is Lipschitz continuous. Since Pxx = x
for x € K, the Lipschitz constant equals 1 if K consists of more than a single point.
One says that the projection Px is non-expansive.

If in particular K = U is a closed subspace of X, the variational inequality turns
into the variational equation

(x—y,v) =0 forallvelU.

We obtain it by inserting z = y &£ v and, in the complex case, also z = y + iv
into the variational inequality. The projection Py is linear in that case, because the
variational inequalities for y = Pyx and y = PyX and for arbitrary scalars o and
immediately imply the variational equation

([ox + BX] — [ay + By],v) =0 forallv e U,

and therefore Py(ax + BX) = aPyx + PPyX. Summarizing these considerations we
obtain the following result.

Lemma. Let U be a closed subspace of a Hilbert space X. Then the projection
Py is a linear continuous mapping from X to U.

Example

If U is a closed subspace of the real Hilbert space L,(S; ), and if f € L,(S; ), then by the
projection theorem Pyf equals the uniquely determined function in U which satisfies

/fgdu =/PUf-gdu forallge U. (%)

A certain special case is of relevance in probability theory. Let L be a probability measure on
(S, A), let A’ be a o-algebra with A" C A. For L,(S; u) =: L,(S; A, ) we consider the subspace
U = Ly(S; A’, ) of all real-valued functions which are square integrable on S and measurable
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w.r.t. A’. Since U itself is a Hilbert space, U is closed in L, (S; ). The characterization () of the
projection given in this example can be written equivalently (Exercise 12.2) as

/ fdu=/ Pyfdu forall A’ € A . (x%)
A A

Together with the A’-measurability of Pyf, () thus asserts that Pyf is the conditional expectation
of f.

We return to the general situation of a closed subspace U in a Hilbert space X. The
variational equation

(x—Pyx,v) =0 forallveU

means that X — Pyx is orthogonal to U, thus x — Pyx € U~L. Therefore, Py also is
called orthogonal projection. Setting u = Pyx and u+ = x — u, we thus obtain an
orthogonal decomposition

x=u+4ut, wueU, uteUl, (%)
for which by Pythagoras

2 2 192
X117 = flufl” 4 flu={1*.

Proposition 12.4 (Orthogonal Decomposition). Let U be a closed subspace of
a Hilbert space X. Each x € X can be decomposed uniquely in the form (x), and
one has u = Pyx and ut = PyLx, as well as

IPux]l < lIx]| -

Proof. We have U N UL = {0} since (v, v) = 0 and therefore v = 0 holds for all
v € U N UL, This implies uniqueness, because for any two such decompositions
X=u+ut =d+dtwegetu—i =t —ut € UnN U™, It remains to show
that ut = Py1x. For any w € UL we have (x —ut, w) = (u, w) = 0, therefore ut
solves the variational equation which characterizes Py;1 x. O

The orthogonal projection enables us to characterize the continuous linear function-
als on a Hilbert space. By a continuous linear functional we mean a continuous and
linear mapping £ from X to the scalar field R or C. The set of all those functionals £
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forms the dual space X’ of X, we will treat it in more detail in the next chapter. For
a given £ € X’ one defines

€] := sup [£(x)].

Ixll=<t

There holds the following characterization which goes back to F. Riesz.

Proposition 12.5 (Riesz Representation Theorem). Let y be an element of a
Hilbert space X. Then

X (X,y)

defines a continuous linear functional. Conversely, any £ € X' can be represented
in the form £(x) = (x,y) for some 'y € X. Here, y is uniquely determined by ¢,
and |[£] = |yl

Proof. We already know that the first part of the assertion is true. For the converse
we consider for any given £ € X' its kernel U = £~!({0}) which is a closed subspace
of X since £ is continuous. If £ = 0 then we must have y = 0, otherwise we may
choose some w € U+ with £(w) = 1. For every x € X we have x — £(x)w € U,
since £(x — £(x)w) = £(x) — £(x)€(w) = 0. We then get

(x,w) = (x = L)W, W) + (L(x)w, w) = L) | wl]*.
The vector y = ||w| 2w thus has the required property. If on the other hand 0 =
x,y) — (x,y) = (x,y —y) forall x € X, then in particular 0 = (y — y,y — y) and
therefore y = §. Finally we get [|[£|| = ||y, since |[£(x)] < |ly|lIx]| < |ly|| whenever
Xl < 1, and £(y/[lyl) = llyll if y # O. 0o
With the preceding result we also have characterized all closed hyperplanes H in

a Hilbert space, because such hyperplanes coincide with the level sets {{ = c}
associated to continuous linear functionals.

Corollary. Let (. be a finite measure on a measurable space (S, A). Every
continuous linear functional £ on the real Hilbert space L,(S; L) is of the form

L(f) = /fgdu

for some g € Ly(S; ), and |[£] = |lgll2.
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In the following chapter we will generalize this result to the spaces L,(S; ) for
1 <p<oo.

Bases in Hilbert Spaces

When X is a vector space, a (vector space) basis B is a system of linearly
independent vectors in X, such that every x € X can be represented uniquely as
a linear combination

X = Zabb ()

beB

with finitely many nonzero scalars o. This notion, while being central for the
treatment of finite-dimensional spaces, is largely useless in the context of infinite-
dimensional spaces. Instead, one considers representations for which (*) becomes a
series that converges in a suitable sense. The situation is particularly neat in Hilbert
space, because one has the scalar product at one’s disposal, and thus one is able to
form orthonormal systems.

Definition
A subset E of a Hilbert space X is called orthonormal system, if ||e|| = 1 for each
e€Eand (e,f) =0foralle, f € Ewithe # f.

Example

1. In the space 6? of square-summable sequences, the set E = {ex : k € N} of all
unit vectors (e]k = 8y4) is an orthonormal system.

2. We consider the space Lo(— , ) := Lo((— , );A) and write more precisely
LS(— , )and L¥(— , ) in order to specify the field of scalars. The set E =
{ex : k € Z}, where

1 .
ex t) — elkl ,
( V2
is an orthonormal system in Lg: (— , ), since for any k # j
(ere) = / dbg = - LT
SO 2 i(k—j) t=—

and obviously (ex,ex) = 1. The set E = {& : k € Z}, where

1 1 1
e(t) = —, &) = —=coskt, &e_(t)=——sinkt, k=>1,

oul e e
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is also an orthonormal system in Lg (= , ) and therefore, too, in L]§ (-, ),as
one sees from the formulas €, = ey,

1 N 1
& = E(ek+e—k), ey = m(ek—e—k), k>1,

and from the properties of the scalar product, or directly via partial integration.

If oy,...,0, are scalars and €,...,e, are distinct elements of an orthonormal
system E, then

n 2 n
H ZakekH = Z [
k=1 k=1

Indeed, (3 ,_; ek, Y j—joue) = Dy D> audi(ex,e) = Yy oy If
Z{Z:l axex = 0, we must have oy = -+ = a, = 0. Therefore, any orthonormal
system is linearly independent.

In addition, orthonormal systems are useful for forming convergent series. A
series Y . yk in a Hilbert space (or, more general, in a normed space) X is called
convergent, if the sequence s, = Y =1 Yk of the partial sums converges in X. The
limit y = lim, s, is also denoted by ) ;.| Y.

Lemma. Let {e|,e;,...} be a countably infinite orthonormal system in the
Hilbert space X, and let ay,q,... be a scalar sequence. Then ) . Oxex
converges in X if and only if ¥, | |ow|? < oo. We then have

2
H ZakekH = Z |0‘k|2 .
k>1 k=1
Proof. Fors, := ZEZI axex and any m < n we have
n ) n
Iso—sml?= | D2 wer] = D loul
k=m+1 k=m-+1
Therefore, {s,} is a Cauchy sequence if and only if Y, . |ak|? converges. As X is
complete, this is equivalent to the first assertion.
The second assertion results from the fact that ||s,||*> = Y p_, |ox|?, passing to

the limit n — oo in view of the continuity of the norm. O

To apply the lemma we utilize the following proposition.
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Proposition 12.6 (Bessel’s’ Inequality). Let {e.e,, ...} be a finite or count-
ably infinite orthonormal system in X. Then for every X € X we have

>l < x)*

k>1

Proof. Setting s, := > v_, (X, ex)ex we get [|sn]|> = Y p_; |(x, ex)|?, and therefore

(550) = D (e (x,ex) = [sall® = (s, 50) -

k=1

It follows that (x — sy, sp) = 0, and the Pythagoras Theorem yields
%% = llsall” + 1x = sall® = llsall* = D [(x. €] -
k=1

This proves the assertion for the finite case and, letting n — oo, also for the infinite
case. O

The Bessel inequality in combination with the foregoing lemma implies that
the expression Y ,.,(X,ex)ex has a well-defined value for any x € X and any
orthonormal systen; {e1, ez, ...}, either as a finite sum or as a convergent series.
We may interpret those expressions as projections on subspaces.

For this purpose, let span(E) denote the subspace of X spanned by the set E C X.
It consists of all linear combinations of the form > .. aee with scalars o, only
finitely many of them being nonzero. We denote its closure by span(E). If E is
finite, then span(E) = span(E), because every finite-dimensional normed space is
complete. If E is infinite, a result of functional analysis says that span(E) # span(E)
if X is complete. (If that would not be true, one might work with E as a vector space
basis.)

Proposition 12.7. Let U be a closed subspace and E = {e;,e,...} a finite
or countably infinite orthonormal system in the Hilbert space X, assume that
span(E) = U. Then for all x € X one has that

Pux =Y (xeden, [[Puxl? =) |(x el

k=1 k=1

2FRIEDRICH WILHELM BESSEL, 1784-1846, born in Minden, active at the observatory in
Konigsberg. He worked in astronomy, mathematics, and geodesics.



148 12 Hilbert Spaces

Proof. Lety := ) ,. (X, ex)ex. It then holds that (in the finite case and also, due to
the continuity of the scalar case, in the infinite case)

(x—y.e) = (x.e) — ) _(xelee) =0.

k>1

It follows that (x — y,z) = 0 for all z € span(E) and, due to the continuity of
the scalar product, (x —y,z) = 0 for all z € span(E) = U. Therefore, y satisfies
the variational equation characterizing the projection, and the first assertion follows.
The second assertion is a consequence of the foregoing lemma. O

Example

1. In the sequence space £> we consider the orthonormal system E = {e; : k € N}
consisting of the standard unit vectors. For any x = (x',x2,...) € £*> we have
(x,ex) = xX, and

n n
Pyx = E (x,ex)ex = E xMey
k=1 k=1

is the orthogonal projection onto U = span ({ey, ..., ey}).
2. In the function space Lg: (— , ) weinvestigate the orthonormal system given by

the functions ex(t) = (1/+/2 )e. Forany f e L(— , ),
o = (fe) = L / f(he ™Mdt, keZ,
V2 —_

is called the k-th Fourier coefficient® of f. Setting U = span ({e_,.,....e,}), the
orthogonal projection

n n
Puf= Y (feex = ) cxex
k=-n k=-—n

is just the n-th partial sum of the Fourier series ), cxex of f. Concerning the
convergence of the Fourier series, the results below will provide information.

We now arrive at the notion which in Hilbert space replaces the notion of a vector
space basis.

3JoseEPH FOURIER, 1768-1830, born in Auxerre, active in Paris at the Ecole Polytechnique. In
the context of his fundamental contribution to heat conduction he utilized, for the first time,
trigonometric series for the representation of general functions.
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Definition
An orthonormal system E is called orthonormal basis* of X, if span(E) is dense
in X, that is, if span(E) = X.

Thus one only requires that every x € X can be represented as the limit of a sequence
in span(E). Consequently, in Hilbert space any element x can be represented as the
limit of a series whose partial sums belong to span(E).

Proposition 12.8. For a countably infinite orthonormal system E = {e{,e; ...}
in a Hilbert space X the following assertions are equivalent:

(i) E*+ = {0}.
(i) X = span(E), that is, E is an orthonormal basis.
(iii) There holds

o0
X = Z(x, ex)ex forallx € X.
k=1
(iv) There holds
o0
x,y) = Z(x, ex)(ex,y) forallx,yeX.
k=1

(v) The Parseval® identity holds:

o0
Ix[1* = Z |(x,ex)|* forallx € X .
k=1

Proof. (i) = (ii): Let U := span(E). From E C U it follows that U+ C E*, thus
U+ = {0} and therefore U = X.

(i) = (iii): From U := span(E) = X it follows that Pyx = x for all x € X and
thus the assertion, by the preceding proposition.

(iii)) = (iv): The series on the right side of (iv) converges absolutely, since

o0 o0 o0
Yol eyl = ) Ixed Y [(y.e0” < [xIPyl?
k=1 k=1 k=1

“Instead of an orthonormal basis one also speaks of a complete orthonormal system.
SMARC-ANTOINE PARSEVAL, 1755-1836, born in Rosiére-aux-Salines, active in Paris.
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due to the Cauchy-Schwarz inequality in ¢> and the Bessel inequality. The assertion
now follows when on both sides of (iii) we take the scalar product with y and use
the continuity of the scalar product.

@iv) = (v): We sety = x in (iv).

(v) = (i): For every x € E* we have (x, e,) = 0 for all k, and therefore ||x|| = 0
by (v). |

Example

In the sequence space £2, the orthonormal system E = {e, : k € N} consisting of the standard
unit vectors is an orthonormal basis, since for any x = (x!,x2,...) € {2 the sequence given
by sn = Y, X“ex belongs to span (E) and converges to x; thus condition (ii) in the preceding
proposition is satisfied.

In order to prove that the orthonormal system given by the functions ex(t)
(1/+/2 )e'* actually is an orthonormal basis of Lg:(— , ), we utilize arguments

from analysis. We owe to Fejér the idea of investigating, instead of the sequence of
partial sums s, = Z|k|fﬂ(f’ ex)ex, the sequence defined by their arithmetic means

.=m+122<fek>ek

n=0 k=-—n

Proposition 12.9 (Fejér®). Let f : [~ , | — C be a continuous function
satisfying f(— ) = f( ). Then ay, converges uniformly to fon[— , .

Proof. We have

1
an(t) = —— Z Z / f(r)e v dr- e = —/ f(t)Fn(t— 1) dt,
=0 k=—n -
with the Fejér kernel

m(r)——ZZe

n=0 k=-—n

SLipOT FEJER, 1880-1959, born in Pécs, active in Klausenburg and Budapest. He worked in
harmonic analysis and potential theory.
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We have [ Fy(t)dt =2 ,since [ e*"dt = 0 for any k # 0. Since Fy, is a
2 -periodic function,

an(t) = ZL/_ f(t — t)Fn(t) dt,

where we have extended f periodically outside [- , ]. As f( ) = f(— ), this
extension preserves continuity.
Due to a certain trigonometric identity (Exercise 12.4) we have

1 sin? (2

m+ 1 sin’(37)

Fm(t) = (%)

Forany 0 < 8§ < weestimateon[— , |:
1
10— an0] = 5| [ (10—t DFu( &

= z 0~ ¢~ Dm0 dr ([ K | Jo-te—oiFuc de.

For any given ¢ > 0 we choose 8 > 0, according to the uniform continuity of f, such
that |f(t) — f(t— t)| < € for any |t| < 8, and we choose my by virtue of (x) such that
Fi(t) < ¢ for all T satisfying § < |t| < and all m > my. It follows that

If —amlloo = (1 + 2lfllco)e

for all m > my, and thus the assertion is proved. O

Corollary. The functions ex(t) = (1/+/2 )e™, k € Z, constitute an orthonor-
mal basis of Lg: (= , ). The functions

1 1 1
e(t) = —, &) = ——=coskt, €_(t)=—sinkt, k=>1,

V2 v va

constitute an orthonormal basis of L]§ =, )

Proof. Let U = span{ey : k € Z}. Then ay, € Uand |[f — anll2 < v2 ||If — am|lco-
By Fejér’s result, U is dense in the subspace V of Lg(— , ) consisting of the
continuous functions satisfying f( ) = f(— ). Modifying it near a boundary point,
we may approximate any arbitrary continuous function by functions from V with
an arbitrarily small error in the L, norm, and because the continuous functions are
dense in Lg(— , ) by Proposition 7.7, this remains valid for arbitrary functions
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from L,. Thus, condition (ii) in the proposition characterizing orthonormal bases
holds. Since the Fejér kernel F, is real-valued, und thus ay,, too, is real-valued
for any real-valued f, and because every real-valued function in U is a real linear
combination of the functions €, the assertion also follows for L]§ -, ). O

Summarizing, for functions f € L, the Fourier series Y, . (f, ex)ex converges to
f in the sense of the norm of L,.

It is a famous result due to Carleson that for any f € L, the whole Fourier series
converges to f almost everywhere (and not only a subsequence of the partial sums,
a consequence of Propositions 6.4 and 6.6).

Exercises
12.1 Prove that in a complex Hilbert space X, the scalar product satisfies the identity

1 . : . .
(6 y) = g (x4 yI? = lIx =yl +illx + iyl —illx = iyl*)

forall x,y € X.
12.2 Let i be a probability measure on (S,.A), let A’ C A be another o-algebra, let X =
Ly(S; A, ) and U = L,(S; A’, n). Prove that for every f € X and every h € U,

/ fdu=/ Pyfdy forall A" € A’
% A

implies that h = Pyf.
12.3 Let E = {ej,e,,...} be a countably infinite orthonormal system in a Hilbert space X, let

x € X. Then
D xe @e @ =Y (x.eex
k>1 k=1
for any reordering of E given by a bijective mapping : N — N. This property is termed
unconditional convergence of the series Zkz 1(x, ex)ex.
12.4 Prove that forevery — < 1 < , 1 7 0 the trigonometric identity
m n - 2,m+1
33 ek = sin" (5 1)

- 201
== sin (21)

is valid. Hint: Use the formula giving the partial sums of the geometric series as well as the
trigonometric identity

1 . .12 . .
4sin ¢ = 4[5(3“" — ef“")} =2 —lv — 29,
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In the preceding chapters, several times already we have interpreted functions as
elements of function spaces. We now deepen this view, looking more closely at
continuous linear functionals on such spaces. We will characterize them in two
important cases intimately linked to integration theory, namely for the spaces of
p-integrable functions and of continuous functions. The notion of a Banach spaces
provides the appropriate functional analytic framework.

To this end we first want to acquaint the reader a little closer with Banach spaces.
We recall the definition of a norm in a vector space.

Definition
A norm is a mapping on a real or complex vector space X which to each vector
x € X associates a nonnegative number ||x|| with the properties

(i) Definiteness: ||x|| = 0 if and only if x = 0.
(ii) Positive homogeneity: |jax| = |a|||x| for all scalars a.

(iii) Triangle inequality: ||x + y|| < ||x|| + ||y| forallx,y € X.

We call X, or more precisely (X, || - ||), a normed space. If (ii) and (iii) hold, but
not necessarily (i), we speak of a seminorm on X.

From the triangle inequality, due to ||x|| < ||[x —y|| + ||y|| we immediately obtain
the reverse triangle inequality

Hxl =1yl = lIx=yll. xyeX.

Example

As shown in Chap. 6, the spaces L,(S; ) of the p-integrable (1 < p < 00) resp., in the case
p = oo, measurable and essentially bounded (equivalence classes of) functions on a measure

© Springer International Publishing Switzerland 2015 153
M. Brokate, G. Kersting, Measure and Integral, Compact Textbooks
in Mathematics, DOI 10.1007/978-3-319-15365-0_13
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space (S, A, ) are real normed spaces equipped with the p-norms

1/p
Iy = (1) " 1sp<oo. Iilee =Noolh.

If we admit complex-valued functions f, we likewise obtain complex normed spaces. (A complex-
valued function is called measurable, resp. integrable if its real and its imaginary part are
measurable, resp. integrable. The properties of the norm are proved in the same way as in the
real case.)

The spaces R? and CY with d < oo, equipped with the norms

d
1/p
Ixlp = (3 1F) . 1 =p<oo. lxlleo = sup X,
k
k=1

can be viewed as special cases of L, spaces. For . we choose the counting measure
onS = {1,...,d}; here x¥ denotes the k-th component of the vector x. In the case
d = 1 we obtain the scalar field, interpreted as a normed space with ||x|| = |x].

For d = oo we obtain the spaces P of sequences which are summable to the
p-th power resp. bounded, consisting of those sequences x = (x!,x2,...) for which
Ix|lp is finite. With the choice S = N and the counting measure for p, they too
become special cases of the spaces LP(ju).

Example

For an arbitrary set S, the vector space of all bounded (real- or complex-valued) functions on S is
a normed space if equipped with [|fl|cc = sup,es [f(X)|. When S is a compact metric space, the
same definition yields a norm on the vector space C(S) of all continuous functions on S, too.

The preceding example illustrates the fact that every subspace U of a normed space
X becomes a normed space if we restrict the norm on X to U.

Definition
A sequence Xi, X, . .. in a normed space X is said to converge to the limit x € X,
written as
X = lim x,, orx,— X,
n—>00
if limp— 00 ||Xn — X|| = 0.

In the case X = L,(S; ) for 1 < p < oo this is just the convergence in p-mean.
Convergence in the sup-norm || - || in a function space is synonymous to uniform
convergence (resp. to uniform convergence almost everywhere).
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It is an immediate consequence of the definition of a norm that sums and scalar
multiples of convergent sequences converge to the sum, resp. multiple of their limits.

In a normed space X, the closed ball of radius r > 0 around a point x € X is given
by {y : |ly — x|| < r}, we denote it by B;(x). Instead of B;(0) we briefly write B,
instead of B, simply B; the latter is called the (closed) unit ball in X. We obviously
have B (x) = x + rB.

Setting d(x,y) = ||x — y/||, any norm on a vector space X generates a translation
invariant metric, that is, it holds that d(x 4+ z,y 4+ z) = d(x,y) for all x,y,z € X.
Via restriction of d, any subset M of X becomes a metric space.

Definition
A complete normed space is called a Banach space.

The above-mentioned spaces Ly (S; ) (S measure space) and C(S) (S compact
metric space) are Banach spaces. For L, we have proved this in Chap. 6. To prove
the completeness of C(S) one shows that every Cauchy sequence of continuous
functions converges uniformly to its pointwise limit (Exercise 13.1).

Setting ||x|| = +4/(x,x), every Hilbert space becomes a Banach space. A
subspace U of a Banach space X obviously is itself a Banach space if and only if it
is closed in X. Every finite-dimensional normed space (and therefore every finite-
dimensional subspace of a normed space, too) is a Banach space (Exercise 13.3).

The reverse triangle inequality ||| x| — |lyll| < ||x — y|| says that the norm is
a Lipschitz continuous function on X with Lipschitz constant equal to 1. Such
functions are called non-expansive. The distance function, defined for M C X and
x € X by

d(x,M) = inf d(x.z) = inf |x —z|,

when viewed as a function of X, too is non-expansive (Exercise 13.2).

Definition
Two norms || - ||, and || - ||» on a vector space X are called equivalent if there exist
constants ¢y, ¢, > 0 such that

crlxfla < lIxllo < c2flxla, forallx € X.
This notion indeed yields an equivalence relation on the set of all norms on X, as
one immediately checks. Whenever two norms are equivalent, they generate the
same topology, that is, in either norm the same sequences are convergent, the same
sets are open and closed, and so on.

Proposition 13.1. On RY and CY, d € N, all norms are equivalent.
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Proof. Tt suffices to show that each norm | - || is equivalent to the supremum norm
| - lloo- Let &; be the standard unit vectors in X, X = RY or CY. Then

d d
Ixl < D" Ixillleill < eallxlloos  c2:= Y lleill -
i=1 i=1

Moreover, since

Hxall = I/ < 1x0 = X[ < c2l|xXn = X]loo ,
the real-valued function f(x) = ||x|| is continuous on (X, || - ||oo), and thus on the
compact set S := {x : ||x|lcoc = 1} it attains its minimum c;, which is strictly
positive since the norm is definite. Consequently, for all x # 0in X, ¢; < |/||x[|>dx||
and therefore ¢ ||X[|co < [|X]|. O

In infinite-dimensional spaces the assertion of the preceding proposition does not
hold. For example, let us consider on C([0, 1]), besides the supremum norm, the
integral norm ||f||; = fol |f(x)| dx; there are sequences fy, f5, ... with ||[fy|lcc = 1,
but ||fa]li — 0. (See Exercise 13.2.) Different norms thus yield different conver-
gence statements.

The following pictures exhibit the unit balls of the p-norms in R? forp = 1,2, co.

Continuous Linear Mappings

Between finite-dimensional spaces, all linear mappings are continuous. In infinite
dimensions this is no longer true. A counterexample is given by any linear mapping
T : > — R satisfying Te, = n for the standard unit vectors e,. Indeed, setting
X, = n~'e, we obtain x, — 0 because of ||x,|| = n~!, but Tx, = 1 # 0 = T(0).

The continuity of a linear mapping T between normed spaces X and Y can be
characterized by several equivalent properties. A number C > 0 is called a bound
for a subset M of X, if ||x|| < C for all x € M; if such a bound exists, M is called
bounded (in X). One immediately realizes that (finite) sums and scalar multiples
of bounded sets are again bounded. The mapping T is called bounded on M if the
image T(M) is bounded in Y.
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Proposition 13.2. For any linear mapping T between normed spaces X and Y
the following statements are equivalent:

(1) T is continuous on X.
(i) T is continuous in 0.
(iii) There exists a ball B, on which T is bounded.
@iv) The image T(M) of every bounded set M is bounded.
(v) There exists a C > 0 such that || Tx|ly < C||x||x forall x € X.

Proof. 1t is obvious that (i) implies (ii). To prove (ii) = (iii) we use contraposition.
Let x;,X2,... be a sequence satisfying 0 < || Tx,|| — oo and w.l.o.g. |x.] = 13
setting z, = ||Tx,||~'x, we get that z, — 0 as well as ||Tz,| = 1, thus T is not
continuous in 0. To deduce (iv) from (iii), let M be bounded. Then M C tB; for a
suitable t > 0 and T(M) C tT(B;), thus T(M) is bounded. To deduce (v) from (iv)

we note that for any x # 0 we have || Tx|ly = ||x||x||T(|x]x'®)|y < C|x|x, if C

is a bound for T(B;) in Y. To deduce (i) from (v), let x|, X5, ... be a sequence with

Xn — X, then we have | Tx, — Tx|ly = || T(xn — X)|ly < C||xn — x]lx = 0. O
Definition

By L£(X;Y) we denote the set of all continuous linear mappings between normed
spaces X and Y. When Y is the scalar field, we call it the dual space of X,
denoted by X'. Elements of X’ are called functionals, elements of £(X;Y) are
called operators.

Forany T € L(X;Y), the set {x € X : Tx = y}, withy € Y given, is a closed affine
subspace of X. If, in particular, £ : RY — R is linear (d < oo) and c is a scalar,
we obtain hyperplanes H = {£ = c}, decomposing R into two open half-spaces
{€ > ¢} and {£ < c}. This fact remains valid for functionals £ € X’ on arbitrary
normed spaces X and serves as a starting point for geometric considerations in
Banach spaces.

Since sums and scalar multiples of continuous linear mappings are again
continuous and linear, X’, and more generally £(X;Y) are vector spaces. The
characterization (v) of their continuity in the preceding proposition yields that

. _ _ [ Tx]|
[T|| := sup ||Tx|| = sup ||Tx|| = sup
Ixli<1 Ixl=1 Ixizzo I

is a finite nonnegative number; it is called the operator norm of T € L(X;Y). We
obviously have

I < [Tl
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forall x € X, and ||T|| is the smallest constant C with the property that || Tx|| < C||x||
for all x. This implies that the composition S o T of two continuous linear mappings
satisfies, because [[(S o T)x|| < [S|ITx[| < [ISTITIx[,

IS o Tl < ISIITII-

Proposition 13.3. Equipped with the operator norm, L(X;Y) becomes a
normed space. If Y is complete, L(X;Y) is a Banach space. In particular, the
dual space X' is a Banach space.

Proof. Definiteness holds, since || T|| = 0if and only if Tx = 0 for all X, which is the
same as T = 0. Positive homogeneity and the triangle inequality are consequences
of elementary properties of the supremum. Let Ty, T5, ... be a Cauchy sequence in
L(X;Y). Since | ThX — Tx|| < | Tn — Tl [|X]l, T1x, T2X, ... is a Cauchy sequence
in Y for every fixed x. When Y is complete, there exists lim, T,x =: Tx, and one
can verity (Exercise 13.4), that the mapping T : X — Y thus defined is linear and
continuous, and that T, — T in L(X;Y). O

On X/, the operator norm is called dual norm, and for £ € X’ one usually terms

£(x
1ol = sup 1G] = sup [£Go)] = sup S
Ixl<t Ixl=1 NETmE

simply the norm of L.

Example

The formula £(f) = [ fdp defines on X = L;(S; 1), i being a measure, a functional £ € X’ which
satisfies [€(f)] < |Ifll; as well as £(15) = [ 1adp = ||[1a]l; for measurable A with [L(A) < oo,

thus ||£]| = 1. If moreover S is a compact metric space, | finite, and X = (C(S), ||| o), then again
£ € X/, but this time [[£|| = w(S), since [£(f)] < w(S)||fllco and £(1) = w(S). In particular, the
Dirac measure 8, for x € S defines a functional 8, € C(S)’ with ||8:|| = 1, one has 8, (f) = f(x).

(One also terms it Dirac functional.) On the other hand, on X = L;(S; A), S = (a, b), one cannot
obtain a continuous linear functional from the Dirac measure 8, compare Exercise 13.5.

Example

If U is a closed subspace of a Hilbert space X, the orthogonal projection Py considered in the
preceding chapter defines an operator in £(X) := £(X; X) with ||Py|| = 1 whenever U # {0}.
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Example

For a finite measure ju we consider the spaces X = L,(S; ) and Y = L, (S; ), 1 <r <p < o0.
If f € L,(S; ), using Holder’s inequality with the decomposition 1 = r/p + (p—r1)/p we see that

i = ([ 1) = ([iran)’([1a0) " =ci,. c=ueF.

Therefore Ly(S; u) C L.(S; ) holds, and the embedding of L,(S; ) into L(S; ) defined by
T(f) = fis linear and continuous. The inclusion is proper in general, as for example in the case
S = (0,1) and . = X the function defined by f(t) = t~!/P demonstrates.

Example

We consider an integral operator of the form

(e = [ K H) viay). *)

For a given kernel k it maps a function f to a function Tf. We consider measure spaces (S', A", |1)
and and (S”, A", v) as in Chap. 8 and assume thatk : ' X S” — R is measurable. Let moreover

Cy := sup / [k(x,y)| n(dx) < oo.

yes”

For any f € L!(S”; v) we have

J[ @y < / Culfy)] v(dy) = Clfll < oo. (%)

As explained in Chap. 8, the right side of (%) defines an element of L (S’; |1). Thus, (*) defines an
operator T : Ly (S”;v) — L;(S’; ). T is obviously linear; moreover, it is continuous by virtue of
the inequality || Tf||; < Cxl||f|l; which is valid due to (%3).

Depending upon the properties of the kernel function k, integral operators of the
form () act on various different function spaces. The classical starting point is
given by the Hilbert space case T : L(0,1) — L,(0,1) with p = v = A, in this
case it suffices for T being continuous that ff [k(x, y)|*dx dy is finite.

The Dual Space of L,(S; )

For a given measure space (S, A, 1) we consider the spaces L,(S; ) where p €
[1, 00]. Let q be the exponent dual to p, thatis, 1/p+ 1/q = 1 (here oo is dual to 1,
and 1 is dual to co). When g € Ly(S; ), the mapping

f»—>/fgdu
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defines a continuous linear functional on L (S; u) because

[ feau] < leball,

due to Holder’s inequality. It turns out that for p < oo every continuous linear
functional on L, (S; |v) can be represented in this way. We restrict ourselves to the
case where the measure |\ is finite.

Proposition 13.4. Let | be a finite measure on a measurable space (S, A), let
1 < p < oo. Every continuous linear functional £ on L,(S; ) has the form

o0 = [ fean

for some g € Ly(S; ). The mapping g +— £ is linear and isometric, that is,
€]l = llgllq kolds for the dual norm of L.

In other words: The dual space of L,(S; ) is isometrically isomorphic to the space
Lq(S; ).

Proof. For any given g € Lq(S; ) we set G(f) := [fgdp. As we already have
seen above, G is well-defined, continuous and linear, and satisfies ||G|| < ||g||q. The
mapping g — G is obviously linear. To prove the reverse inequality ||G|| > |/g|q in
the case p > 1, we consider the function

f = (signg)|g|*".

We have fg = |g|9 = |f|P due to p(q — 1) = q, and
)/ngdu) = (/ Iglqdu)l/q(/ Iglqolu)l/p = lelallflp
so altogether ||G|| = ||g|q in the case p > 1. In the case p = 1 we set
Ao =gl = gl — 1. fy = Lnsigne.
We have ||f,]|; = w(A,) and

€6 = [ it = [ 1alelan = w0 (lelo — 1) = 16l (leloo — 1)

It follows that ||G|| > ||glloo — 1/n and thus ||G|| > [|g]|co-
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It remains to show, and this constitutes the main part of the proof, that every
functional £ € L,,(S; i)’ can be represented in this way.

1. We want to prove that
v(A) = £(15), A C S measurable,
defines a signed finite measure on A. First, we have v(@) = £(0) = 0. Next, let

Ay, Ay, ... be any sequence of disjoint measurable sets. Setting A = Up> 1A, we
get

HIA—ZlAn Z: u(A\UAn> -0
n=1 n=1

in the limit m — oo due to continuity of measures, and thus, since £ is
continuous,

m

o(8) = €10 = tim 63 1) = lim 3 (L) = 3 v(A.
n=1

n=1 n>1

The set function v therefore is o-additive and thus a signed measure satisfying
VS| = [ED)] < oo

2. Let v = v — v~ be the Jordan decomposition of v into the measures v and
v~ according to Proposition 9.9, which are both finite since v is finite. We have
vF <« W, vT < W, since it follows from w(A) = 0 that 0 = £(1) = v(A')
for all A’ C A and therefore vt (A) = v~ (A) = 0. By the Radon-Nikodym
Theorem there exist densities dvt = gTdu, v~ = g~du, which are integrable
since v¥ is finite. We set g = g+ — g~ and obtain for any measurable A

0(1) = v(A) = /A gdu

for a suitable integrable function g.
3. We prove that

o) = / e dp %)

for bounded measurable functions f. Indeed, (x) holds for f = 1, and therefore,
due to linearity, for signed elementary functions. Since the latter are dense in
Loo(S; u) (Exercise 13.6), (x) holds as claimed.
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4. We show that g € Ly(S; ). In the case p > 1 we consider the sequence of
bounded measurable functions defined by

fo = 1a,(signg)|g|"™", A, ={lg| <n}.

As shown above during the proof, we have |f,|P = 14,|g|4 and by virtue of 3.

1/p
/ L Jeldp = / fudi = £6) < €116l = €] ( / 1An|g|qdu) .

It follows that |[1a,8]lq < [|£|| and moreover, due to monotone convergence,
llgllq < II€]l, as |g|? = sup, 14,]g|? almost everywhere. In the case p = 1 we set
A = {|g| > ||£]|} and obtain, letting f = 1xsign g,

/ Inleldp = / Fdu = £(F) < €] = [El(A).

If n(A) > 0, we would have p(A)|€]| < [ 1alg|dp by definition of A, a
contradiction. Consequently, |g| < |[£|| almost everywhere, thus |gllcc < [|£||
in the case p = 1.

5. Both sides of () define continuous functionals on L,(S; ) which conincide on
the dense subset Lo, of L, and therefore on all of L,,. Thus we have proved the
representation of £ as claimed.

O

The Banach Space M (S) of Signed Finite Measures
Let (S, .A) be a measurable space. The set
M(S) = { | : A— Ris a signed finite measure}

becomes a real vector space when equipped with the addition and scalar multiplica-
tion

(1 + 12)(A) = pi(A) + pa(A), - (ap)(A) = ap(A).

We consider the Jordan decomposition w = w* — |1~ of | into finite measures L.+
according to Proposition 9.9:

WH(A) = sup p(A), p7(A) =— inf p(A) = (- (A)
A'CA A’'CA
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for measurable A. From this we immediately obtain that

(W +12)T(A) = W (A +13 (A, (i +p2) 7 (A) < pT(A) +py (A) (%)

forany i, Lo € M(S). The formula || = p ™+~ defines another finite measure,
called the variation of . The triangle inequality for the positive and negative part
extends to the variation, because by (x),

It + w2l (A) < [pil(A) + [ual(A).

For scalar multiples we obtain |ap|(A) = |a|||(A) from the Jordan decomposition
ap = (ap)t — (ap)”, where in the case a < 0 we only have to take into account
that (o)™ = —ap™ and (ap)”™ = —ap™. It follows from the exposition above
that

Il = TS

defines a norm on M(S), since ||| = O implies that u*(S) = W= (S) = 0 and
therefore i = 0. For any L € M(S) and any measurable A we thus obtain

LA < (A < Il (%)

Proposition 13.5. The space M(S) is a Banach space when equipped with the
norm || = [w[(S).

Proof. Only the completeness remains to be proved. Let (jL,) be a Cauchy sequence
in M(S). For any measurable A, (in(A)) is a Cauchy sequence in R because of
(x*). We set

W(A) = lim pa(A).
n—>o0
We want to prove that the set function p is a signed finite measure. We have

() = 0. Since we may interchange the limit with finite sums, 1 is finitely additive.
Moreover, again because of (xx), one has that

IW(A) = (A = Tm |im(A) = pa(A)] < im sup |[ptm —
m—>00
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for all A. In order to prove that . is o-additive, we consider a sequence Ay, Ay, ...
of disjoint measurable sets and set A = J,-; Ax. For all natural numbers n, 1 it
holds that

1
(A = D A0 = (A — o)) +
k=1

1
a(A) = 3 ita(A)
k=1

+

(Un) (U]

where we have made use of the finite additivity of p, already proved above. Passing
to the limit superior in 1 while keeping n fixed yields, since |, is o-additive,

1
lim sup [11(A) = > (AW = 21im sup it — ol
k=1 m—>00

=00

Passing once more to the limit superior, this time in n, gives O on the right side, and
consequently L (A) = o W(A). ]

The Dual Space of C(S)

Let S be a compact metric space, equipped with the Borel o-algebra B, and let
C(S) be the Banach space of all real-valued continuous functions on S. By the
representation Proposition 11.3, we may represent every positive linear functional
£ on C(S) as an integral with respect to some finite measure L. If we also allow
signed measures, we can find such a representation for arbitrary continuous linear
functionals on C(S).

A signed finite measure p is called regular, if W+ and pw~ are regular (or
equivalently, if || is regular). From Proposition 7.6 it follows that every signed
finite measure on the compact metric space S is regular.

Proposition 13.6. Let S be a compact metric space. Every continuous linear
Sfunctional £ on C(S) can be uniquely represented in the form

e = [ tan

with a signed finite regular measure (. The mapping \ +— £ is linear and
isometric, that is, |[£|| = ||w]lams) holds for the dual norm of £.
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Proof. For any given . € M(S) the functional £ : C(S) — R, given by
e = [ tau.

is linear. Due to the Jordan decomposition i = u* — L~ we obtain the estimate

le®)] = / [l dp ™ + / [fld™ < Iflloo it ™ 11 + Ifloo ™I < liflloo L]l

and thus £ is continuous with |[£|| < |||, therefore £ € C(S)’. In order to prove the
reverse inequality [|£]] > |||, let A4 and A— := A¢ be the sets belonging to the
Jordan (resp. Hahn) decomposition satisfying Wt (A-) = n~(A4) = 0. Since p is
regular, for arbitrary ¢ > 0 we find compact sets Ky C A4 and K_ C A_ such that
nE(AL) < wH(Ki) + & We now define the continuous functions

fe() = (1 —a ' Ka))t, f=fr—1,

where o := dist (K4, K-) = infy, ex, d(x4,x-). We have f = 1 on Ky, f = —1
on K_, and ||f|jec < 1. We estimate

/fdu:/ fdu—i—/ fdpL—i—/ fdu
S Kt K— (K4 UK_)e

Z [W(Kp) + [ (K-) =[] (K UK-)) = 2(Juf(K4) + [](K-)) = [1](S)
= 2(Inf(A4) + [n[(A-) — 2¢) — [[(S) = [[(S) —4e = [[n]| — 4e.

Therefore, ||£]| > £(f) > ||lu|| —4¢, and consequently ||£]| > |||, letting ¢ — 0. The
isometry ||£|| = ||| just proved implies the uniqueness of | in the representation
of £, since the mapping | +— £ is obvious linear.

It remains to show that such a | exists for any given £ € C(S)’. In order to
achieve this, we represent £ as the difference of two positive linear functionals and
apply the Riesz representation Proposition 11.3. We define

et = sup £(¢), iff>0.
O<¢=f

For any such ¢ we have |[¢|loc < [|f]|oo, therefore £(¢) < €[ ¢lloc < [€]l[Ifllcos
and thus 0 < £+ (f) < oo for f > 0. Immediately from the definition we obtain that

O+ = E+g, ) =alt(d),
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for any f, g > 0 and any a > 0. In order to prove the reverse inequality, let 0 < ¢ <
f + g. We have

¢ =min(e.0) + (¢ — DT, (p—DH" =g,

and therefore

L(¢) = {(min(g, H) + (¢ —DHF) < €7 (H) + €7 (2)

by the definition of £*. Passing to the supremum with respect to ¢ yields the
inequality £1(f + g) < £1(f) + £T(g). We conclude that

@O+ (0 =L (f+g), iff,g>0. ()
We now define, for arbitrary f € C(S),
r) =er () — et ().

The linearity of £ on C(S) is proved in the same manner as for the Lebesgue
integral, namely we apply £ in view of (%) to the identities

f+t+f +g =F+gT + +¢",
(DY +£F=(=H"+f.

Besides £, also £~ := £ — { is a positive linear functional on C(S). The Riesz
representation Proposition 11.3 yields finite measures L4 and ju— such that

() = /fdu+, 0 (f) = /fdu_.

Finally, . = w4+ — p— yields the sought-after representation of £. O

Exercises

13.1 Prove that the space C(S) of continuous functions on a compact metric space S, equipped
with the supremum norm |[|f||co = sup,ex |f(x)|, is a Banach space.

13.2 Let M be a subset of a normed space X. Prove that the distance function d(x,M) =
inf,en ||x — z|| is nonexpansive when viewed as a function of x.

13.3 1. Let T : X — Y be a linear mapping between normed spaces spaces X and Y. Prove that

if X is finite-dimensional, then T is continuous.

2. Prove that every finite-dimensional normed space is a Banach space.

13.4 Completeness of £(X;Y)
Let X, Y be Banach spaces, let Ty, Ty, ... be a Cauchy sequence in £(X;Y),letT: X =Y
be defined by Tx = lim,— oo Tpx. Prove:

(i) T is linear.
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(ii) The set {|| T, || }nen is bounded, and T is continuous.
(iii) limy—oo [Ty =TIl = 0.

13.5 We interpret the set of continuous functions f : [0, 1] — R as a subspace U of the Banach
space L; ([0, 1]; ), equipped with the L; norm. Prove:
(i) U is not closed in X, and therefore not complete.
(ii) Let x € [0, 1]. The functional defined by 84 (f) := f(x) is not continuous on U.

13.6 Let (S, A, ) be a measure space. Prove that for every f € Loo(S; L) there exists a sequence
f),fy, ... of signed elementary functions such that ||f, — f]lcoc — 0.
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