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A Subject of Probability
and Statistics

Probability theory is a branch of mathematics
which tries to argue rigorously about random and
uncertain things.

A word of warning: the words “probability” and
“chance” used in the ordinary speech have not
much in common with the mathematical proba-
bility. Basically, these everyday words invoke the
idea of human confidence in an uncertain situa-
tion. On the other hand, rigorous measurements
of probability, and mathematical handling of the
results of these measurements, refer not to the
confidence itself which is a psychological factor,
but to objective numerical characteristics of the
considered phenomena, initially closely related to
count.

Though it cannot be said anything definite about
outcomes of a single random event, when consid-
ering a number of such events in their totality, cer-
tain patterns emerge; these patterns are amenable
to a rigorous mathematical study.
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Predmeét pravdépodobnosti
a statistiky

Teorie pravdépodobnosti je odvétvi matematiky,
které se snazi argumentovat precizné o nahodnych
a nejistych vécech.

Jedno varovani: slova ,pravdépodobnost® a ,na-
hoda“, pouzivané v mluvené Teci, nemaji moc
spole¢ného s matematickou pravdépodobnosti.
V' podstaté tato kazdodenni slova vyvolavaji
predstavu o lidské divére v nejisté situaci. Na
druhé strané, prisné meéreni pravdépodobnosti,
a matematickd manipulace s vysledky téchto
méfeni, se netykaji lidské duvéry, ktera je psy-
chologickym faktorem, ale objektivni ciselné
charakteristiky uvazovanych jevi, které tzce
souvisi s pocitanim.

I kdyz nelze Tici nic konkrétniho o vysledcich jed-
noho nadhodného jevu, pfi uvazovani o né€kolika
takovych jevech v celém rozsahu se urcité vzory
objevuji. Lze je pak poddat prisnému matematic-
kému zkoumani.



Statistics deals with collection, analysis, interpre-
tation, presentation, visualization, and organiza-
tion of various data. Sometimes the terms “statis-
tics” and “data science” are used interchangeably.
Mathematical foundations of statistics are based
on probability theory.

However, statistics is not confined to mathemat-
ics: its main utility lies in analyzing the “real
world” data, be it stock prices, temperature mea-
surements, or results of an opinion poll. It is cru-
cial that the data are collected an a proper way,
and that the appropriate methods to analyze it
are used. This goes beyond mathematics and of-
ten requires methods from the relevant disciplines
— biology, sociology, physics, finances, etc. Also,
the data is often voluminous, and should be stored
and processed efficiently; here a good deal of com-
puter science is involved. As such, statistics is a
multidisciplinary enterprise.

Statistika se zabyva sbérem, analyzou, interpre-
taci, prezentaci, vizualizaci a organizaci rtznych
dat. Nékdy jsou terminy ,statistika“ a ,datova
analyza“ pouzivany zaménitelné. Matematické za-
klady statistiky jsou zaloZeny na teorii pravdépo-
dobnosti.

Nicméné statistika neni omezend pouze na ma-
tematiku: jeji hlavni pouziti spociva v analyzo-
vani dat ze ,skutecného svéta“, jako jsou ceny ak-
cii, méreni teploty, nebo vysledky prizkumu vetej-
ného minéni. Je velmi dilezité, aby byla data sbi-
rana spravnym zptsobem a byly pouzity vhodné
metody k analyze. Toto pfesahuje hranice mate-
matiky a Casto vyzaduje metod z prislusnych dis-
ciplin — biologie, sociologie, fyziky, finan¢nictvi,
atd. Data jsou také casto objemna a méla by byt
uloZzena a zpracovana efektivné. Na tom se hodné
podili pocitacova véda. Jako takova je statistika
multidisciplinarni iniciativou.



Sometimes, statistical analysis allows to judge in
favor of statements, which otherwise may look
controversial in some people’s eyes. Just two
relatively recent examples: the Russian 2012
presidential election was fraudulent (P. Klimek
et al.,, Proc. Nat. Acad. Sci. 109 (2012),
16469-16473); in scientific publications, the top
cited papers are not red by the majority of citing
authors, but merely copied from one citation list
to another (M.V. Simkin and V.P. Roychowdhury,
Significance 3 (2006), 179-181).

Neékdy statistickd analyza umoznuje usuzovat ve
prospéch vyroku, které by jinak mohly vypadat
kontroverzni v ocich nékterych lidi. Zminime dva
relativné nedavné priklady: Ruské prezidentské
volby 2012 byly podvodné (P. Klimek et al.,
Proc. Nat. Acad. Sci. 109 (2012), 16469-16473);
nejvice citované c¢lanky ve védeckych publika-
cich nejsou ¢tené vétsinou citujicich autort, ale
pouze kopirovany z jednoho seznamu citaci do
druhého (M.V. Simkin and V.P. Roychowdhury,
Significance 3 (2006), 179-181).



Basic Combinatorics

Counting is heavily involved in a mathematical
theory of probability; thus the significance of com-
binatorics.

Combinatorics is one the branches of mathemat-
ics. It is useful not only for probability theory. For
example, the so-called Arrow theorem, one of the
cornerstone results of Social Choice Theory, says
that under reasonable assumptions, any choice
in the society, no matter what the procedure to
achieve the choice is (e.g., democratic voting), is
dictatorial, i.e. is always the choice of a single
individual (“dictator”). This somewhat counter-
intuitive and disappointing (sociologically, not
mathematically!) result is established with the
help of not very difficult combinatorics.

The basic notions of combinatorics are permuta-
tions, variations, and combinations.
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Zakladni kombinatorika

Pocitani je dilezitou soucasti matematické teorie
pravdépodobnosti a z toho vyplyva vyznam kom-
binatoriky.

Kombinatorika je jednim z odvétvi matematiky.
Je uziteCna nejen pro teorii pravdépodobnosti. Na-
priklad jeden ze zdkladnich kamenii teorie social-
niho vybéru — tzv. Arrowuv teorém — fika, Ze za
rozumnych predpokladti je vybér ve spolec¢nosti
bez ohledu na postup k dosazeni volby (napt. de-
mokratické hlasovani) diktatorsky, tj. je vidy vy-
bérem jediného jedince (,diktatora“). Tento poné-
kud neintuitivni vysledek je zklamanim (sociolo-
gicky, ne matematicky!). Vysledek je dokazan po-
moci neprilis obtizné kombinatoriky.

Zakladni pojmy kombinatoriky jsou permutace,
variace, a kombinace.



Permutation is the act of arranging elements
of a set into some order. The number of permu-
tations of an n-element set is equal to n!. Indeed,
we can put n different elements on the first place.
After one element is placed, we have n — 1 pos-
sibilities to put an element at the second place.
Repeating this procedure, on the n-th (last) step
we will be left with one element to be put on the
n-th place (i.e., there is no choice at all). As on
each step the choices are independent, we have

Permutace je akt usporadani prvkid mnoziny
do néjakého poradi. Celkovy pocet permutaci
mnoziny o n prvcich je n!. Mizeme dat n riznych
prvkil na prvni misto. Poté, co jeden prvek je
umistén, mame n — 1 moznosti jaky prvek dat na
druhé misto. Opakovanim tohoto postupu nam
pak na n-té (posledni) misto zbyde jeden prvek,
ktery bude dan na n-tou pozici (tj., nemame
zédnou volbu). Jelikoz v kazdém kroku jsou volby
nezavislé, mame

n-(n—1)-...-1=nl

different possibilities.

Variation without repetition is a generaliza-
tion of permutation, in which not necessary all
elements of the set are used. As in the case of
permutation, no element of the set occured more
than once. The number of such arrangements of
a k-element subset of an n-element set is equal to

n!

(=i The counting is the same as in the case of

permutation (k = n), stopping at the k-th step:

n-n—1-...-(n—k+1)=

riznych moznosti.

Variace bez opakovani jsou zobecnénim per-
mutaci, v nichz neni nutné, aby se pouzily vSechny
prvky mnoziny. Stejné jako v piipadé permutaci,
zadny prvek mnoziny se neobjevuje vice nez jed-
nou. Pocet takovych usporadani k-prvkové podm-
noziny n-prvkové mnoziny je rovno (nﬁ—'k), Poci-
tame stejné jako v pfipadé permutaci (kK = n) a
zastavime se v k-tém kroku:

n!

(n—k)!



When we drop the requirement that no element
occurs more than once (i.e., repetitions are al-
lowed), we get the notion of variation with repe-
tition. This is the same as the k-tuple of elements
from an n-element set, and the number of such

tuples is equal to n*.

Combination is the way of selecting items from
a set, such that the order of selection does not
matter. If the set we are choosing from has n ele-
ments, and we are choosing k-element subsets, the
number of ways it is possible to do is equal to (Z),
the binomial coefficient. Indeed, to choose k ele-
ments out of n-element set is the same as perform
a variation without repetition, hence the number
of such choices is (nﬁ—'k), But since elements of
a given k-element set can be chosen in arbitrary
order, we have accounted each set the number of
times equal to the number of permutations of its
elements, i.e. k!. Hence the final number of possi-
bilities is

n!

Kdyz vypustime pozadavek, aby se zadny prvek
nevyskytoval vice nez jednou (tj., opakovani jsou
povolena), dostaneme pojem variace s opakova-
nim. To je stejné jako k-tice prvki z n prvkové

mnoziny. A pocet téchto k-tic je roven n”.

Kombinace je zptisob vybéru prvki z mnoziny,
tak Ze nezéalezi na poradi vybéru. Pokud ma
mnozina, ze které vybirdme n prvki a my vy-
birdme k-prvkovou podmnozinu, pak je pocet
zpusob1, jak je to mozné udélat roven kombina-
¢nimu ¢islu (Z) Ve skutecnosti je vybér k prvki
z n-prvkové mnoziny stejny jako variace bez opa-
kovani, protoze pocet téchto voleb je (n+'kr)' Ale
jelikoz prvky dané k-prvkové mnoziny mutzeme
vybrat v libovolném potradi, pak jsme zapoci-
tali kazdou mnozinu tolikrat kolik je pocet jejich
permutaci, tj. k!. Proto je konecny pocet moznosti

o= (1)



Example 1 For example, from the standard deck Piiklad 1 Napriklad ze standardniho balicku

of 52 cards one possible to choose a 5-card hand 52 karet je mozné vybrat 5 karet
in
52 52!
= —— = 2,598,960
(%) = o =2
different ways. riznymi zpisoby.



Sample Space, Event,
Probability

A sample space is a set whose elements represent
the possible outcomes of the event we are inter-
ested in.

Example 2 When tossing a coin, the sample
space is a 2-element set S = {head, tail}. When
tossing a dice, the sample space is a 6-element set
{1,2,3,4,5,6}. When tossing two coins simulta-
neously, the sample space is the cartesian product
S x S, i.e. the set

{(head, head), (head, tail), (tail, head), (tail, tail)}.

If we are throwing an (idealized) dart (i.e., a point)
at an (idealized) dartboard (say, a circle with ra-
dius 1 with the center at the origin), the sample
space is
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Prostor elementarnich jev,
nahodny jev,
pravdépodobnost

Prostor elementarnich jevil je mnozina takovych
prvki, které predstavuji vysledky jevu, o ktery se
zajiméame.

Priklad 2 Pokud hézime minci, pak je pro-
stor elementarnich jevi dvouprvkovd mmnozina
S = {lic,rub}. Pokud hazime hraci kostkou,
pak prostor elementarnich jevi je Sestiprvkova
mnozina {1,2,3,4,5,6}. Pokud héazime dvéma
mincemi najednou, pak je prostor kartézsky
soucin S x S, t.j. mnozina

{(lic, lic), (lic, rub), (rub, lic), (rub, rub)}.

Pokud hézime (idealizovanou) Sipkou (tj. bod) na
(idealizovany) ter¢ (feknéme, kruh s polomérem 1
s centrem v pocatku soufadnic), pak prostor ele-
mentarnich jevi je

{(z,y) e R*|2” +y* < 1}
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An event is a subset of the sample space. An
elementary event is a subset of the sample space
consisting of one element.

Example 3 We may sample birthday dates in a
certain group of people. The sample space in this
case is the subset of the cartesian product

{1,2,...,31} x {Jan, Feb, ..., Dec}

(subset, as certain pairs, like February 30 and
June 31, are excluded). Now we may be interested,
for example, in people born at the specific date,
so the one-element sets {(1, Jan)} and {(10, Mar)}
will constitute elementary events, while all birth-
days occuring in February:

{1,2,...,29} x {Feb},
or all birthdays occuring at the end of the month:
{(30, Jan), (28, Feb), (29, Feb), ..., (31, Dec)}

will constitute (just) events.

Néahodny jev je podmnozinou prostoru ele-
mentarnich jevii. Elementarni jev je jednoprvkova
podmnozina prostoru elementarnich jev.
Piiklad 3 MiuZeme vybrat datumy narozenin
v urcité skupiné lidi. Prostor elementarnich jevi
je v tomto pripadé podmnozinou kartézského
soucinu

{1,2,...,31} x {Led, Uno, ..., Pro}

(podmnozina, protoze nékteré pary, jako 30. inora
a 31. Cervna, jsou vylouCeny). Nyni mizeme mit
zajem napiiklad o lidi narozené v urcity den, pak
jednoprvkové mnoziny {(1,Led)} a {(10,Bfe)}
budou predstavovat elementarni jevy, zatimco
vSechny narozeniny vyskytujici se v tnoru:

{1,2,...,29} x {Uno},

nebo vSechny narozeniny vyskytujici se na konci
mésice:

{(30, Led), (28, Uno), (29, Uno), .. ., (31, Pro)}

budou predstavovat (pouze) ndhodné jevy.



In the throwing darts example, the perfect hit,
{(0,0)}, is an elementary event, while hitting, say,
the right half of the dartboard:

V prikladu héazeni Sipkami je perfektni zasah
{(0,0)} elementarni jev, zatimco zasah pravé
casti terce:

{(z,y) eR*|2* +y* < 1,2 > 0}

will constitute an event.

The set-theoretic operations on events corre-
spond to their logical combinations: the intersec-
tion AN B of events A and B occurs when both A
and B occur; the union AU B occurs when either
A or B occurs; the complement S \ A, where S is
the whole sample space, occurs when A does not
occur.
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je nahodny jev.

Mnozinové operace na nahodnych jevech od-
povidaji jejich logickym kombinacim: k priniku
AN B jevii A a B dochazi, kdyz oba jevy A a
B nastanou; sjednoceni A U B nastane, kdyz bud
A nebo B nastane; doplnék S\ A, kde S je cely
prostor elementarnich jevi, nastane, kdyz A ne-
nastane.



Example 4 When tossing two coins simultane-
ously, the event of having head first is

A = {(head, head), (head, tail)},
and the event of having head second is
B = {(head, head), (tail, head)}.

Their intersection is an elementary event having
both heads, {(head, head)}, and their union is an
event of having at least one head:

AU B = {(head, head), (tail, head), (head, tail) }.

The complement of A is an event of having tails
first:

S\ A = {(tail, head), (tail, tail)}.
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Piiklad 4 KdyZ hodime dvé mince soucasné, na-
hodny jev hozeni nejprve lice je

A = {(lic, lic), (lic, rub)},
a ndhodny jev lice na druhém misté je
B = {(lic, lic), (rub, lic) }.

Jejich prinik je elementarni jev hozeni dvakrat
lice {(lic,lic)} a jejich sjednoceni je ndhodny jev
hozeni alespon jednoho lice

AU B = {(lic, lic), (rub, lic), (lic, rub)}.

Doplnék k A je nahodny jev, kdy hodime nejprve
rub:

S\ A = {(rub, lic), (rub, rub)}.



Probability is a numerical expression of how
likely an event occurs. If all outcomes in the sam-
ple space S occurs equally likely, then the proba-
bility Pr(A) of an event A is equal to %, where
| X| is the cardinality (number of elements) of the
set X. In particular, the probability of an elemen-

tary event is equal to ﬁ

Example 5 In the previous example with two
coins tossing, we have

Pravdépodobnost je ciselné vyjadieni, jaka je
Sance, ze nastane néjaka udalost. Pokud vsechny
vysledky v prostoru S se vyskytuji stejné casto,
pak pravdépodobnost Pr(A) nédhodného jevu A
|A|

je roven |g, kde |X| je mohutnost (pocet prvki)
mnoziny X. Zejména pravdépodobnost elementar-

niho jevu je rovna I_él

Priklad 5 V predchozim pfikladu hazeni dvéma
mincemi mame

Pr(A) = Pr(B) = Pr(S \ A) = % _ %

Pr(ANB) =

Pr(AUB) =

14
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More generally, a probability function p on a
sample space S is a function from the set of all
possible events, i.e. the powerset P(S), to the in-
terval [0, 1], such that Pr(S) =1 and

Obecnéji pravdépodobnost p na prostoru S je
funkce z mnoziny vsech moznych jevii, tj. potencni
mnoziny P(S5), do intervalu [0, 1] tak, ze Pr(S) = 1
a

Pr(AU B) = Pr(A) + Pr(B)

if A and B do not occur simultaneously, i.e.
AN B = @. Thus, the probability of an event can
be computed by summing up probabilities of all
outcomes (elementary events) comprising it.

Example 6 If we are throwing a crooked dice,
where 6 can occur with the probability £ = 0.2 (in-
stead of the fair %), and the rest of points, from 1
till 5, can occur with the equal probability 0.16,
the probability to get an even number of points is
equal to

pokud A a B se nevyskytuji soucasné, tj.
AN B = @. To znamena, Ze pravdépodob-
nost nahodného jevu lze vypocitat seCtenim
pravdépodobnosti vech vysledki (elementarnich
jevi), které ho tvori.

Piiklad 6 Pokud hézime kfivou kostkou, u niz se
6 vyskytuje s pravdépodobnosti % = 0,2 (namisto
vyvézené 1), a zbytek bodt od 1 do 5, miize nastat
se stejnou pravdépodobnosti 0,16, pak pravdépo-
dobnost, ze dostaneme sudy pocet bodi, se rovna

Pr({2,4,6}) = Pr({2}) + Pr({4}) + Pr({6}) = 2-0.16 + 0.2 = 0.52.
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Still, these notions of event and probability are
not entirely satisfactory, as we can run into prob-
lems with infinite sets. When the sample space S
is infinite, the appropriate notion of event appears
to be not an arbitrary subset of .S, but an element
of a o-algebra, i.e. a set of subsets of S closed with
respect to complements, and countable unions and
intersections. Then the probability function p is
defined as a measure on the o-algebra, normalized
by the condition Pr(S) = 1.

Example 7 In the throwing darts example, the
probability to hit any measurable subset A of our
idealized dartboard is equal to M. For exam-
ple, the probability of the perfect hit is zero (as
the measure of a set consisting of a single point is
zero), while the probability to hit the right half of
the dartboard is %
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Stale nejsou pojmy nahodného jevu a prav-

dépodobnosti zcela uspokojivé, protoze miizeme
narazit na problémy u nekonecnych mnozin.
Je-li prostor elementarnich jevii S nekonecny,
pak vhodny pojem nahodného jevu se nezda
byt libovolnd podmnozina S, ale néjaky prvek
o-algebry, tj. souboru podmnozin S uzavienému
vici doplnktim a spocetnym sjednocenim a prini-
kiim. Pravdépodobnost p je pak definovana jako
mira na o-algebfe, normalizovand podminkou
Pr(S) =1.
Priklad 7 V prikladu héazeni sipkou je pravdépo-
dobnost zasahu jakékoli métitelné podmnozina A
naseho idealizovaného terce rovna ( ) . Napriklad,
pravdépodobnost perfektniho zasahu je nula (tak
jako mira mnoziny, kterda obsahuje jediny bod, je
nula), zatimco pravdépodobnost zdsahu pravé po-
loviny terce je %



Conditional Probability, 4 Podminéna

Bayes’ Formula, pravdépodobnost, Bayestv
Independent Events vzorec, nezavislé nahodné
jevy
A conditional probability, denoted by Pr(A|B), is Podminéna pravdépodobnost Pr(A|B) je pravdé-
a probability of an event A assuming that another podobnost ndhodného jevu A predpokladajici, ze
event B has occured. It is defined as jiny ndhodny jev B nastal. Je definovana jako
Pr(ANn B)
Pr(A|B) = ——=.
r(A[B) Pr(B)
(Of course, we assume here that Pr(B) > 0.) (Samoziejmé predpokladame, ze Pr(B) > 0.)
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Example 8 Assuming a non-leap year, let A be Priklad 8 Za ptredpokladu neptechodného roku,

an event that a person has a birthday at the first necht A je ndhodny jev, Ze osoba mé narozeniny
day of a month, and B an event that a person prvni den v mésici a B je ndhodny jev, kdy osoba
has a birthday at an odd-numbered day at sum- ma narozeniny v lichém dni béhem léta. Pak ANB
mer. Then AN B is an event that a person has a je jev, kdy osoba ma narozeniny v prvnim dni let-
birthday at the first day of a summer month, niho meésice,
Pr(ANB) = -
365
15+16+16 47
Pr(B) = o6+ —
30+31+31 92
3
T 276
Pr(A|B) = 3% = —— x~0.016.
HAIB) =5 = s
Compare this with the value of unconditional Porovnejte to s hodnotou nepodminéné pravdépo-
probability dobnosti
12
Pr(A) = — ~ 0.033.
=55

18



Having two events A and B with nonzero prob-
abilities, along with the conditional probability
Pr(A|B), we may consider the conditional prob-
ability

Pr(B|A) =

what implies

Pr(A|B) =

Pokud mame dva ndhodné jevy A a B s nenu-
lovymi pravdépodobnostmi spoleéné s podminé-
nou pravdépodobnosti Pr(A|B), pak mtzeme uva-
zovat o podminéné pravdépodobnosti

Pr(AN B)

Pr(A)

coz implikuje

Pr(B|A) Pr(A)

This is known as Bayes’ formula.

Two events A and B are called independent, if
one of the following equivalent equalities holds:

Pr(A|B)
Pr(BJ|A)

Pr(ANB) =

The equivalence follows from the definition of con-
ditional probability, and Bayes’ formula.

Pr(B)

To je znamé jako Bayestiv vzorec.

Dva nahodné jevy A a B se nazyvajl neza-
vislé, pokud jedna z nésledujicich ekvivalentnich
rovnosti plati:

= PI'(A),
— Pr(B),

Pr(A) Pr(B).

Ekvivalence plyne z definice podminéné pravdé-
podobnosti a Bayesova vzorce.
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Example 9 For simplicity of calculation in this
example assume that every month of year has
30 days. For example, an event of having a birth-
day specified in terms of the day of the month
(e.g., at the 10th day of the month, at odd days,
from 10th till 15th day, etc.) is independent from
the event of having birthday specified in terms
of the month (e.g., at January, at spring, at the
last 3 months of the year, etc.). On the other
hand, the events of having birthday at summer,
and at the odd-numbered months are not inde-
pendent (intuitively this is clear, but check it
numerically!)
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Priklad 9 Pro jednodussi poc¢itani v tomto pii-
kladu predpokladejme, ze kazdy mésic v roce ma
30 dni. Nahodny jev mit narozeniny specifikované
pomoci dntt mésice (napf. 10. den mésice, liché
dny, od 10. do 15. dne, atd.) je nezavisly na na-
hodném jevu mit narozeniny specifikované pomoci
mésice (napf. v lednu, na jafe, ve tfech poslednich
mésicich v roku, atd.). Na druhé strané, ndhodné
jevy narozenin v 1été, a v lichych mésicich nejsou
nezavislé (intuitivné to je jasné, ale zkontrolujte
to numericky!)



Discrete Random Variable,
Distribution Function

In some situations, we may be interested not in
the sample space itself, but only in some of its
features. This leads us to the notion of a random
variable.

A discrete random variable is a function on the
sample space S with values in R, accepting finite
or countable number of different values.

Of course, if the sample space if finite, then any
random variable defined on it is discrete.

Example 10 When throwing pair of dices, we
may be interested not in the exact outcome, but
merely in the sum of two throws, or in the max-
imum of two throws. These are examples of a
discrete random variable.

5
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Diskrétni nahodna
proménna, distribuéni
funkce

V neékterych situacich se nemusime zajimat o pro-
stor elementarnich jevii samotny, ale pouze o nék-
teré jeho vlastnosti. To nas vede k pojmu nahodné
proménné.

Diskrétni ndhodna proménna je funkce z prostoru
elementarnich jevi S do R s koneénym nebo
spocetnym mnozstvim rtznych hodnot.

Samoziejmeé, pokud je prostor elementarnich jevi
kone¢ny, pak jakdkoli ndhodna proménna defino-
vana na ném je diskrétni.

Priklad 10 Kdyz hézime dvéma kostkami, nemu-
sime se zajimat o presny vysledek, ale pouze o sou-
¢et dvou hodti, nebo o maximum z dvou hodi. To
jsou priklady diskrétni nahodné proménné.



Let X : S — R be a discrete random variable
defined on a sample space S. The mass function
of X is the function fx : R — [0, 1] defined for
any z € R as

Necht X S — R je diskrétni nahodna
proménnd definovana na prostoru elementarnich
jevu S. Pravdépodobnostni funkce nahodné pro-
ménné X je funkce fy : R — [0, 1] definovana pro
libovolné = € R

fx(z) =Pr(X = z).

The distribution function of X is the function F :
R — [0, 1] defined for any x € R by

Distribu¢ni funkce proménné X je funkce Flx :
R — [0, 1] definovana pro libovolné = € R pomoci

Fx(z) =Pr(X <uz).

(Note that formally the right-hand sides of the last
two formulas had to be written as

(Vsimnéte si, ze formalné by pravé strany posled-
nich matematickych vzorctt mély byt zapsané jako

Pr({s € S| X(s) = x}),

and

a

Pr({s € S| X(s) <z}),

respectively, but here and in similar situations be-
low, we use universally accepted shorthands).

ale tady a v podobnych situacich nize pouzivame
obecné piijaté zkratky).



By definition, the mass function attains possibly Dle definice nabyva pravdépodobnostni funkce

non-zero values in the finite or countable number pripadnych nenulovych hodnot v koneéném nebo
of points (the values of the discrete random vari- spoetném poctu bodi (hodnoty diskrétni na-
able X), and is zero elsewhere. We have hodné proménné X), a je nulovd vSude jinde.
Mame
Fx(z) =) fx(t)
t<x
for any x € R, so the distribution function is al- pro libovolné x € R. Distribu¢ni funkce je tudiz
ways non-decreasing, and has “jumps” only in a vzdy neklesajici, a ma ,skoky“ pouze v konec¢ném
finite or countable number of points. nebo spocetném mnozstvi bod.
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Example 11 In the tossing coin example, let us
assign numerical values of 0 and 1 to tail and head
respectively, and on the sample space S of out-
comes of tossing 3 coins simultaneously, consider
the random variable X equal to the sum of all 3
outcomes, so the possible values of X are 0,1, 2, 3.
Let us compute the corresponding mass and dis-
tribution functions.

fx(0) = Pr(X = 0) = Pr({(0,0,0)}) = %
fx(1)=Pr(X =1)=Pr({(1,0,0),(0,1,0),(0,0,1)}) =
fx(2) =Pr(X =2)=Pr({(1,1,0),(1,0,1),(0,1,

fx(3) = Pr(X =3) = Pr({(1,1,1)}) = &

At any other points, the value of fx is zero, and

Here [z]| denotes the integer part of x.
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Priklad 11 V ptikladu hazeni minci pfifadme ¢i-
selné hodnoty 0 a 1 rubu a lici a na prostoru ele-
mentarnich jevi S vysledki hazeni tfemi mincemi
najednou uvazujeme ndhodnou proménnou X rov-
nou souctu vsech 3 vysledki. Proto mozné hod-
noty X jsou 0,1, 2,3. Spocitejme pfislusné prav-
dépodobnostni a distribu¢ni funkce.

Fx(0) = fx(0) = %;
5 Fx(1)=fx(0)+ fx(1) =5+ 3 =3;
3 Fx(2) = fx(0) + fx(1) + fx(2)
“1eiei-d
Fx(3) = fx(0) + fx(1) + fx(2) + fx(3)
=:+34+342=1

Ve vsech zbylych bodech jsou hodnoty fx rovny
nule a

if v <0;
if 0 <z <3;
if x > 3.

Pomoci [z] oznacujeme celoéiselnou ¢ast .



Continuous Random 6 Spojita nahodna proménna,

Variable, Density Function

If a real-valued function defined on the sample
space S attains not a discrete, but a continuous
range of values, we arrive at the notion of a contin-
uous random variable. Formally, a random vari-
able X : S — R is continuous, if

hustota pravdépodobnosti

Pokud realna funkce definovana na prostoru ele-
mentarnich jevi S nenabyva diskrétnich hodnot,
ale spojitého intervalu hodnot, pak se dostavame
k pojmu spojité ndhodné proménné. Formalné, na-
hodnéa proménna X : S — R je spojita, pokud

Pr(a < X <b) = /be(t)dt

for some function fx : R — R, and any a,b € R,
a < b. The function fx is called the density func-
tion of X. It is a continuous analog of the mass
function of a discrete random variable.

Note that any density function attains only non-
negative values, and satisfies

pro néjakou funkci fx : R — R a libovolné
a,b € R, a < b. Funkce fx se nazyva hustota
pravdépodobnosti proménné X. Je to spojita
analogie pravdépodobnostni funkce diskrétni
nahodné proménné.

Vsimnéte si, ze hustota pravdépodobnosti nabyva
pouze nezapornych hodnot a spliuje, ze

/_Z Fx()dt =1.
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The distribution function Fx : R — [0,1] of a
continuous random variable X is defined the same
way as for a discrete one:

Distribuéni funkce Fx : R — [0, 1] spojité na-
hodné proménné X je definovana stejnym zpiiso-
bem jako pro diskrétni:

Fx(x)=Pr(X <z)= /_x fx(t)dt

for any x € R.

Example 12 In the throwing darts example, a
distance from a given point to the origin (or any
other “good behaving” real function defined on
the unit circle), is a continuous random variable.

In the real world, we are dealing with discrete
random variables, even with a particular case of
them which involves only finite number of possible
values. Continuous random variables are very use-
ful mathematical abstractions helping to capture
important properties of the discrete case when the
number of possible values is becoming huge. This
explains a big similarity between discrete and con-
tinuous random variables: as a rule of thumb, any
formula, result, or reasoning involving the discrete
case can be turned into the continuous one, by re-
placing summation by integration.

26

pro libovolné = € R.

Priiklad 12 V prikladu héazeni Sipkami je vzdale-
nost od daného bodu k pocatku (nebo jakakoli jina
,dobTe se chovajici“ realna funkce definovana na
jednotkovém kruhu) spojitd ndhodné proménné.

V realném svété mame co do ¢inéni s diskrét-
nimi ndhodnymi proménnymi, a to i v konkrét-
nim pripadé, ktery zahrnuje pouze konecny pocet
moznych hodnot. Spojité ndhodné proménné jsou
velmi uzitecné matematické abstrakce pomahajici
zachytit dilezité vlastnosti diskrétniho ptipadu,
kdy je pocet moznych hodnot obrovsky. To vy-
svétluje velkou podobnost mezi diskrétnimi a spo-
jitymi ndhodnymi proménnymi: jako pravidlo, li-
bovolny vzorec, vysledek, nebo tivaha zahrnujici
diskrétni pripad mutze byt pfenesena do spojitého,
nahrazenim sumace integraci.



We can operate with random variables defined on
the same sample space, both discrete and con-
tinuous, the same way as we operate with func-
tions: we can add them, multiply them, apply
other functions to them, etc.

27

MiZeme operovat s ndhodnymi proménnymi defi-
novanymi na stejném prostoru elementarnich jevi,
a to jak s diskrétnimi tak spojitymi, stejné jako
operujeme s funkcemi: muzeme je sc¢itat, nasobit,
aplikovat na né jiné funkce, atd.



Numerical Characteristics of 7 Ciselné charakteristiky

a Random Variable

Random variables may contain a huge amount of
data in a very complicated form, so sometimes one
wants to summarize that or another property of a
random variable by a single number.

The expected value, or mean, of a random vari-
able X, denoted by E[X], is its average value, or,
in other words, the center of the corresponding dis-
tribution function. For a discrete random variable
attaining values x1, 2o, ..., the expected value is
just the weighted mean of the values, with weights
being the respective probabilities:

Note that, generally, we are dealing here with an
infinite sum, which may not exist. However, it
does exist in most of the important cases occuring
on practice. Of course, if the random variable X
attains only finite number of values, the sum is
finite and thus exists always.
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nahodné promeénné

Nahodné proménné mohou obsahovat velké
mnozstvi dat ve velmi slozité formé, takze nékdy
miizeme chtit shrnout tuto nebo jinou vlastnost
nahodné proménné jedinym cislem.

Ocekavana hodnota nebo primér nahodné pro-
ménné X, ktery znacime E[X], je jeji pramérna
hodnota, nebo jinymi slovy, stfed odpovidajici
distribu¢ni funkce. Pro diskrétni nahodnou pro-
ménnou nabyvajici hodnot x1, xs, ... je ocekavana
hodnota jen vazenym primérem téchto hodnot —
vazenymi prislusnymi pravdépodobnostmi:

Vsimnéte si, ze obecné zde pracujeme s nekonec-
nym souctem, ktery nemusi existovat. Nicméné,
existuje ve vétsiné dilezitych pripadit objevujicich
se v praxi. Samoziejmeé, ze v pripadé, ze nahodna
proménna X nabyva pouze konecnéno poctu hod-
not, suma je konec¢né, a tudiz existuje vzdycky.



Example 13 The expected value of the random Priklad 13 Ocekavana hodnota nahodné pro-

variable equal to the number of points got in one ménné, kterd je rovna poctu bodd na hozené
throw of a dice is equal to kostce, se rovna
L 1+1 2—1—1 3+1 4+1 5—|—1 6=3.5
6 6 6 6 6 6
The expected value of a continuous random Ocekavana hodnota spojité nahodné proménné
variable X is defined as X je definovana

BIX] = /_OO Ly (t) dt.

The p-th quantile of a random variable X, where p-ty kvantil ndhodné proménné X, kde p je ¢islo
p is a number between 0 and 1, is the smallest mezi 0 a 1, je nejmensi ¢islo g, takové, ze
number g, such that

Pr(X <g,) =p.
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A particular case of quantile is median, which
is defined as 0.5th quantile. Sometimes mean
is not an adequate characteristic of a random
variable. For example, the mean of the yearly
income per household in countries with very
unevenly distributed wealth (think US, not Czech
Republic) would exhibit values much higher then
“expected”, due to a relatively small number
of embarrassingly wealthy individuals. In such
cases, a more adequate representation of a “mean”
value would be given by median. Informally, the
median is the value which “sits in the middle”,
and it is much less sensitive than mean to extreme
values in the data. Another frequently used in
practice quantiles are quartiles, which are defined
as 0.25th, 0.50th, and 0.75th quantiles.

The standard deviation expresses the idea how
“spread” the random variable is. The standard
deviation of a random variable X (both discrete
and continuous), denoted by o(X), is defined as

Jednim prikladem kvantilu je median, ktery je
definovan jako 0,5-ty kvantil. Praimér nékdy neni
dostacujici charakteristikou nahodné promeénné.
Napriiklad primérny roc¢ni prijem doméacnosti
v zemich s velmi nerovnomérné rozlozenym bo-
hatstvim (napifklad USA, nikoli Cesk4 republika)
by vykazoval hodnoty mnohem vysSSi nez jsou
yocekavany“, vzhledem k relativné malému poctu
az trapné bohatych jednotlived. V takovych
pripadech by vhodnéjsi zastoupeni ,primérné“
hodnoty bylo déano medianem. Neformalné je
median hodnotou, kterd ,sedi uprostied“, a je
mnohem méné citlivy na extrémni hodnoty v da-
tech nez prtimér. Dalsi casto pouzivané v praxi
kvantily jsou kvartily, které jsou definovany jako
0,25-ty, 0,50-ty a 0,75-ty kvantil.

Smeérodatna odchylka vyjadiuje tvahu o tom,
jak ,Sirokda“ je ndhodna proménna. Smérodatna
odchylka ndhodné proménné X (diskrétni i spo-
jité), oznacovéna o(X), je definovana jako

o(X) = VE[(X — B[X])?.
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If X is a discrete random variable attaining,
with the equal probability %, a finite number of n

Pokud je X diskrétni ndhodna proménna na-
byvajici se stejnou pravdépodobnosti % kone¢ného

distinct values x4, ..., z,, then poc¢tu n rtznych hodnot x4, ..., x,, pak
E[X]:—$1+"'+x”
n
and a
- BX])?+--- n— E[X])?
w00 = [ E PRI G~ PN
n

The latter formula explains why indeed the stan-
dard deviation is a good measure of how spread
the data is: the more the values z; stay away from
their mean E[X], the bigger o(X) would be.
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Druhy vzorec vysvétluje, proc je skutecné smeéro-
datné odchylka dobrym métitkem toho, jak Siroka
jsou data: ¢im vice jsou hodnoty z; daleko od je-
jich priméru F[X], tim vétsi o(X) bude.



Discrete Distributions:
Uniform, Binomial, Poisson,
Hypergeometric

Some types of distributions are of utmost impor-
tance, as they appear often on practice, and pro-
vide a convenient material for building effective
statistical models.

Perhaps the simplest possible distribution is
an uniform one. A discrete random variable is
distributed uniformly, if its mass function attains
the same value at the finite number of n points.
The mass function of the uniform distribution is
of the form

fn(F)

where £ = 1,2,...,n. The expected value and
the standard deviation of an uniformly distributed

n2—1
12 7

n+1
2

random variable are equal to and re-

spectively.

Diskrétni rozdéleni:
rovnomeérné, binomické,
Poissonovo,
hypergeometrické

Nékteré typy distribuci (rozdéleni) jsou nanejvys
dilezité, protoze se objevuji ¢asto v praxi, a po-
skytuji pohodlny material pro stavéni efektivnich
statistickych modelii.

Snad nejjednodussi rozdéleni je rovnomeérné
rozdéleni. Diskrétni nahodna proménna je roz-
lozena rovnomérné, pokud jeji pravdépodobnostni
funkce nabyva stejné hodnoty na koneé¢ném poctu
n bodu. Pravdépodobnostni funkce rovnomérného
rozdéleni je ve tvaru
1

)

n

kde k = 1,2,...,n. Ocekdvana hodnota a sméro-
datnd odchylka rovnomeérné rozlozené nahodné

n+1
2

n2-1
12 -

proménné se rovna respektive



Example 14 Our favorite random variable ex-
amples of throwing a single (fair) dice or tossing
a single (fair) coin are uniformly distributed.

The binomial distribution with parameters
1,2,... and p, where 0 < p < 1, is the
discrete distribution of the number of successes
in a sequence of n experiments with a binary
outcome (success/failure), each of which yields
success with probability p. The mass function of
the binomial distribution has the form

oot =

n =

where £ =0,1,2,...,n.

Example 15 Suppose that a biased coin comes up
heads with probability 0.3. Then the probability
to have 4 heads after 6 tosses is equal to

n

Piiklad 14 Nase oblibené priklady nahodnych
proménnych hézeni jednou (vyvazenou) kostkou
nebo hézeni jednou (vyvézenou) minci jsou rov-
nomerné rozlozeny.

Binomické rozdéleni s parametry n = 1,2, ...
a p, kde 0 < p < 1, je diskrétni rozdéleni poctu
uspéchi v posloupnosti n experimenti s binarnim
vysledkem (tspéch/netspéch). Kazdy experiment
dava tuspéch s pravdépodobnosti p. Pravdépodob-
nostni funkce binomického rozdéleni ma tvar

)p’“(l —p)" "

kde k =0,1,2,...,n.

Priklad 15 Predpokladejme napiiklad, ze u ne-
vyvazené mince vyjde lic s pravdépodobnosti 0,3.
Pak pravdépodobnost mit 4 lice po 6 hodech se
rovna

fo03(4) = (i) 0.3*(1 —0.3)°"* ~ 0.0595.
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The expected value of a binomially distributed
random variable is equal to

é k (Z)pk(l

and the standard deviation is equal to

Ocekavana hodnota proménné s binomickym
rozdélenim je rovna

k

—p)"" = np,

a smérodatna odchylka je rovna

np(l — p).

The Poisson distribution expresses the prob-
ability of a given number of events occurring in
a fixed interval of time and /or space if these events
occur with a known average rate and indepen-
dently of the time since the last event. It is defined
as a discrete distribution with parameter p > 0
(estimated number of events) whose mass function
has the form

Ju(k)

where £k =0,1,2,....

TR

Poissonovo rozdéleni vyjadiuje pravdépodob-
nost urcitého poc¢tu udalosti vyskytujicich se
v pevném c¢asovém intervalu a/mnebo prostoru,
jestlize se tyto udalosti vyskytuji se znamou
priameérnou mirou a nezavisle na dobé od posledni
udélosti. Je definovano jako diskrétni rozdéleni
s parametrem p > 0 (odhadovany pocet udalosti),
jehoz pravdépodobnostni funkce ma tvar

k

—p

kde k =0,1,2,....



The expected value of a random variable whose
distribution function is Poisson, is equal to

and the standard deviation is equal to /u.

The hypergeometric distribution with param-
eters N, K,n, where N is a non-negative integer,
and K and n are integers ranging from 0 till NV,
describes the number of successes in n binary (suc-
cess/failure) draws, without replacement, from a
finite set of NV elements, that contains exactly K
successes. The mass function of the hypergeomet-
ric distribution has the form

fN,K,n<k) =

where £ = 0,1,2,...,min(n, K). The expected
value is equal to % and the standard deviation is

(

) Gir)

Ocekavana hodnota ndhodné proménné, jejiz roz-
déleni je Poissonovo, je rovna

a smérodatna odchylka se rovna /.

Hypergeometrické rozdéleni s parametry
N, K,n, kde N je nezaporné celé ¢islo a K a n
jsou celd cisla v rozmezi od 0 do N, popisuje
mnozstvi Gspéchit mezi n binarnimi (Gspéch/
netspéch) tahy, bez vraceni, z koneéné mnoziny
N prvki, ktery obsahuje presné K tuspéchi.
Pravdépodobnostni funkce hypergeometrického
rozdéleni ma tvar

)
kde k =

nota je rovna

0,1,2,.
nK

..,min(n, K). Oc¢ekavana hod-
a smérodatna odchylka je

\/nKN K)( N—n)
¥ .
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Continuous Distributions:
Uniform, Normal,
Exponential

Again, among continuous distributions the con-
tinuous uniform distribution has the most simple
form: its density function is a constant within a
given range. More precisely, the density function
of the uniform distribution on the interval [a, b] is
defined as

Jap(@) = {8_“

The expected value and the standard deviation of
an uniformly distributed continuous random vari-

able are equal to “*b and g Nl respectively.

ifa<ax <,

otherwise.

9
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Spojité rozdéleni:
rovnomeérné, normalni,
exponencialni

Opét plati, Ze mezi spojitymi distribucemi spojité
rovnomérné rozdéleni ma nejjednodussi tvar: jeho
hustota je konstantni v ramci daného intervalu.
Presnéji feceno je hustota pravdépodobnosti rov-
nomérného rozdéleni na intervalu [a, b] definovana
jako

pokud a < x < b,

jinak.

1
_ J)b—a
Jfap(x) =
{O
Ocekavana hodnota a smérodatna odchylka rov-
nomérné rozdélené spojité ndhodné proménné je

a+b b—a
rovina D) a —2\/5.



The normal distribution with parameters m Normalni rozdéleni s parametry m a o je

and o is a continuous distribution with the density spojité rozdeéleni s hustotou pravdépodobnosti ve
function of the form tvaru
1 1l/z—m\2
_ —3(55™)
m.o(T) = e 2V ),
Ime®) =

The graph of this density function has the famous Graf této hustoty pravdépodobnosti ma slavny
“bell-shaped” form, with the maximum around yzvonovity“ tvar, pficemz maximalni je kolem
x =m. x =m.
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This is, perhaps, the single most important dis-
tribution, due to the Central Limit Theorem,
one of the cornerstones results in probability and
statistics. Roughly, this theorem says that, under
certain natural conditions, the average of a large
number of identically distributed random vari-
ables is distributed normally, no matter what the
initial distribution was. This is the reason why
normally distributed random variables appear so
often on practice.

The expected value of a normally distributed ran-
dom variable is equal to

1 /OO _l(
te 2
oV21 J_so

and the standard deviation is equal to o.
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vzhledem k centralni limitni vété — jednomu ze
zékladnich vysledkti pravdépodobnosti a sta-
tistiky. Zhruba tato véta tika, ze za urcitych
prirozenych podminek, primeér z velkého poctu
stejné rozdélenych nahodnych proménnych ma
normalni rozdéleni, bez ohledu na to, jaké bylo
puvodni rozdéleni. To je diivod, pro¢ se normélné
rozdélené ndhodné proménné objevuji v praxi tak
casto.

Ocekéavana hodnota norméalné rozdélené nahodné
proménné je rovna

o

dt = m,

a smérodatna odchylka je rovna o.



The exponential distribution describes the
time between events in a process in which events
occur continuously and independently at a con-
stant average rate A > (0. It is defined as the
continuous distribution with the density function
of the form

falz) = {0

if z <0,
Ae ™ if ¢ > 0.

The expected value of an exponentially dis-
tributed random variable is equal to

Exponencialni rozdéleni popisuje casy mezi
udalostmi v procesu, ve kterém se udalosti ob-
jevuji spojité a nezavisle v konstantni primérné
mite A > 0. Je definovano jako spojité rozdéleni
s hustotou pravdépodobnosti ve tvaru

£(a) = {o kdy? = < 0,

e ™ kdyz x > 0.

Ocekavana hodnota exponencialné rozdélené na-
hodné proménné se rovna

o 1
)\/ te Mdt = =,
0 A

and the standard deviation is equal to % too.
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1

a smérodatna odchylka se rovnéz rovna



Population, Its Numerical
Characteristics

A statistical population is a set of similar items
or events which is of interest for some question
or experiment. Examples of populations: human
population of a given region or country, harvest of
given crop in a given region, traffic going through
a given transport hub, financial transactions per-
formed on a given stock exchange during a given
timeframe, stars in a galaxy, particles in a sus-
pension, etc. In each concrete situations, we are
interested in certain numerical data attached to
members of the population, such as height and
weight of humans, amount of harvest, amount of
traffic, brightness of stars, size of particles, etc.
A common aim of statistics is to produce infor-
mation about such data in a chosen population.

10 Populace, jeji Ciselné
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charakteristiky

Populace je mnozina podobnych predmétti nebo
udalosti, kterd jsou zajimava ve vztahu k néjaké
otazce nebo experimentu. Ptiklady populaci: lid-
ska populace daného regionu nebo zemé, sklizen
néjaké plodiny v daném regionu, dopravni provoz
prochazejici urc¢itym dopravnim uzlem, finan¢ni
transakce provadéné na dané burze béhem urci-
tého casového ramce, hvézdy v galaxii, Castice
v suspenzi, atd. V kazdé konkrétni situaci se
zajimame o urcité ¢iselné tidaje tykajici se ¢lenu
populace, jako jsou vyska a hmotnost clovéka,
mnozstvi sklizné, intenzita provozu, jas hvézd,
velikost ¢astic, atd. Obecnym cilem statistiky je
predlozit informace o téchto datech ve vybrané
populaci.



One can think about population and the data at-
tached to it as a “real-word” implementation of
the abstract notions of sample space and discrete
random variable. As such, one can assign to them
the same numerical characteristics as to discrete
distributions: the population mean g, and the
population standard deviation o. If the popula-
tion of size n is represented by numerical values
(x1,...,2,), the values for u and o are defined by
the same formulas as on page 31. Expanding the
squares in the formula for the standard deviation,
we get an alternative expression

O populaci a datech k ni pfipojenych muzeme
uvazovat jako o implementaci abstraktnich ter-
mini prostoru elementarnich jevi a diskrétni na-
hodné proménné v ,realném svéte®. Jako takovym
jim mtzeme priradit stejné c¢iselné charakteristiky
jako diskrétnim rozdélenim: popula¢ni prameér u, a
smérodatnou odchylku o. V piipadé, Ze je popu-
lace velikosti n zastoupena ciselnymi hodnotami
(x1,...,2,), pak hodnoty u a o jsou definovany
stejnymi vzorci, které jsou na strané 31. Rozepsa-
nim druhé mocniny ve vzorci pro smérodatnou od-
chylku dostaneme alternativni vyjadieni

n
1§ 2 2
g = — T, — po.
n <
=1

Sometimes one considers also the population total
7, which is merely the sum of all numerical values
in question:

Nékdy uvazujeme rovnéz o populacnim thrnu 7,
coz je pouze soucet vSech prislusnych ciselnych
hodnot:

n
T = E Ty,
=1

and the population variance, which is the square
of the population standard deviation.

a popula¢nim rozptylu, coz je druhd mocnina po-
pula¢ni smérodatné odchylky.



Example 16 Let the population consist of n flip-
pings of a coin, with head and tail outcomes en-
coded by 0 and 1 respectively, and assume that
head occurs with probability p (so, if p # %, the
coin is biased). For big values of n, the popula-
tion mean is very close to p, and the population
standard deviation is very close to

Priklad 16 Necht se populace sklada z n hodu
minci s licem a rubem zakédovanym pomoci 0 a 1,
ve stejném potadi, a pfedpokladame, Ze lic se ob-
jevuje s pravdépodobnosti p (pokud p # % pak
je mince nevyvazend). Pak pro velké hodnoty n
je popula¢ni primér velmi blizko p a populacni
smérodatna odchylka je velmi blizko

1 n
Esz—lﬂ: V=1 =/p(l—p).
=1
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Sample, Random Sampling 11 Vybér, nahodny vybér

On practice, when collecting statistical data, in
most of the cases it is unfeasible to collect it for
every member of the given population. For exam-
ple, when conducting an opinion poll, it is impos-
sible to contact every person living in the country;
when performing a financial audit of a large com-
pany, it is impractical to look at every financial
transaction or record; when performing a destruc-
tive test of the output of a manufacturing process,
one wants to destroy as little items as possible.
That is why it is important to choose a relatively
small subset of a given population, a sample (or
data sample, or dataset), which should be repre-
sentative enough to make a justified extrapolation
on the whole population, as far as the data we are
interested in are concerned. This is achieved via
survey sampling.
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V praxi, pfi sbéru statistickych dat, je ve vétsiné
pripadt neproveditelné sesbirat data pro kazdého
¢lena dané populace. Naptiklad pii provadéni an-
kety, je nemozné kontaktovat kazdou osobu zijici
ve statu. Pri provadéni financ¢niho auditu velké
spolecnosti je nepraktické se divat na kazdou
finan¢ni transakci nebo zéznam. PTi provadéni
destrukéniho testu produkce z vyrobniho procesu,
chceme znic¢it tak malo polozek, jak je to jen
mozné. To je divod, proc je duilezité zvolit rela-
tivné malou podmnozinu dané populace — vybér
(nebo vzorek dat nebo datovy soubor), ktery
by mél byt dostatecné reprezentativni, abychom
provedli ospravedlnénou extrapolaci na celé po-
pulaci, do takové miry, jak nam data, o ktera
se zajimame, dovoli. Toho je dosazeno pomoci
anketniho vybéru.



The most standard and widely accepted procedure
to perform a survey sampling is random (or prob-
ability) sampling. Under random sampling, mem-
bers of the population are selected according to
certain probabilistic criteria; that allows to give
an estimate of sampling error.

Example 17 If one needs to select one person
from each given group (e.g., each household in
a given area, or each class in a university), one
may assign to each member of the group a random
number from the uniform distribution between 0
and 1, and select the person assigned the highest
number. Or, in a simple random sample with re-
placement, we may randomly select a unit out of
100,000 units (the size of the population), and re-
peat the procedure 100 times (the size of the sam-
ple). Or, when conducting a poll about customers’
buying habits, on may choose every 15th visitor of
the supermarket within a given timeframe.
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Nejstandardnéjsi a Siroce prijata procedura pro
anketni vybér je nahodny (nebo pravdépodob-
nostni) vybér. U ndhodného vybéru jsou clenové
populace vybrani podle urcitého pravdépodob-
nostniho kritéria, které nam dovoluje odhadnout
vybérovou chybu.

Piiklad 17 Jestlize je tfeba vybrat jednu osobu
z kazdé skupiny (napf. kazdd domécnost v dané
oblasti, nebo kazd4a t¥ida na univerzité), muzeme
pritadit kazdymu c¢lenu skupiny nahodné dislo
z rovnomeérného rozdéleni mezi 0 a 1 a zvolit
v jednoduchém nédhodném vybéru s opakovanim,
muzeme nahodné vybrat jednotku ze 100,000 jed-
notek (velikost populace), a opakovat postup 100
krat (velikost vzorku). Nebo pokud provadime
priazkum o nakupni zvyklosti zakaznikl, mizeme
si vybrat kazdého 15. navstévnika supermarketu
v daném c¢asovém ramci.



Generally, a random sample is defined as a col-
lection of random variables which have the same
probability distribution and are mutually indepen-
dent. The distribution in question can be any —
normal, uniform, exponential, Poisson, or even a
distribution not described by an explicitly known
formula; it is only important that each random
variable has the same distribution. It is the task
of inferential statistics to determine which theo-
retical statistical distribution (sometimes called a
model distribution) is most suitable to describe
the empirical data, and to determine the distri-
bution parameters (so-called parameters estima-
tion). This can be achieved with a variety of meth-
ods, ranging from simple ones to pretty much so-
phisticated.
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Obecné je ndhodny vybér definovan jako sou-
bor nahodnych proménnych, které maji stejné
pravdépodobnostni rozdéleni a jsou vzajemné ne-
zavislé. Prislusné rozdéleni mize byt libovolné —
normalni, rovnomeérné, exponencialni, Poissonovo,
nebo i rozdéleni, které neni popsano pomoci ex-
plicitné znamého vzorce. Je pouze dillezité, aby
kazd4d ndhodna proménna méla stejné rozdeéleni.
Je tkolem inferenc¢ni statistiky urcit, které te-
oretické statistické rozdéleni (nékdy nazyvéno
model distribuce) je nejvhodnéjsi pro popsani
empirickych dat, a urceni parametri distribuce
(tzv. odhad parametri). Toho mutze byt dosa-
zeno ruznymi metodami, od jednoduchych az po
pomérné hodné propracované.



The most primitive “visual” method may run as
follows. We plot the histogram of our data, and
try to guess the distribution by the histogram
shape; due to the central limit theorem, in many
cases the normal distribution would be a good
guess. Then we may estimate the normal dis-
tribution parameters as the population mean
and variance, plot the graph of the so obtained
normal distribution, and assess visually how good
it matches the histogram. Alternatively, we may
play with the parameters of the chosen distri-
bution — a normal or another one — and assess
visually which set of parameters produces a curve
which fits the empirical data best.
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Nejprimitivnéjsi ,,vizualni“ metoda muze byt pro-
vedena nasledujicim zptisobem. Zobrazime graf
histogramu z nasich dat a pokusime se odhadnout
rozdéleni podle tvaru histogramu. Kvili centralni
limitni vété bude v mnoha pripadech normalni
rozdéleni dobrym odhadem. Pak mizeme odhad-
nout parametry normélniho rozdéleni jako jsou
populac¢ni primér a rozptyl. Vykreslime graf takto
ziskaného normalniho rozdéleni, a posoudime vi-
zualné, jak dobte graf odpovida histogramu.
Ptipadné si mizeme hrat s parametry zvoleného
rozdéleni — normalniho ¢i jiného — a posoudit vi-
zualné, které nastaveni parametrt vytvari kfivku,
kterd se hodi empirickym datiim nejlépe.



In more sophisticated methods, we may need Ve vice propracovanych metodach budeme potie-

to compute other characteristics of our empiri- bovat spocitat dalsi charakteristiky nasich empi-
cal datasets: for example, various quantiles; or rickych dat: napriklad rtizné kvantily, nebo rela-
relative frequencies, i.e. the quantities tivni Cetnosti, t.j veli¢iny
{z] Xi = a}|
n
for different values of a, which approximate the pro rizné hodnoty a, které aproximuji pravdépo-
probability mass function; or higher moments, i.e. dobnostni funkci; nebo vyssi momenty, t.j. soucty
the sums of the form ve tvaru
1 n
k.
E Z Xz )
i=1
or to take into account skewness (i.e., a possible nebo vzit v potaz vychylenost (t.j. mozna nesyme-
non-symmetricity around the mean) of the data. tri¢nost okolo prumeéru) dat.
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Hypothesis Testing, Null
and Alternative Hypotheses

The more sophisticated methods of choosing a
suitable distribution and estimation of the dis-
tribution parameters are usually performed in
the framework of hypothesis testing. Hypothesis
testing is also used for establishing a relation-
ship (or lack thereof) between two datasets, or,
more generally, in deriving any kind of statistical
observation about one or more datasets.

12
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Testovani hypotéz, nulové a
alternativni hypotézy

Propracovanéjsi metody vybéru vhodného roz-
déleni a odhadu parametri rozdéleni jsou bézné
provadény v ramci testovani hypotéz. Testovani
hypotéz je rovnéz pouzivano pro stanoveni vztahu
(nebo jeho zamitnuti) mezi dvémi datovymi
mnozinami, nebo obecnéji v odvozovani jakého-
koli statistického pozorovani o jednéch nebo vice
datech.



Usually, this is done by specifying two rival and
mutually exclusive hypotheses, the null and alter-
native hypotheses, and their subsequent compari-
son by certain statistical procedures. There is no
rule of thumb how null and alternative hypotheses
should be formed. However, the usual statistical
practice stipulates that the null hypothesis states
that the phenomenon being studied produces no
effect or makes no difference. The null hypothesis
is also usually the hypothesis one wants to reject,
or “nullify”. For example, when investigating re-
lationship between two datasets, the null hypoth-
esis should state that there is no relationship at
all, while the alternative hypothesis should indi-
cate the existence of such relationship. Or, say,
when investigating the impact of smoking on lung
cancer, the null hypothesis would state that smok-
ing does not have any impact.
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Obvykle se to provadi urcenim dvou konkuruji-
cich a vzajemné se vylucujicich hypotéz, nulové a
alternativni hypotézy, a jejich nasledného porov-
nani pomoci néjakych statistickych postupt. Ne-
existuje zadné pravidlo, jak by méla byt nulova
a alternativni hypotéza vytvofena. Nicméné, ob-
vykla statisticka praxe vyzaduje, aby nulova hy-
potéza uvadéla, ze studovany jev nema zadny vliv
ani nehraje zadnou roli. Nulova hypotéza je ob-
vykle takova hypotéza, kterou chceme zamitnout
nebo ,,vynulovat“. Napiiklad pii zkoumani vztahu
mezi dvéma soubory dat, nulova hypotéza by méla
uvést, ze neexistuje vibec zadny vztah. Zatimco
alternativni hypotéza by meéla naznacovat exis-
tenci takového vztahu. Nebo, feknéme, ze kdyz
zkoumame vliv koufeni na rakovinu plic, nulova
hypotéza by méla konstatovat, ze koufeni nema
zadny vliv.



A type I error is the (incorrect) rejection of
a true null hypothesis. The probability of type I
error is called the significance level of a test. A
type I error is the (incorrect) acceptance of a false
null hypothesis. The probability of not making a
type II error, i.e. the (correct) rejection of a false
null hypothesis, is called the power of a test. The
probabilities of making type I and type II errors
are traded off against each other: for any given
sample set, the effort to reduce one type of error
generally results in increasing the other type of
error. For a given test, the only way to reduce
both error rates is to increase the sample size, and
this may not be feasible.

One of the most used test statistics in hypoth-
esis testing is p-value, which is defined as the prob-
ability of obtaining a result equal to or “more ex-
treme” than what was actually observed, when the
null hypothesis Hj is true. What is “more ex-
treme” and how it is measured, depends on the
context.

a0

Chyba typu I je (nespravné) zamitnuti prav-
divé nulové hypotézy. Pravdépodobnost chyby
typu I se nazyva hladina vyznamnosti testu.
Chyba typu II je (nespravné) pfijeti nepravdivé
nulové hypotézy. Pravdépodobnost, ze neudélame
chybu typu II, to jest (spravné) zamitneme ne-
pravdivou nulovou hypotézu, se nazyva sila testu.
Pravdépodobnosti provedeni chyby typu I a chyby
typu II jsou prevadény mezi sebou: pro libovolny
vybér dat méa snaha snizit jeden typ chyby obecné
za nasledek zvyseni chyby druhé. Pro dany test je
jedinym zptisobem, jak snizit obé chyby, zvyseni
velikosti vzorku, a to nemusi byt proveditelné.

Jednou z nejcastéji pouzivanych testovacich
statistik v testovani hypotéz je p-hodnota, ktera
je definovana jako pravdépodobnost ziskani vy-
sledku shodného nebo ,vice extrémniho“ tomu,
co bylo ve skutecnosti pozorovano, kdyz je nulova
hypotéza H, pravdiva. Co je ,extrémnéjsi‘ a jak
je mérena, zavisi na kontextu.



Example 18 For a “double-tailed” event, the
p-value of a random variable X assuming values
“more extreme” than z (the observed value),
might be defined as

Priiklad 18 Pro ,dvoustranné“ udalosti mize byt
p-hodnota ndhodné proménné X, za predpokladu
wextrémnéjsich® hodnot nez = (pozorovana hod-
nota), definovana jako

2 -min{ Pr(X >z | Hy), Pr(X <z | Hy) },

while for “left-tailed” events the same value might
be defined as

zatimco pro ,levostranné“ udalosti muze byt
stejna hodnota definovana jako

Pr(X <z | Hy),

and similarly for “right-tailed” ones.

The p-value measures statistical significance of
the test, but it should not be confused with the
probability of the hypothesis being true, the prob-
ability of observing the given data, etc. p-values
are often misused and misinterpreted.

o1

a obdobné pro ,pravostranné®.

p-hodnota méfi statistickou vyznamnost testu,
ale neméla by byt zaménovana s pravdépodob-
nosti, ze hypotéza je pravdiva, pravdépodobnosti
pozorovani danych dat, atd. p-hodnoty byvaji
casto zneuzivany a nespravné interpretovany.



Example 19 In the flipping coin example, sup-
pose that the null hypothesis specifies that the
coin is fair. In a double-tailed model, the alterna-
tive hypothesis would be that the coin is biased
either way, while in an one-tailed model the alter-
native hypothesis says that the coin is biased to-
wards, say, heads. Suppose that one gets 5 heads
in a row in one experiment. In the one-tailed
model this is the most extreme possible value,
with a p-value equal to
1\5
()

In the double-tailed model, the corresponding
p-value would be twice as that:

2 (3)

One frequently sets 0.05 as the threshold for the
p-value of the test to be statistically significant.
Under this assumption, we should reject the null
hypothesis in the first case, while we cannot do
that in the second one.

1

~ 32

~ 16
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Priklad 19 Predpokladejme, ze v prikladu hazeni
minci nulova hypotéza tvrdi, Ze mince je vyvazena.
V oboustranném modelu by alternativni hypotéza
byla, ze mince je nevyvazena v kterémkoli sméru,
zatimco v jednostranném modelu alternativni hy-
potéza tika, Ze mince je naklonéna smérem, rek-
néme, licim. Pfedpokladejme, Ze hodime 5 lict
v fadé v jednom experimentu. V jednostranném
modelu se jedna o nejextrémnéjsi moznou hodnota
s p-hodnotou rovnajici se

~ 0.03.

V dvoustranném modelu by byla odpovidajici
p-hodnota dvakrat vétsi:

=~ 0.06.

Casto se nastavuje 0,05, jako mezni hodnota pro
p-hodnotu testu, pro to aby byla statisticky vy-
znamna. Za takového predpokladu bychom meéli
zamitnout nulovou hypotézu v prvnim pripadé,
zatimco v druhém pripadé to nemtzeme udélat.



An essentially equivalent procedure, but not
using the concept of a p-value, would run as fol-
lows:

1. Choose a test statistics (for example, just the
number of heads in the flipping coin example);

2. Derive the distribution of the test statistics un-
der the null hypothesis (the binomial distribution
on our example);

3. Select the significance level of the test (the
common values are 0.05 and 0.01);

4. Determine the critical (or rejection) region —
the values of the test statistics for which the null
hypothesis is rejected;

5. Perform the test, derive from it the empirical
value of test statistics, and see whether it falls into
the critical region or not.
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V principu ekvivalentni postup, ktery nepo-
uziva konceptu p-hodnoty, by byl nasledujici:

1. Vyberte testovaci statistiku (napiiklad pouze
pocet lici v piikladu hazeni minci);

2. Odvodte rozdéleni testovaci statistiky za pied-
pokladu nulové hypotézy (napiiklad binomické
rozdéleni);

3. Urcete trover signifikance (vyznamnosti) testu
(bézné hodnoty jsou 0,05 a 0,01);

4. Urcete kriticky (nebo zamitaci) obor hodnot —
hodnoty testovaci statistiky, pro které je nulova
hypotéza zamitnuta;

5. Provedte test, vypocitejte z empirickych hodnot
testovaci statistiku a podivejte se, jestli padla do
oboru kritickych hodnot ¢i nikoli.



From these examples and descriptions it should
be clear that the matter of rejecting the null hy-
pothesis is highly sensitive to a big number of fac-
tors, some of them of a highly subjective char-
acter: the choice of the null and alternative hy-
potheses themselves, initial assumptions about the
form of statistical distribution, the choice of signif-
icance level, the sample size, etc. Any statistical
claim without mentioning all these factors should
be taken with a big grain of salt. See, for example,
a curious (but edifying) Journal of Articles in Sup-
port of the Null Hypothesis, where such practices
are often (and justly) criticized.

o4

7 téchto prikladi a popisu by mélo byt ziejmé,
ze zalezitost zamitnuti nulové hypotézy, je vysoce
citliva na velké mnozstvi faktorti. Nékteré z nich
jsou vysoce subjektivniho charakteru: samotna
volba nulové a alternativni hypotézy, pocatecni
predpoklady o tvaru statistického rozdéleni, volba
hladiny vyznamnosti, velikost vybéru, atd. Ka-
zdé statistické tvrzeni bez uvedeni vsech téchto
faktora by mélo byt prijato s velkou davkou
skepse. Podivejte se napfiklad na zvlastni (ale
pou¢ny) Journal of Articles in Support of the
Null Hypothesis (Casopis ¢lankt pro podporu
nulové hypotézy), kde takové postupy jsou ¢asto
(a opravnéné) kritizovany.



There is a direct relationship between the critical
region and the confidence interval. The confidence
interval of a certain statistical parameter is the in-
terval, calculated from the sample, that contains
the specified value of the parameter with the spec-
ified probability. A typical situation when this no-
tion occurs naturally is estimation of the average
of the mean of identically distributed random vari-
ables. For example, if a certain random variable
is normally distributed with the same mean p and
standard deviation o, then it is known that the av-
erage T of n observations is normally distributed
around p with standard deviation \/iﬁ A 95% con-
fidence interval for y is determined then as

_ g _
T+ N0.025% <pu <7+ Nygrs——=

where Nygrs ~ 1.96 and Nyges = —Nygrs are
the 97.5% and 2.5% quantiles in the standard
(i.e. with parameters y = 0 and ¢ = 1) normal
distribution.

95

Existuje pfiméa souvislost mezi oborem kritickych
hodnot a konfiden¢nim intervalem. Konfidené¢ni
interval urc¢itého statistického parametru je inter-
val, vypocitany z vybéru, ktery obsahuje zadanou
hodnotu parametru s urcitou pravdépodobnosti.
Typickou situaci, kdy se tento pojem vyskytuje
prirozené, je odhad primérné stfedni hodnoty
stejné rozdélené nahodné promeénné. Napriklad,
pokud urcitd nahodnd proménna ma normalni
rozdéleni se stejnym primérem g a smérodatnou
odchylkou o, pak je znamo, ze primér T o n
pozorovanich mé normalni rozdéleni se stfedem g
a smérodatnou odchylkou \/Lﬁ A 95% konfiden¢ni
interval p je urceny jako jako
o

N

kde N07975 ~ 1,96 a N07025 = —N07975 jSOll 97,5% a
2,5% kvantily standardniho (tj. s parametry p = 0
a 0 = 1) norméalniho rozdéleni.



Now, suppose that for some parameter  and its
value 6y, we test the null hypothesis Hy : 0 = 6,
against the alternative hypothesis H; : 6 > 6y
(one-tailed test). Then we reject Hy in favor of H,
(i.e., 0 is not in the critical region) at the sig-
nificance level « if and only if 6y is not in the
100(1 — )% one-tailed confidence interval for 6.
A similar statement is true in the case of double-
-tailed test.

26

Nyni predpokladejme, ze pro néjaky parametr 6
a jeho hodnotu 6, testujeme nulovou hypo-
tézu Hy : 6 = 6y oproti alternativni hypotéze
Hy : 0 > 6y (jednostranny test). Potom zami-
tdme Hy ve prospéch H; (t.j. 6 neni v oboru
kritickych hodnot) na trovni o pravé tehdy kdyz
0o neni v 100(1 — a)% jednostranném konfidenc-
nim intervalu pro #. Podobny vyrok je pravdivy
v pripadé dvoustranného testu.
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